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= A KNOWLEDGE of the principles of this branch of the Pure 
= 


fathematics is absolutely necessary, before any one can success- 
fully undertake the perusal of works on Natural Philosophy, in 
which the effects of the observed laws that govern the material 


world are reduced to calculation. 


For Students deficient in this knowledge, yet anxious to obtain 
as much as may enable them to master the chief analytical diff- 
culties incident to the study of Elementary Treatises on the Mixed 
Mathematics, this book has been written: and with the hope that 
by its means, a subject of high interest may be rendered accessible 


to an increased number of readers. 


The ample Table of Contents which accompanies this work 
will sufficiently exhibit its plan, which in its arrangement differs in 
part from that of former editions. The Theory of the Functions 
of two Variables and its application to Maxima and Minima are 
earlier introduced—and are placed before those chapters which treat 
of Curves and their properties. To this, the Fourth Edition, many 
additional Problems have been given; every chapter prior to its 


going to the press has been attentively examined, and in almost all 


<. some improvement has been made, and to most some new article 


Er Oo 1957 4A4. 


“Zoe Vhey 4.44. 


added, illustrative of the subject and the result of the long expe- 


a rience of the author. 


A few words may be here added, in explanation of the prin- 


ciples adopted in laying down the definitions. 


lv ‘ PREFACE. 


By a method, similar to that of M. Poisson, it is shewn that 
u,=f(a+h) can always be expanded in a series of ascending inte- 
gral powers of h, which may be written under the convenient form 


of the equation 
u=u+Ah+ Uh’. 


The term Ah, the first term of the difference between u,— u, is 
defined to be the differential of w: and A the coefficient of h is 
called the differential coefficient: and from these definitions, the 


rules for Differentiation are in general derived. 


But since when the general form of f(«+h) has been demon- 
U,— U 
h 
fore find the differential coefficient, by dividing both sides of the 





strated, we see that is equal to 4, when h=0: we may there- 


equation u,—u=(a, h) (not expanded), by h, and then make 
h=0. This method which sometimes diminishes the algebraical 
labour of finding A, is in few instances made use of. It is in fact 
the method of Limits, often useful in the application of the Calculus, 


and to which the idea of series is so necessary an auxiliary. 


In truth the notion of a series seems inseparably connected with 
the method of Limits—to which in the Differential Calculus it 
gives a clearness and precision, of which it stands much in need. 


For to say that when w=f(x); and wu, is its value when x becomes 


u,;—uU 


x, the differential Coefficient is the value to which tends 





1 


while x, continually approaches z, without first exhibiting the 
relation which exists between uw, and wu, is to use a mysterious 
obscurity which must heavily tax the faith or the credulousness of 


the reader. But put for «, its expansion and the difficulty vanishes. 


It has been said that f(«+h) produces diverging series—if by 
this it is meant, that 4h is improperly determined, the objection lies 
equally against the method of Limits; and although a preface is not 


the place to enter into such discussions, it may be remarked that 


PREFACE. Vv 


it is one thing to have a diverging series, arising from a known 
function, and another to determine by a limited number of terms 


the value of such a series. 


If however it be granted that the method of Limits, and that used 
in our definitions, will when w is a function of one variable only, lead 
with equal facility to the same results; this is not the case, with the 
former method when « is a function of two or a greater number of 


variables—either some new definition, or some new hypothesis is 


necessary, in order to arrive at the equation du= (=) dx + (=) dy, 
w being a function of x and y, yet how readily is the same result 
obtained from the expansion of f(y+, x+h). To these remarks I 
may add, that the experience of twenty years, has convinced me that 
the method of series is that which is best suited to the instruction 


of a class, and the sale of three large editions, has also proved that 


my opinion is numerically at least well supported. 


The symbol ee for the differential coefficient of uw=f(«), in- 
vented by Leibnitz, and used almost without exception by the 
continental writers, is here retained—I mention the fact, since the 
notation d,u for the same term has been revived by some Cam- 


bridge Mathematicians.—I do not pretend to decide the ques- 


; ; du : 
tion which of the two, — or d,u, estimated by its power of best 


dx 


representing the differential coefficient ought to be preferred, but 
I see that the latter is, to say the least, an imperfect notation ; and 
is liable to the objection that the suffix x, in the calculus of finite 
differences has a meaning entirely different from that indicated by 
the z in d,. But the most important objection is that already 
alluded to, namely, that when a student has become acquainted 
with the proposed notation from his elementary books, his eye 
must be familiarized with that of Leibnitz, before the works of 


Lacroix and Laplace can be read with advantage. 


Vi PREFACE. 


Lastly, if it be considered necessary to offer an inducement 
to any one to enter upon the study of a science—which is the 
result of one of Newton’s most brilliant discoveries, let him know 
“that it is a high privilege, not a duty, to study this language 
of pure unmixed truth. The laws by which God has thought 
good to govern the universe are surely subjects of lofty contem- 
plation, and the study of that symbolical language by which alone 
these laws can be fully decyphered, is well deserving of his noblest 


efforts*.” 


* Professor Sedgwick on the Studies of the University. 


Kine’s CoLLEGE, Lonpon, 
June 1, 1846. 
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DIFFERENTIAL CALCULUS. 


CHAPTER I. 


1. ONE quantity w is said to be a function of another 
« when the value of the magnitude of w depends upon the 
variation of ~ Thus the area of a triangle is a function of 
the base, when the altitude remains unaltered, since, the area 
will increase or decrease with the increase or decrease of the 
base. 

And if uw =axz*+bx, where a and 6 are constant quan- 
tities, and w a variable one, w is said to be a function of a, 
since if # changes, the value of w will be altered: this relation 
between w and w is usually expressed by writing w = f(#) or 
d(w), the symbols f and @ expressing the word function. 

The quantities expressed by the letters a and b are omitted 
in the equation w= f(#). Since, although they determine the 
particular kind of function, they remain unchanged, while w 
passes through every degree of magnitude. 

The quantity w is called the independent variable, and 
wu the dependent variable. 
_ 2. Functions are called explicit and implicit: w is an 
explicit function of #, when w is known in terms of a, 
as in the equation w= aa*+bwx. An implicit function is 
when w and a are involved together, as in the equation 
wae —aue+bae*=0. An implicit function is written f(u, x) 
or d(u, xv) = 0. 

3. Functions are also divided into algebraical and tran- 
scendental. 

Algebraical functions are those where w may be expressed 
in terms of x, by means of an equation consisting of a finite 
number of terms. 

Thus w = av” + bv"! + &c. + qa* + rw + 8 where (m) is 
finite, is an algebraical function of «. 

A Transcendental function is one where w is equal to 
-an infinite series, the sum of which cannot be expressed by 
a limited number of terms. 


1 B 


, DEFINITIONS. 


Thus «= log (1 + w), which 
1 Here Nes it : : 
= —7 —-—+4+— —— 4 &c, to infinit 
A oT heey oe 7 } 
93 { a 
++ Saad a 
2 i Bioae kb 
are transcendental functions of 2%. 


and w= sinew =v — 





— &c. to infinity. 


4, Functions are also called continuous or discontinuous. 
A function is continuous, when it undergoes a gradual change ; 
and it is discontinuous, when the change is not gradual, or 
when the function changes suddenly from one value to another 
very different value. And thus when the difference between 
f(#) and f(# + h) may, by the continued diminution of h, 
be made as small as we please, f(#) is a continuous function ; 
but when under the same circumstances f(# +h) differs 
widely from f(«), the latter is a discontinuous function. We 
may familiarly liken a continuous quantity, to a stream of 
water flowing equably and steadily through a tube, and a 
discontinuous one, to water falling interruptedly, or in drops, 
from a height. 


5. The equation w = f(x) expresses the relation between 
the function « and the single variable x, and the values of 
w solely depend upon the change that may take place in 2: 
but if we have an equation between three unknown quantities, 
such as u=aa’y— bxy’, where w and y are independent of 
each other, i.e. not connected together by any other equation ; 
then the value of w depends upon the change, both of # and y, 
and wis said to be a function of two variables; this is ex- 
pressed by writing wu =/f(a, y). 

As an instance, we may again take the area of a triangle, 
the magnitude of which depends upon the rectangle of the 
base and the altitude, which lines are totally independent of 
each other. 

It is obvious that there may be functions of three, four, 
or of variables. 

6. But to return to functions of one variable; let 
u = f(x) express the relation between the function and its 
independent variable «&. | 

Let # increase and become # +h, then the value of w 


* w=l+r+a7+4°4+&c. to infinity is an algebraical function of 7, since the sum 


of the series is expressed by tee 
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will most probably be altered. Let the new value be repre- 
sented by w,, then uw, = f(# + h), 
and w =f(v), by hypothesis ; 


U,-uUu=f(v + h) —f(#). 

Now w, — wz, or the difference between the functions of 
v2 +h and x, must depend upon A, and we shall first shew 
pat it may be expressed by a series of the form 

Ah+ Bh? + Ch? + &c.; 
and .-. that w= uw + Ah + Bh? + Ch? + &e., 
or that w, is equal to « + a series of terms involving positive 
and integral powers of #, which ascend from the simple power: 
the primary object of the Differential Calculus is to find the 
coefficients 4A, B, C, &c. 

7. We will first shew that w, may be expressed by a 
series of the above form by a few particular examples: 

(1) Let ux? ; 

wm a(a@+hpa=a’+3a°h + 3ah* +h? 





=u+3ah + 3ah? +h’, 
which is of the required form. 
(yee Nextis- let w’= 2°: 


(n ~ 1) 
oy 


.U=(et+hyl=a2 + nae Ihen v7 he? + Re. 


by the Binomial Theorem, 


Or, putting w for x”, 


ey 
ah? + &e., 





U=U+ NX 


a series with ascending powers of h. 
(3) Let uw = Aa” + Ba” + Cx? + &e.; 
“Um = Ala +h)" + Ble +h)" + a +h)? + &e. 
(m — 


2 


= A(a” + me""h + m ——— a" h? + &e.) 
nm—- 1 Z 
+B enw’ thin aah av" h? + &e.) 


1 
v?-*h® + &e.) 





+ C(at + px 'h+p a 


+ &e. 
Be 
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= Av" + Bu" + Ca? + &e. 
+ (mAa”* +n Bu + &e.)h 


ie — 1 
=f. Sm we. Ag”? +7 Beth, =P &c.} h? 


+ &e. + &c. 
=u+ph + qh’ + &e. 
by writing w for its value, dv” + Ba* + &c., and putting p, q, 
&c. for the coefficients of h, h’, &c. 


(4) It may also be shewn that a”*”, log (w + h), sin (a + h), 
can be expanded into series of the form 


u+Ah+ Bh? + Ch’, &c. 
but we proceed to demonstrate the following general Pro- 
position. 
8. Prov. If w= f(x), and wu, be the value of « when « 
becomes w +h, then shall 


u,=u+ Ah + Uh’, 


where w is the original function, and Uh®, represents all the 
terms that follow 4h. It is however necessary to prove, 

(1) That uw, or f(# +h) can only contain powers of h 
with positive indices. For if 


B 
= M+ Ah* + Bh-® + &c. = M + Ah" +=, + &e. 


when h = 0, w instead of becoming = w«, would be infinite. 
(2) ‘That none of the indices of h can be fractional ; for 
if possible let 
uy = M+Ph> + R. | 
then -. he or \’h” has n different values, let h, and h, be 
two of them; 
 & =M+PA, +R; and u=M+PA+R; 

*, subtracting, P(h, —h.)=0; .«. P=0; or there is no 
term of the form Ph 

(3) That the first term of the expansion = z. 
For let uw, or f(v + h) = M+ Ah* + &c. then let h =0; 
“. f(#) =u= M, or M=u; and u=u + Ah* + &e. 
Let .. w, or f(w+h)=u+ Ah* + Bho + Ch’ + &e., 
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where a is the least of the indices of h, and ( the next in 
magnitude, and 4,'B, &c. are functions of 2. 


Now whether # become w + h, or h become h +h or 2h, 
u, will become f(a# + 2h), and the expansions on either sup- 
position must be identical. 


(1) Let h become 2h, and let w. be the value of w,;3 
*. Up = f (ev + 2h) 
=u + A(2h)* + B(2h)’ + &e. 
=U+2°Ah* +2° BRP + &e......00. (1). 


(2) Let # become # + h, then w, is as before f(a + 2h) 
or U3 also let (w), (4), (B), &c. represent the values of w, 
A, B, &c., for these undergo change, -.: they are functions of x; 


“Uy = (wv) + (A)h* + (BYE + &e. 
But (zw) is the same as w,, for it is f(w +h), 
2. (vu) = ut Ah* + Bh + &e. 
Also (A), (B), &c. being what 4, B, &c. become by putting 


x +h for x, must be of a similar form; 
Whe (A) = A+ Ayh™ + A,h + &e. 
(B) = B+ Bh + Bh’: + &e. 
then multiplying (4) by h* and (B) by h*, and substituting, 
U=u+ Ah*+ Bho +Ch” + &ce. 
+ Ah* + A,h**s + Aho + &e. 
+BhP + Bh + &e. 
| =U+2Ah* + Ayh*%+2BR? + &e....(2). 
Equating the coefficients of h* in series (1) and (2), 
PRES ne ee Os POT EB 
and u,=f(@+h)=u+Ah+ BAP + &e. 


whence it appears that the second term of the expansion of 
f(a +h) contains the first power of h only. 


Hence also a,=1 for 4A,h% is the second term of the 
expression for A when & becomes «+h; 


Ug =U+2Ah+ Ah? +2Bh? + &c. from (2) 
= + 2A +29. BRP + &C..0,ccccnee se: (1). 


Now, since in series (2) a term is found involving h, some 
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corresponding term must be found in series (1); and as ( is 
less than any index that follows it, must = 2 ; 


S. u,=f(@+h) =u+AdAh+ Bh? + Ch’ + &e. 
=u+Ah+(B+ Ch’? + &e.)h 
=u+Ah+ Uh. — 


Cor. From this it follows that 6,=2; and therefore 
a+ 2, = 3; and therefore 4,h***: = A,h?; which being a term 
in series (2), there must be a corresponding term in series (1); 
whence ry = 3, and similarly the next index = 4, and so on; 


u=f(et+h)=ut+ Ah+ Bh? + Ch? + Dh' + &e. 


it will afterwards be shewn, by a Theorem, called Taylor’s 
Theorem, that the coefficients, 4, B, C, &c. have a depen 
ence on each other. 


9. The second term of the expansion, or Ah, is called the 
differential of 2: differential being the diminutive of difference ; 
for Ah is the first term of the difference between w, and w, 
and is consequently a part only of the difference: but the dif- 
ference and differential differ the less, the less # is, and in cases 
of approximation, the latter is sometimes taken for the former. 

Instead of writing differential at full length, the letter d is 
used, thus dw is put for differential of w, and thus du = Ah: 
but as then fh is called the differential of w, therefore for 
symmetry of notation dz is put for h, and thus du = Adz. 

A is called the first differential coefficient, and is expressed 


d 
by the symbol — , when w= f(z). 


Hence we define a differential to be the second term of the 
expansion of f(«# + h), and the differential coefficient to be the 
coefficient of the first power of h. 





d 
The process by which 4, or oe 


u 


is found is called dif- 


ferentiation. 


From these definitions we see that the differential of w, is 
the product of A into the differential of x; or calling the first 
quantity dw, and the second da, we have 


Ou du 
-— A 3 eo = A i 
ay os Ow da’ 
or the ratio of the differentials of « and x is equal to the ratio 


of the differential coefficient to unity. 
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The letter 3 is here used only to avoid confounding the 
differentials with the differential coefficient, but in general we 
make use of the letter d. 


10. Again, since w,=u+ Ah + Uh’, 





u, — & 


=A+Uh; 


but w, — w is the increment of w, and h is the increment of 2; 
therefore the ratio of the increment of the function, to the 
Increment of v7, = 4+ Uh; and as h decreases, this ratio 
tends to 4 as its limit, and when h# vanishes actually = A. 





That is, A or a 


wv 
of the function to that of the variable upon which it depends. 


is the limit of the ratio of the increment 


Cor. Hence also, the ratio of the differentials of w and 
#@, is equal to the limit of the ratio of the increments of 
uw and «a. 


11. Hence we have a method of finding the differential 
coefficient which is frequently very convenient. Expand 
f(@+h), subtract f (wv), divide both sides by h, then make 
h =0; and the term or terms remaining of the expansion will 
be equal to the coefficient required. 


12. We have seen that if « be any function of 2, and 
a# become wv + h, 


(a +h oo a Un 
f(@t+ Yi bea + : 


Similarly, if z, v, &c. be functions of «w, then they will 
respectively become when # is made # +h, 


dz d 
s+—h+ Zh’, and v + eh ao he 
dx da 


where Zh and Vh’ represent all the terms after the first two. 


13. Thus it appears, that in order to find the differential 
or differential coefficient, we have merely to put «+h for a, 
and expand f (w +h) according to the powers of h, and the 
term corresponding to Ah will give us at once both of the 
objects of our enquiry. But such a direct process would 
always be tedious, and often almost impracticable. We there- 
_ fore proceed to investigate rules which will not only greatly 
diminish the labour of differentiation, but render it a simple 
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algebraical operation; but we will first apply the general pro- 
cess to the function 





























ate 
u = : 
be 
atx h 
her cme Se aes 
(afd Gian wip ul h 
1 + 
b+ex 
a+ @f h 1 
= ( +). 
OSD Ae : h 
b+ 
ax h h h® 
fas 31 —-—— 4+ — — &e.§ 
ae ba (b+a)? y 
a+a ] atx 
vel pret ees he keke h? + &e.; 
b+a@ Es iraipt? pi 
du 1 a+ b-—a 


“de bea (b+a)f (64a) 


aie, a+ 
Again, since « =———, we shall have by the same process 
b+ @ 


b-a | ‘ : 
waurh lal + ph + qh + &e. 


and woe - Gait Ph + qh? + &e.; 
and by making # = 0, as in Art. 11, 
du b-—a 
dv (b+a)* 


RULES FOR FINDING THE DIFFERENTIAL COEFFICIENT. 
14. We repeat the definition of Art. 9, that if « =f (#); 


du . : : cake 
—— is the coefficient of the first power of / in the expansion 
la 


of u,, or of f(a +h). 
Let w=aa, a being a constant quantity ; 


.Uw=a(eth)=ar+ah=urtah; 
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lap it d (ax) 
dz dae. 
d 
Com “If w= a3-:" pats et as Fe. 
dx 


15. Let w=av+b, where a and 6 are constant ; 
.um=a(eth)+b=artb+ah=urah; 
d d(ax +b). 
ae = that pe ACS tld ie 


d 
But by the preceding Article, eo aN hie 
_ d(aa+=b)  d(az) | 
be PT iihelae Wiad oa | 


that is, constant quantities connected with a variable one by 
the signs + disappear in differentiation. 


16. Let «=aa". Then, 
U,=a(et+h)"=a. (a + ma" "h+ &e.) 








saa" + man". h+ &e.; 

du 
' da 
or to find the differential coefficient of av”, multiply by the 
index and then diminish the index by unity. 


Et 





5 du 
Ex. w=5a2'3; .»«. — = 352°. 
dav 


17. Let «w=az where x is a function of a; 


therefore if w become «& + h, 


d 
¢ becomes, 2 + of hi+ Zh’; 
dx 


dz 





°.um=art+a h+aZh’; 


v 


du d(azx)_— dz 


i da 4 dx 5 da 


18. Ifw=az+ 6, a and b being constant quantities, — 
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_ d(ax+b)  adzx  d(az) 
a dx dx dx 








19. Let w=xt+v+w+k&e. where z, v, w are each 
functions of 7; 
du dz dv dw 
aot L238 + —h fae eS s 
Brn gees e+ a eer un pox pe 1+ &e 


du ds dv dw 


s da ~ da a da v4 da 
deroewshe) de de dw e 
. da dv dxe«w dea 
Or the differential coefficient of the sum of any functions 
equals the sum of the differential coefficients of each function 


taken separately. 


bet. 4b a 
+ &c. 


or 


20. To find the differential coefficient of the product of 
two functions. 


Let w=320; 
sa = (GeAe eit DaEY be Le NEA 
pd RC Noe 7 ¥ WE i ) 


d d 
=v + (xF +0.) hs Bi + be, 
dav da ) 


dz dv 
where B= Zv + Vz +—.—; 
du dx 
du dv 5 d x 
z = V.—3 
da dev dx 
or the differential coefficient of the product of two functions 
equals the sum of the products of each function into the dif- 
ferential coefficient of the other. 


21. To find the differential coefficient of the quotient 
of two functions. 


; d 
Let w= Here = may be found by substituting the 
v 
values which w, , and v have when # becomes vw +h; but it 
may be readily deduced from the preceding Article. 
du dv dz 


g 
“UM=—s VU wSs UY TESS 
v da d«w« dua 
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ads wu dv 





A simple expression, the form of which is more easily remem- 
bered than the enunciation. 


. 92. Let w= xvw, writing vw for v in Art. 20; 








‘ But ACY Te are ets de. 
¥ dx a fT ae dea 
du e Guy dv dz 
—= -— + 3w.— + —-, 
ahi ae chip dita ala 


Similarly may the differential coefficient be found for 
the product of m functions, and it will be equal to the sum 
of the m products of the differential coefficient of each of the 
functions multiplied by the Ae ihe n —1 functions. Thus, 


A. 3B.V.W.S8.0. d 
gS SON yo. s..(n— SE + 28.n(n— 1). 


dw 
+ #v8...(2 — 1) et &e. 


23. Lemma. If w be a function of z, and » be a func- 


tion of wv, then ; 
du *) (=) 
dx -( da) 


For if dw, dz, dx be the corresponding differentials of 
Uy and &; 


th ee hs 

en —-=— X -—= — 

GLH ew oe Os Ou 
ou du du du <ze ds 

But A hl Eo MAG bo a P| 
Ox ce ox dz d«% dz 
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an important theorem, of which we shall neren tag give another 
demonstration. 


d 
24. Let w=2", x being =f(#); find Se 


eng rs) SS aace Ati slip one. ae 


or, to find the differential coefficient of x", multiply by the 
index, diminish the index by unity, and then multiply by the 
differential coefficient of %. 


ae dz 
Ex. If w= (a? +a’) then e=a°+ 2’ and dp es 
du Re Te | 
he ————— n(a° + igh ee e Qh. 
da 


25. The rule for finding the differential coefficient of 
x" is perfectly general, but when m= 4 it has a value which 
it is useful to remember. Thus. 





dz 
d (/ 2) Se li aaa Shin 
dx 2 da a/% 


whence this rule. To find the differential coefficient of the 
square root of any quantity, divide the differential coefficient 
of the quantity under the square root, by twice the square 
root of the quantity itself. 


Ex. Let w=\/a+ ba + ca; 


dz 
o S=athert+ee: «. —=—b+2eca; 
da 


du b+-2cx 
and = 
de 2/a+bea +-cx? 
EXAMPLES. 
th du 7-1 4 
1) w=3a'*s «. —=3.4.2° = 7a’ 
(1) dx 3 7 
(2) usa +eartuvde; 
du ‘ 
2S = 32° 22a 1. 


da 
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= (w+ a).(7+ 5); 


u 
du d(w+ 6) d(v +a) 4 
4 (¢ + a) —_—_ ie + (@ v +b). Ta a Aart. (20) 
=“2+at+a+b=24 + (a +5). 
aa \ oe ca + w); | : 
d(1+ x) d(1+a*) 
9 3 43 5 Se By A are 1 2 Peete TEA, 
= (140°)(14 a4) — + 0(1+2"). Ae +av(1+ x’) ep 


=(14+ @)(1+a°) +a(1 +2’).2@7+ 71+ 2”)3x°° 
=1+4 3a? + 40° + 62’. 





Ge age Pitae ie Eth) | ppt Cea na” 
() uaSedtet; T= = - 53 
if a dui @ 
aety ake 8D ae 
v+a 
_ (6) RT See (Art. 13) 
d(v +4) d(a + b) 
Aral Qe ee ee |: 
eo (@ + by 
_a@+b oe Le Med 
a™ 
Ce 
| du _ (e+ Lye ma”) —v™.m.v+t t eae 
"da (@ +1)" 
(w 7 1) .ma"-! — ma” man! 


a) © RI PS ee er err 
(8) walt a; 
du AB Fs 
de 2/f1i+a VS1l+e2 
(9) malate /1L +a; 
d(2 DAF lice a 
Ce =se+Vite)4, a gees) uh 2) 


da da 





Art. (25). 
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WC eee a wait a ) 
de ide AJ 1 4 atl | 
du_, Sai /i + a’ J 1 + a 


O77 2° ar 











(10) U = (24x + a)", 
du : d(2aa + 2°) 
ApS 9) re\m'—1 ' 
Fh, m ( a@ + x*) bg eet 


=2m.(2av + x)" : (a + x). 


Sata Le? 


(11) Ue epee ee || ORL ie 


Ja = a a — x" 
gts du 2u(a’ — x) + 2n(a* + 2”) 4a’ x 
da (Pay (a = a*)?? 


} du D a ATA ee it . 2a°x 
de @ ae) Jana @oah eae 
(12) ye itetVinaw (V1+e4V/1-a) 
VYil+ta-—-V/1l—a« 2a 
glchW/ 1 =a 











1 
x’ 
— {I 1 (ome oe 
| iu Yaw kit eee ee | 
da xe\/1 — a? 


1+Y/1 —2’ 
wernf/l—a- 





du @ + a. 
a (1 + 3a’ em en oe 
dx VV 1 - a 4/1 — a 


_ 1432? — a — 344 — 2 - x" 


V1 -« 
_ ita’ — 4a 


© tate bee os 











_ du 
Oda. - 
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(14) “=a tl + 2); 
(15) w=(14+2a°) (1+ 42°); 


du 
ras 


Q7) w=(1+a) (14 a’); 


(16) U= 2e(1 4 w)?; 


du A : 
re (1 + @) 


- 
— = 2a(1 + 3a"). 


du 
ap 7 tel + 3a + 100"). 


(1+ 2°) f1+x4 22°}. 


(18) w=(a+a)(b+x)(e+2); 


du aby ; 
earn Se OE a oe 
dx 2 ( a +c)xv A 


ab+ac + be. 


(19) w= (1 -- 2x) (1-32) (1 - 42); 


“. damage tule 


(202) w=(1+a7P (+ a%) 

















(26) u = wif a + t; 


+ 72 2°). 


du 
—=6e(1 +e) (1+e°)(14+ a4 22°). 











dx 
(21) uU= (1 of. a (1 + ary". 
=mn (1 + 2)" Cir «yn 1 j Pie rt iowa’ Wa 
(22) w=(l+a)\V/1-2; 
ot 1a. 2a". 
oy ey: ey x 
v-1 du 8x 
23). uU=——_3 a Aan 
(23) a+i° da (a+1) 
he U = —j7——;: ise ee A 
Vita’ dx (+ayi 
“= “ES is ES = ¢ 
3 is da / 1 dee 
du 70? + 4 


de 12/2" VS vt +1 ip 
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vi—-a’ +1 du 4 (at — 1) 
(27) 6 = a ee {} 
e+e +1 de (a +a?+1) 


(29) V1 + oP -1 du 2(/1+4 2-1) 
TNE de hin A ia ae 
(v7+1)? du (#-2)/Sa+1 
f/ @ — 1 dx (w@ — 1)? 











Aime du 1 

31 ss = eee 

SD L+fu de 21-2) /a—a 
1+ 2” du 3 

Se Jl tat & de 2+a+a*yi 





a 
3b Aw 
= - a= 
du 2ar/ x JS ct — x 





4 ge opens 
Vie 


du ae 
(35) Let we-uta?—-a=0; find Ae this is an 














@ 
implicit function; put v = w’#, and differentiate ; 
dv CEN ae a ed ite bg gia 
(ee e= bs u = 2uUu + U 9 > 
dx dx @ dx Ce) 5 
2Uue +w—-—++24"=0; 
iv 
du Fae + Pe ak 
7 Cue -1)=-—(w +22) = 
YH 


du "| a Goh EY 7 
dx [una 
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7 one 
(36) w—Sua®+a*=0; find—; 
da 
, au du 
*. 3u*— — 3a°— — Guar + 3a*°=0; 
ax dx 


du 2uex—2 ua 


da U? = x x 
du uu 
(87) Que +au—bat=0; —=-. 
aL wx 
3», 
(38) aut + ux — bat =0; ae (ee) 
de u\4au'+ ea 
——. du bie 
Ua me (a tel Alii ee 
( ) ( Kv! dx (a + u) (ab? + wu) 








(40) w= Vatrur+Va+atrV/ara &e. in infin. ; 

af RecN "i aed Da 
: da V1i+4a+4a- 

26. In the preceding examples, differential coefficients 
have only been obtained; but by the definitions, the differen- 
tials may be found by multiplying the differential coefficients 
by the increment of the independent variable. 

Thus to find the differential of the product of two func- 
tions x and v, if w= sv, then 


du dv 


Bi ae let 3 i t of 
— = x——+v—; let dv = increment of 2; 
da dx dx’ 


dv dz 
a5 d (sv) = 7 da +07 da. 
dv ; ; | 
But qo" = differential of v = dv, 
x 


and - ox = differential of z =dz; 


v. d(xv) =sdv+vdz; 


and in the same manner, 
z vds —xdv 


qn” 


and d.(x") = 22"7'dz. 
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These expressions are often very convenient, and we sce 
that the differential coefficients may be derived from them by 
dividing the differentials by dw. 


27. It will now be natural for the student to enquire 
what is the object to be attained, by finding the differential 
coefficient, but it will be difficult at present to give a com- 
pletely satisfactory answer to the enquiry, without introducing 
subjects with which he can have no acquaintance. Lacroix 
says: ‘Il serait fort difficile Wexpliquer clairement la nature 
du Calcul différentiel 4 ceux qui n’en ont pas les premieres 
notions.” Yet perhaps he may be told, that if y be the ordi- 


e d s e . 
nate and w the abscissa of a curve, is the trigonometrical 
Y 
tangent of the angle, which the tangent makes with the axis of 
. du 
«3. that if « be the area of the same curve, Ge 7 ¥> an equa- 
f wv 


tion by which hereafter the area of the curve may be found. 
Again, if s represent the space described by a point in a time 


d a ae 
t, that = represents the velocity (v) with which at the end 


dv 
of that time the point is moving, and — Wa? the force which 


either accelerates or retards the point’s motion. And again, if 
u = f (wv) be an equation admitting of maximum or minimum 


d 
values, that _ will furnish an equation, by which the values 
@ 


of « that make wa maximum or minimum may be found. And 
lastly, if w =f (x) =0 be an algebraic equation of which the 


dai 
roots are a, b, c, &c., then Tr 0 will give the limiting 
YH ’ 


equation, the knowledge of the roots of which is so useful 
in determining the roots of the original equation. 


28. We shall conclude this Cais by a few simple 


applications. 


(1) The radius of a circular plate of metal is 12 inches ;: 
find the increase of area when the radius is increased .001 inch. 


If w = area of a circle, radius = #; 


“ U=res and du = 2radu. 
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Make #w =12; dw =.001; then dw = increase of area; 
~. du = 3.1416 x 24 x .001 = .0753984 of a square inch. 


(2) <A cube of metal of the same thickness is similarly 
increased ; find the cubical expansion. 
w=2; «. du=3a°dx = 3x 144 x .001 = .432 cubic inch. 


| du 3di d 
Cor. Divide by uw; .°. — =-"" Now — is called the 
7 


v 


. dx ; lai: 
cubical, and — the linear expansion; hence the cubical is 


v 


three times the linear expansion. 


(3) As an instance of finding the ratio of infinitely small 
quantities. Upon AB describe a semicircle, draw a chord AP; 
draw PN perpendicular to 4B; then prove that 4P = PN 
ultimately; i.e. at the moment when the arc AP vanishes. 


Make 4N=a, NB=2a; 
mw etx AP =\/2a0, PN =\/ 24a — 2; 


ere, 4/208 7 / 24 4 
' PN \/ 200 — x /2a-a 





——_ = —__=1; or AP=PN ultimately. 
In the next Chapter we shall find the differential coeffi- 


cients of the trigonometrical ratios, of exponentials, and of 
logarithms. 
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CHAPTER ITI. 


DIFFERENTIATION OF ANGULAR, EXPONENTIAL, AND. 
LOGARITHMIC FUNCTIONS. 


29. To find the differential coefficient of w, when 


uw=sinag, cos#, tana, seca, &c. 


The following Proposition must first be proved. 


inh tan h 
If h be an angle, > or-— unity, when h = 0. 





It is proved, that h>sinh,<tanh (Trig. Art. 53,) 
or fA lies between sinh and tan h, 


or sinh, h, and tanh are in order of magnitude; 


. tanh —sinh,is>h—-—sinh, or >tanh—h. 
, tan h y 
If therefore tan h — sinh ever = 0, or — = 1; a fortiori 
sin 
sinh tanh 


will h —sinh = 0, and tanh —h =0; or 
h h 




















1 
i tan h 
Ae and = also respectively = 1, if h =0. 





30. Let w=-sina; find ae : 
dx 


du 
For #, put «+h; .°. uw becomes uw + ae + Uh’, 
: v 


d 
and w 4 ——h+ Uh? = sin(w + h), 
Xv 


and wu = sina; 


Se! — 
ee 


d 
ah + UW = sin (@ +h) ~ sin @ 


h Bata. 
=2cos{v+-—).sin—*. 
Qy 2 





* Since sin 4—sin B=2cos. 
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“ h 
3 sin — 
Jaret Uh = cos (w +=). ; 
dx . 9 h 
2 
. % 
Bo 
and making h = 0; ——=1; 
h 
2 
d d.sina 
= COS a, OF = COS” 








d 
31. w=cosa; find Sik. 
dav 
bC eligas h 
use nue = COs : 
4 dx RAO 


du 


v 


h + Uh? = cos (@ +h) — cosx 





=-—2sIn|#@+ —-] sin -; 
2 2 





sue 
a ae Uh= ~sin(w +>) —=; 
2 
*, making 4 =0, Eh Gee — sina. 
dx dav 
32. w=tane; fides. 
da 
du Fh 
; uta s+ Uh = tan (v +'h) ; 
du 


h+ Uh* = tan (w +h) - tane 





*” da 
tanh (1 + tan’x) 
- Ll—tanae.tank ’ 
du tan h 1+ tan’2 
© wh a + Oh = ° ( ) 3 
da kh 1-—tane.tanh 








tanh 





make h=0; .. tanh=0, and 
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du d.tane 3 ; | 
-. — = —— _ = 1 + tan’wv = sec*v = Wide 
dx da cos’ & 
1 du 
33. w= secxr= -ninde— 
COS & dav 
—d.cosa@ 
du dx sin & sinw 
Pr ee) a 5 
dx (cos w)* (cosxv)” cose” cos@ 
d.secx , 
or ——— = tanwv.sec2. 
dav 
34. u=V.snw=)]—cose@; 
du d.cos & . 
w= — = SIN. 
da dx 
COS & 
35. uw=cotany = ———. 
sin &@ 
. d.cos# dsin x . 
SI. = — — —_ COs... > 
du di dx (sin 2)” + (cos x)? 
dx (sin x)? (sin a)” 
| 1 o oO 
= ——.—., = — (cosec @)"= — (1 + cot’2). 
(sin x)? ( ) ( ) 
1 
36. w = cosec a” = ——_; 
sin & 
d sin &@ 
du dex — cos” 


= —cotw.cosec a”. 





" de (sina)? a (sin x)? 


37. Hence collecting the results, : 





; du 
If w=sina, — = COos2@, 
ax 
du : 
da 
du P I 
uw = tana, eee + fan ie — ae 
dx COS’ &? 
du 
uu = SeC aX, —— = secv. tana, 
da 
, du, 
uw@=v.sn@vr7; .°. — =sina, 


ed 
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£4 ? du a 22) 1 
u = cot a, —=s = + cot-#) = —— : 
dx | sin? & 
du 
Uu = COSEC &, —- = — cosec v. cot a. 
& 


38. Next, let w= sing, where x= f(z). 











d 
The Say CG 
dx dz da 
But Bl rar eh Erna, ero 
A dav v 
d 
39. Letw=cossz; find oF 
‘ dx 
du du : ds 
——_ = — sing; ee 1 ae 
dz 7 d teal de 
bait! sk 4 d 
Ex. Let w=sin3e7; .. baile BUF 
v 
U si 
Let w=cos(av+b); .. sa —a.sin (ax +b), 
- ie @ 


d 
40. Let w=tang; .. —-=1+4tan’:; 
eee dz : 














du Gis: tat ye 
“. — =(1 + tan*z ; 
ax dav 
; ar du dz 
41. And if w=secs; = sec %.tany.—, 
dx wv 
: du x dz 
“w@=vsngs; —=sins.—, 
dx dz 
= cot aA (1 + cot? as 3 
u = Ccotz; ea cot? x) — 
¢ ax da’ 
du x 
u=cosecs; —=-—cosecs.cots. * 
dw da 


42. 'To find the differential coefficients of the angle in 
terms of the. sine, cosine, tangent, &c. 

Before we do this it will be necessary to shew that if 
w be a function of w, or if w= f(x), and consequently x 
a function of w (since it is a matter of convention which 
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of the two is the independent variable), or as it is written 
f-' (wu), where f~! is called the inverse function, 





du 1 
dx da’ 
du 
Let du, da, be the differentials of w and a. 
1 ou 1 


a 
Th I =— = » SS a 
en since >= 73 as 


Pane Su 
But since the*ratio of the differentials is equal to the 
ratio of the differential coefficient to unity ; 








du du od« de du 1 
a= =3 7 =~. And. —=—. 
oe dw’ $u du dx dx- 
| du 
i : du 
43. Hence*, if w= sin-1a, cosa, tan7'a, &c. find aot 
(1) w=sin-'#; .. v=sinu; 
dx ere 
a 7, = COs w= V1 — sin’u = V 1— 2’; 
_ du 1 1 
y de rider Win/q eens. 
du 
da : 
(2) w=cos-!a, or =cosu; .. ait. sin @% 5 
du 
du 1 1 


li 
oo 
$9 
=] 


(3) wu 


dv 
Wid CE oe tan gee", Pe (1 + tan’) ; 
u 


du 1 iT 





de 1+tan?s 14 2°’ 
. n ; da 
(4) we=sec-'a; ». w= secu; .. —-=secutanu; 
du 
1 


® Ke a 
ee 


* By w=sin- x is meant, w is an angle whose sine is 2. Similarly, w= tan-! z is an 
angle u of which the tangent is x ; these are called inverse functions. Thus, if w=log 2, 
then wu =log-! w expresses that w is a number of which the logarithm is 2. 


a 
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7 dx : 
(5) w=cot-'#; ..r=cotw; .. = — (14 cot’z); 
U 
du 1 1 
dx - 1+cot*?w  1+a4?' 
dx 
(6) w=cosec"'#; .. e=cosecu; .. Tag COE U-Cot Us 
Uu 
du =] 1 


"* dx cosecucotu a xv —1 


(7) (weu.sin™ a3” oo e@=vsin.w; 4% 


de, ogame ar il SN ae A a 
lah ta sin u = 4/1 — cos?u = J (1 — cos #) (1 + cos u). 
ry 


But 1l-—cosu=v; 1+cosu=2-a, 











dx VERE. nnd du 1 
ws —_—_——_- = Yh — — = Np Se ee 
du da / 20 — a 
Hence, recapitulating ; 
d.sin~'e 1 
es dx isi /1 — x ‘ 
GS COB at og hah 
da /1 — x’ 
d.tan7!av 1 
date, We x72 
d.secy'a 
dx “WES bag PY 
. a .cot- te ae 
Ct ale Se ea? 2 
dh cosech, dh ecahic Has | 
dx Sh Lv a/ a pet | a 
Gers see hh 
dx Fy; / 2a — 2 : 
° : Peet HH i 
44, Again, if w=sin7*-;. «. -=sinu; 
a a 
da / xX” i 
-- — = aACOSU=4 fo ah es 


« 


du 


& 
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de EL 1 
“de de /@—a 
du 


: x 
Similarly, if w= cos~’ > ee 


OA a 
Ife = tan i 3’. tan &, 
a 




















a 
Ae | w\ i apa 
and —- = a(l1 + tan? u -«(1+5) - 5 
a oR ( i ) " a ? 
du a 
“de @+a2 
pe 
d. (sin =| 
0 a 1 
; pe ee 
da | a’? — a ‘i 
@ 
d cos*(*) 
a oe 
Ax FS a’ om a ‘ 
d. tan~? | 
a a 
AIL RE T 
dx a” + a0 
v 
d (see?) : 
A a 
and. similar] —-————.. 
Y dx v J & —a’ 
: ; du 
45. Also, if «= sin™'z, where x = f(#), to find oP 
x 
| dz 
du 1 ‘du du dz da 


ee —— 


de fies da debe ny ieee 
Next let w=cos-'s; .«. —= 


dz. 
du dx 


wore ee 


And .. 
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a7 
du 1 
Let = tan7's; .*. —— = ———s 
a3 fA 24 
dz 
du dx 





—— = 


Moda 1 see, 
and in the same manner for the other circular functions. 


.46. And as in the preceding Chapter we find the dif- 
ferentials from the differential coefficients: thus, 


d. (sinxv) = cosa. da, 








d.(cos#) = — sina. da, 
d.(tan #) = (1 + tan’2) da, 
| dx 
and d. (sin7' «) = ————.,, 
da 
=] ies 

d.(tan7'2).= ae? 

dx 


d. (sec-! a) SS 
v/a? —1 

Ex. Find that angle (#) which increases twice as fast as 
its sine. 


Let w=sinw; dw=cose.da. 


But du=4de; ©. cosx=4; .. v= 60”. 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS. 


47. Let « = a’, which in general expresses the relation 
| du 


dav 





between a number w and its logarithm 2, find 
We must first prove that, 
a’ =14+ Aa + Ba’ + &e. 
where 4 = (a—1) —-$(a-1)?+4(a- 1)° — &. 
Now a? =(1+a-1)?=(1+50)*, if b=a-1. 


; v“le-— i — J] —2).., 
and Ge ee tesa Apa OD AR a be 


2.3 
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2 2 


L av Le wav xy | 
1+ab+ (= - 5} b° + (= -5+5) b* + &e. 
2 2 4 


b? Bb 2 b° 
1+ (}-5+5-&e.)a+(>- 4 ic.) wv’ + &e. 
2 3 2 


=-1+4+ d4e+ Ba’ + &c. 
2 es 


b 
where A=b-— + >-&e=(4-1)-3(@- 1)" + Be. 
and B is also a function of (a —1); 
d 
UU + ads Uh? = a*t* = a" .a" 
da 


=a°.$1+Ah+ Bh’ + &e.}; 


. Bee yee and du= A.a’.dua. 
dx 


Cor. There is a value e of a@ which makes A = 1, 


or (e-1) -4(e-1)? +4 (e-1))* - &. = 1; 





d.é 
x =e"; and d.e’=e'da; 
dx 
e is found to be = 2.71828, &c. and is the base of the Na- 
pierian system of logarithms. ‘ 
| d 
48. Next let we log ws 2h ee ee Aa’ =A.a; 
du 
du yet Pee 
de de Ae 
du 
d 1 
If the base be (e), 4 =1 and ee: or d.log «x PRS) | 
dev wy av 
A ites du 
AQ, Again, if w= a*, find qa’ 
du ; du duds dx 
—=Aa’,... — = —.—- = A.a’.—_. 
dz dx dz da da 
ad Cay 2 as 


Cor. If A as 1, . a= > 
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50. 


| 2 
ii y ee d.(logz) da 


du 

if w=) find —; 

And if wu = log (x), fin - 
du 1 13 _du_ du dz 1 1 ds 
dz As daw ds da A'2 de 


=a 


dz 
= — 5; = ] =. 
F ; and d. (log x) . 


From the former of which equations, we obtain this rule : 


The differential coefficient of the logarithm of any func- 
tion is equal to the differential coefficient of the function, 


divided by the function itself. 


Observe in future, whenever Jog is used, the Napierian 
logarithm is meant. 


@) 
(2) 


(3) 
(4) 


EXAMPLES. 


du 
u = (sin x)”; ree (sin v)"~! cos &. 
v 


: u 
u=sinnvx; —=ncosne. 
dx 


du 
u = (tan x)’; a: 3 tan? & sec” x. 


uw = sin 3”.CoOs 2a, 


U ? j 
Fe 8cos3xHcos2e —2sIn3H2.siIn 2x2 
av 


= cos 32 cos 247 4+ 2 (cos 3a cos 2a — sin 3a sin 2a) 
= COS 3% COS 2H + 2COS 5H. 


uw = sin (cos#) = sins, if x =cos#; 








du du dz : } 
— =—,——=cos%.(-— sina) = — sina cos (cos 2). 
de dzx dx 
° 7 ° ° 7 
Uu = sin7 | ————— = sin7' , if = — 
J 1 + a J 1 + 2 
dz 
du da 
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EXAMPLES. 


« 
~~ 


J/1+ a 





dz J/ 1 + 0" 1 
dx bp at | (E+ a) 





1 
ear Vin 3 tana 
n% * * 14+ 2” FS 





du _ 1 


‘ ae) tte 


(7) 


ads 
du dx | 
=——=, and v= Uter/1l ee’; 
dx % ! 
dz tn C _V1+e +2 x 
dav Vite Site Vita 
du 1 
da fit a 
a du 1 
w= los otis 2 e+ x); oS 
g ( Vv 3 d A/ Qe + a? 
feria du Q 
u = log ——— i 3 7 
Sele a dan J vt? +1 (a3 
1 & du 1 1 ) 
= log G—=—__ = — = -- >. 
sw aes ven Opa dg: 2 / ved 
ae av du 1 
= OO ee — = ——__—_. 
VA ea mre) dx U/ eed 
du 1 
u=(lorz); .«. —=n.(logaz)"71._. 


(14) 


u = log (aw +4/1 +a") = log z, 

















= log (log 2) = logs ; 


QU tau Ds yak 
“da dz de # a vlog x 





w= v0 =a", where x = f (2). 


1 1 : 
OSU=210T 05 .«° — = — 109 #@ eC, amas 
8 ‘dxe'u da 8 5 Bi 


EXAMPLES. 


rn ie “ 
If s=2, PF a $1 + log x} = x’ log (ez). 


(15), w=’, x and v being functions of «. 





1 1 du 1 dv i dz 1 
ogu=vlogs; .«. —.-=—.logz+v.—.-; 
8 a Bo uw dar > du % 
OTS a dv, of dz 
. — =2°{— Jo -.— 
de \dw ?" "= da 
Let = =sinw, and v=cosa@; 
du -———0os2 | =I 
eee =. SIT — singv log sina + — ‘ 
dx sin & 
iG emt erent, we ee | 
du dz fie: EY ae IN, 
—=e,—-=e .e*=ee 
dav dv 7 


(17) w=s”, where x, v, and y are functions of z. 


Let wW=%,3. 2 w= 275 





d dv 1 dz 
a = #".otftog slog» SY + 210 eels + \. 


' (8) w =logtane; 


du 1+tan*’«# ~~ sec’a 1 2g 





coat 
— 





da tan v@ 


tanew sinweoswv sine 


1+ sin & 
(19) ea AL hs ae 
1—sinw 


= 4 Slog (1 + sin wv) - log (1 - sina)} ; 





39 | EXAMPLES. 


COS & COS & ) COS & 1 


“e ao (Goeee ae aa 
de *\1A4+sine 1-sine 


(20) w=sin7’ (3a — 42°); 


(21) w=log (cosa# + / —1sin 2); 








du —sinv+ —1cos@# — cosa +/—1sing 
dt cosa+\/—1sine cosa +4/—1sine 


1 b & 
(22) u = sre na cos7! (a E 
/ a — bv a+bcosx 
b+ acos#@ 
Let v= ; 
a+bcosx 
dz 
du I de@ 





Tye eee eS 
dz asing.(a+bcoszxz) —bsinag (b + acosz) 
Bul Bee ie 
} dx (a + bcos x)” 
(a® — 6°). sine 


~ (a + bcos x)? ’ 





Pia Es (a + bcosx)? — (6b + acos a)’ 
if (a +6 cos a)? 
_@-B)-@-P) coe (a B) sine 


(a + bcos a)’ ~ (a + bcosa)*’ 








2). pate 
a qa VOR sing 


a+bcosa@ 
dz 


; _ de Va —v 
/1 = ab ebs@? 
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du 1 - dx 1 





dee a? © pA GT eae a+b.cosv 


s 
| 


du 
= "(a — 40° + 124” — 240 4 24); ae De 
: v 


e 3 du ° D) e oO 
u = sin’ & cosx; re = sin’ v (3 — 4 sin’ @). 
a“ 


pe Cos # du sina (2 + cos 2.x) 
cos2a” dx (cos 2a)? 


U : 
=e” (cosv — sin). 
&e 


u =e" .cosx; 




















du — 8 
u = cos”) (44° — 3x); — =—j==—. 
dx JI 2 ae” 
ey eee du 2 
hie CAN og a3 = 
ie dae ta 
sin « aL sin @ © se 
uU=e COS & ; = &*(] — sin x — sin’ 2). 
: av 
l1—cosv du 1 
u = log ee a, 
1+cosx dav sinw 
du 1 





wu = sin7! 24-1); —= —. 
( De da J 0 — x 


ae : 
u = (sin @)*; Fe (sin w)* Jlog sin w + vcot vt. 
mn : 


v(lorcvy ea'locw 2« du : 
Pe NICE D) FLAP kM F = «(log w)’. 
A, 8 32 dx 








Ustanc fl Leeeat 
u = tan 10/1 + @ - 2); ny tome eye 








——  , du 1-—w@ 
u=/1—a2+sin a; Se 3 
ij aye du 1-2 1 


ys, ata z 
/ 2 14+’ aad, ee oD me 
D 
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(38) 


(39) 


(40) 


(41) 


(42) 


(43) 


(44) 


(45) 


(46) 
(47) 


(48) 


(49) 


(50) 


EXAMPLES. 


] 
a du @) ) 
RN yc ui) & ‘ 
(w + 2)° ; du v 
= log 


w+1.(7+3)2 de a+ 6a°+11#+6— 


Nee du 1 
= log ~ + Stan! 6 an 


ax & 
e"(asina—cosx) du ,, . 
oe 5; =~ ee". sin 2. 

















Ceri da 
a+ \/ a’ —x° du hy, a —a’ 
u =alog (“~~ —" ) ng A x”; etry an 
Lv dav av 
; du 
= a (sin & — cos 2) ; — =\/2e~ uv? 
dx 
e+e" du 4 
ASE TY By) yh 
e*’—e" dx 
2 
wages, IE pees (LEE, 
da 1l+@” 
du i 
= sin (log x) ; ae ieee (log x). 
fc © =a(1 — cosa); 
du -/2ax — 2° 
da v 
eC l+ea du. 2— x 
= ——; —=é,-——:: 
l-a dex (1-a)i/f1i+e 
1 secw Bias du 1 
=—-4-—.— — Scot2a4; — = ——_____—__.. 
(sin x). (2 * da (sina)* (cos a)? 


du Q 


u = sin” (2/1 — x); Py eye 





CHAPTER III. 


SUCCESSIVE DIFFERENTIATION. MACLAURIN’S THEOREM. 


51, Irw=f(wx); the differential coefficient “ may 
Z 


also be a function of 2, and therefore be capable of being 
differentiated. 


d 
For suppose that “ =p, and for w puta +h, 
x 





Gs 
d “\da d 
Then + + ne h+&Xc=p4+ fh + &c. (by writing 
d d 
‘that for u,in w+ cay | + Uh’); 
dx dx 
d 
7 (=) 
dx} dp 
da Pda 


In the same manner if # be a function of # and be put 
x 
equal to q, we shall have . 
a (3) fii (=) 
dq _ dz} d- da 
daz 
and so on for other differential coefficients. 


° 
° 


: : ; vibe d 
This process is called successive differentiation, and —; 
Py 
dp dq ; its 
—, —, &c. are called the first, second, third, &c. differ- 
dx dz 


ential coefficients. 


A more convenient notation than that above is used, the 
-reason for which may be derived from the consideration of 
differentials; and here we may remark that dw as well as h, 
is always considered to be invariable, when wu =f (#): this 
being observed ; 


d 
Since = =P: *. du = pdr; 


D2 
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“. d(du)=dpd«: but dp=qdz; 
“. d(du) = qdz2". 
But because d(dw) is the symbol for shewing that w has 
been twice differentiated, and since d is the symbol of differ- 


entiation ; therefore d’w will fitly express the fact of uw being 
thus twice operated upon ; 


-. du = gaa. 
Similarly d (d’u) = @u = dqda’ = rdz’, 
d(du)=d'u = drdx# = sdz', 


&e. 
Hence therefore it follows, that 
d du 
= ! Dias ae 
| dq rae du 
da da?’ 
dr d‘u 
dg” radu 


n 





and the n differential coefficient is -. 


Pu du 
da?” da’ 
du by de squared, third du by dx cubed; but sometimes, 
d two u, by da squared, d three wu, by da& cubed, &c. 


Observe 


&c. are most commonly read, second 


Ex. 1. Let w=a'+ 24+ 2 4+@41, 


du 

Ae 4a + 3a? + 2a +1, 
du 
dx? 
Bu 
dx 


=3.49° 42.39 4+ 2, 


=2.3.40 42.3, 
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1 
Ex.2. Letu=-=a71. 
a 
du \ 1 
ama ae 
x x 
du weet g 
da = 2a etki 2 
au oy 2.3 
Ae = 2.32 = = pe 5 
d'u , a5. 223-4 
ine lath rae 
du 
Por ee Wik: el enol he Poets 
x 
d‘u 
Ex. 3. Let w=sin(av +b); find 
da' 
du 
een 2 COS (ax + b), 
x 
d’ u het 
sia a” sin (aw + b), 
Bu 
ar a® cos (ax + b), 
f 
d‘u ] 
aia a‘ sin (ax + b) = atu. 
X 
ad" u 
Ex. 4. Let w=e'"; find —, 
dz 
du brit) Gu 
Be te ge ORNS PO ey oo ae tg 
DT He : ait au, 
Pu du 
== —=8e" = au 
da® dx 4 
d'u du 
3 4 an 4 
—_ = q@— =ae"=a'u 
dix! da : 
au 
ea. ae = au 
x 
Ex. 5. Let w=xv; to find d’u, du, &c. 


du =xsdv +vdz.........(1)3 
“. @u=d(zdv) + d(vdsz). 
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But from (1), d(zdv) = zd*v + dzdv, 
d(vdz) =vd’z + dvdz; 
. Pu=x2d'v + 2dzdvu + vd'2; 
. @u=d(zd'v) + 2.d (dzedv) + d(vd’s). 
But d(z.d’v) =xd'v + dzd’v, 
2d (dzdv) = 2d’zdvu + 2dzd‘v, 
d.(vd’z) =vd’s+dvd'z; 
. @ua=sdv + 3dsd’°v + dvd's + vd’ z, 
and d‘u = sd'v + 4dzd°vu + 6d@?2d’v + 4d°’zdv + vd's. 


Since the law of the numerical coefficients is apparently 
that of the coefficients of (a + b)”s; 


- @ua=sd’v+n.dsd’iv+n. dsd’-?y + &e.; 





(n -1) 
2 


d’u d’v dz d’~'v (n-1) @z d”~*v 
“2 = =S, +n—. +n. _——. 

da” dx” da da"! Q ai da a* 
a theorem due to Leibnitz, and which may be used to find the 
differentia] coefficient of the product of two functions. 

















+ &c. 


Proof of the law of the coefficients in Leibnitz’s. Theorem. 
Assume that, 


nm—t 
du = sd'v+ndzd"—v + ir ete 2d "eo Sen 


 Oty=zd"*'yo+dzd'v +n. (dzd'v + d’zsd*~'v) 


LBomeits | , 
BLE a (Psd*—'v + dz. d"~*v) + &e. 


=xd’t!v + (m+ 1).dzd*v + ESTES) 


22.07» + &e., 
which shews that if the theorem be true for 7, it is true for 
m + 1, and it has been shewn to be true for n =2, and n = 3; 
it is .*. true when m = 4; and .:. when m is any integer. 





EXPANSION OF FUNCTIONS. 


52. If w=f(#) can be expanded into a series of the 
form 


u=A+ Bat+ Cu + Da’ + Ex’, &e. 
where 4, B, C, &c. are constant, to find these coefficients. 


EXPANSION OF FUNCTIONS. 


This is Maclaurin’s or Stirling’s Theorem. 


Since u= 4+ Bat Ca’? + Do’ + Eat + &e. 


Then by successive differentiation we have 


du 
i =-B+2C2+3D2°+4E. 2’ + &e. 
x 
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au 
—, = 2C0+2.3Dei+3.4K. 2+ &e. 
dx 
3 
—3=2.3.D+2.3.4E.2 + &e. 
dx 
Ce et ae the 
Aga ie Ce 
d x* Bi 
&c. = &c. 
Make w = 0 in these several equations, and let U,, U,, U2, 
, du du 
U;, &c. represent the values of ~, —, —-~, &c. on that sup- 
dx dx’ 
position ; 
U, 
CO = Ase = Bat Uy = 2 ; Oa Br 
I 
U, 22 3D; Din OC; 9 
a be 
1 
Pie &C. se Res: 
FeO. 
a a at 
meageetO te Ui e 4a ee ae, . —— + 0: 
Toh ear owa 6 vai (ao 344 
h ] term is obviously U,, —————. 
Cor. The general te S Cues alae, 


EXAMPLES OF THE EXPANSION OF FUNCTIONS. 


(1) Let w=(e +a)’; 


du 

— =4(#+4+ a)’; o. U, = 4a’, 
dx 

du 

Re 1 Ge ake U, = 3.4a’, 
du 

—-=2.3.4(7+a)3 .. U;=2.3.4a, 


dx® 


U,=a’; if #=0; 


40 EXAMPLES OF THE EXPANSION OF FUNCTIONS. 








d‘u 

d ,=2 3 As 2 U, = 2 3 Ay 

wv 

du . 

OR Sih os U0. and U;; ths &c. each ah Uae 
3.4, DSA 2 eee 

“Us (a7+ayl=a'+4aea+—a'au?t au + a 

dere 1.02.3 Ae Bete | 


=a + 4a3a + Go'?v + 400° + 2". 


(2) Expand (a + ba + cx)". 


u=(at+bat+ecx’)"; «. Uj= a’, 
du Area ’ 
Re (a + ba + ca*)""1(b+2cx); «. U, = nba”, 
du 2 2 Pee 2 ] 
ergs n(n—1)(a+ba+cu’)"~*(b+2cn)+2en.(a+ba+ea*)"'; 
x 
U,=n.(n—1)a"-*b? + n.2c.a"', 
d°u 
Patt .(n —1).(n — 2) (a 4+ ba + ca’)? (6 + 2H) 
+ 2n.(m —1)(a + ba + cx)" 2c. (b + 2cx) 
+2ce.n(n—1).(a+ ba + cx’)’-* (64 2cx); 
U, = (n —1) (n — 2). a"-°8§ +2.3n.(n—1) a"~*be, 
Xe. = &e. 


(1) 





“. (atbe+ea’)*=a"+na"'ba+ in. a" B+ namie a? 


2 Pees? 


a’? +2. (n—1). bop 








i esa; 
+ Sc, 
(3) Expand sinw and cosa in terms of a. 
If w= sina, If w= cosa, 
du du ya 
then His COS &, sine sin &, 
xv 
aT] : au 
PP ark Hea — COs @, 
du Cu cie 
ie = — €OS v, Une = SIN as, 
d‘u f d‘u 
Per = + sina, Fie = COS a, 
&e. = &ce. &e. = &e. 


EXAMPLES OF THE EXPANSION OF FUNCTIONS. Al 


After the 4" differentiation the values of the differential 
coefficients recur. 


\ 


Now make wv = 0, then in the series for sin a, 


and for cos a, 


U= 1, Uv 0, U,= —1, U, = 0, OGM Ai &e. 


a a 


“. snvw =a - fy ans ts 
CeO VA Bibs) Rm! Bee) 





&c. 


a art 


and cos @=1 — —— + 
DiQry et Zhe Ds oh As 





— &e. 


Cor. The series for cosx may be derived from that of 
sinw by differentiating the latter. 


(4) Similarly, if «= tana, we may find tan wv in terms 
of x. 


But more readily in the following manner *. 


Let w= tane = a,e0+ Az X" + A,0° + a,0' + &e.; 


du 


- —=1+4 tan’ = a, + 30,0" + 5a,0 + 7a,0° + &e. 
ve 


But 1 + tan’e 


1 + (a,@ + a3a° + a,0° + &e.)* 
= 1+ a?a + 2a,d30* + (a3 + 2a,a,) v + &e.; 


therefore equating coefficients of the like powers of «, 


I 
a,=1, 3d3 = ay a9 a3 =—>s 
3 
s 3 2 2 
a, = 20,0, = —; a, = —— 
5 ps3 3 5 3 2 
. fi 4 17 1) 
by =A 20) ee. Sa ~ a = 
7 7 3 1%5 9 3.5 ee) q 5 "7 9” 
v Qa" 17a" 
_u=e@+— +t + + &c. 








* That tan a can only involve odd powers of (x) may be thus shewn: 
Let tanv = a,27 +6947 + aga? + b,a*+a50°+ &C.5 
.. tan (— a) =—@,@ +b,%?— a32° + byx* —asu° + &e.;5 
. tan x#—tan (— #7) =2a, 44 230° + 2a;0° + &e. 
But tan(—#)=— tan(@#); .*. tan va—tan(—#)=2 tana, 
*, tan =a, ¢ +322 +0,0° + &e. 
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(5) Ina similar manner may sin 2 be found. 
Let sine = ae + a,0° + a;,a° + &e.; 

*, COS# = a, + 30,0 + 5a,2 + &e.; 
“ — sing =2.3a,07 + 4.50,0° + &e. 


3 5 ‘ 
= — 0 — 0,0 ~ a0 — &C. 5 


a, a, ay 
As aaa MME RA ge Oly MG MIO esl fe Sweet 
4 ON | ae ae 2.3.4.5° 
: a xv 
.. snv =a, te eer —&c. }, 
os. D3. 4.5 


where a, is to be found, but 











sin @ aX 
xv a 
: sin &@ 
and if 7 =0; = ey | Ay Be 
av a 


— &c. 


. sing = a — —— + ———— 
2 one A Pes! eae 


(6) ws=sin-‘wx, whence if =0, U,=sin=!0=0, 








du 1 1 1.3 1.850 
and — = = (1—a*)-2=1 +—a°+—ary+ xv+ &e. 
diay Ae G2) wa Wy ke 
but from Maclaurin’s Theorem, 
U v ue - at 
—= U0,+2U,. —+3U,.—+4+4U,.— + 5U,.———__ + & ce. 
ir hic wales 188 "2.8.4 52.83.45 
Equating coefficients of the same powers of @, 
SU rl 
50, 1.3 
ECT Me 
TU, yee 5. 
——____t___ = Ue h Bi rio 
DB Bete es yy ate Dts, ST a 
Fi Lesa’ L2RVSR aI? ae? 





'* sin-lta=a+ Fe el PL SARA eV SET ME PR 
LO tis 422.685 .4.5 122 as Ost ey. 





+ &c. 


SERIES FOR THE LENGTH OF A CIRCULAR ARC. 43 


the general term of which is obviously 
eee oes, (2n —3) a-! 
BATA vas og (Qn — 2) 2n-1- 
By this series, the length of a circular arc may be found ; 


thus, let sin—*# =(30;% -).°.P ate 


3 


1.3 1 


1 1 
a 3B oS Nahin ee ae 
2 Pe Ae G3 ZA 82. Ki5 


(7) The same series may be thus obtained without the 
use of Maclaurin’s Theorem. 
Let w= sin~'a = a, 0 + a30° + a,a° + a,2' + &e.; 


for that sin~'w cannot contain even powers of aw, may be 


proved by the method used in the note. (Page 41). 




















Differentiating 
du gl 
Te Oi asin Le aS + 7a, 0° + &c, 
1 Tey lao the lees 9 
But =l]+-a@* + fof wo + &e 
ah, cad 2.4 4.6 
equating coefficients, 
; f 1 ae 
Gis da =—; Q,=—.- 
1 ’ 3 9 3 9 3? 
x £3 by.) ok 
a =a a. = —.- 
er O14 Seas OF Aa? 
P37 5 Lod. & 
74, = 5 Pee = 




















: 1 
a Wai teas, ahh) akan 22 OTs. 
(8)> w =tan7 a3) a= 020 Uy = tans ,0.='0; 
Oe a gel at tat — ab + Be. 
= U,+2U, 5 patel a em aoe + &e. 


1.2 2.3. 2.3.4 2.3.4.9 


44, SERIES FOR THE 





ao a 
or tanta =a” —— + — — &e. 
3 5 


a series for the arc in terms of the tangent. 


53. Hence may be found approximate expressions for 
the length of the are of a circle. 





7 7 
(1°) Tetetant aii 806 = tan al 
4, 4 
1 1 1 1 
and —=1—--+--—-+--— &€ 
4 Biol ere Y 
T 
(2°) Since zttanc'S + tan"! e, 
1 \ co 1 
and tan~'-=—-—-.—+ , — &e. 
2M Ze MO WS 5.2 
tate) egy ee ee eis &C. 3 
Bhi OMe TOS Doo 


T (; 4 | 1 (- s) 1 (; in 4 & 
. —=(-4-)--.(44+5)4+-.(4+]}-&e. 
4 \e" a) ole sf) 7a es 
(3°) A very convergent series is given by Machin’s formula, 


Tv 1 
that — =4tan7!.-—— tan7! 
4, 5 


330 ;. 
| = 1 
To prove this, let A = 4tan-' = Ad. 

4 4 

4 4tan a — 4 tan? 5 195 
Then tanid Bp ee nee ae 
1 —6tan’a + tanta : 6 1 
251 O25 


4 (125 - 5) 4x 120 120 
625-1504 1 476 119 
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mLe0 


tan A —1 110 ak 
and tan (A — 45°) = ———___ = AO ata ey : 
tand+1 120 239° 
La, 
119 
0 —-1 1 
*, A — 45° = tan7~*—_-; 
239 
45° = 4tan-!— — tan-!—_ 
239 


1 TORI 1 & 
939 3 (239) 5 (239) ef 
54, The logarithm of # cannot be found by Maclaurin’s 


Theorem, since if 7 =0, U,, Uy, U2, &c. become infinite : 
but «=log (1 + x) may be so found. 


Suppose the logarithms to be Napierian, where 4 = 1. 
w=log(1+#); .. U,=log (1) =0, 














du fi 
+e = er ae = ae ow irc. 
dw 1+2 
But from the theorem, 
du Hig DAO U.x* 
—= U,+ Ut + : ; + &e. 
dx 263 2.3.4 


therefore equating coefficients, 
U,=1, U,=-—-1; U,=2,,, 0, ='— 2, 3; U, = 2.3 645 


te 8a (234° § 2.3 4ae 


*- u=logita)=“#-—+ a er 
g ( ) Py Me ae ee Wi tee oe tae 


ev of ot ee? 


Bae Et RC 
2 3 4 5 


+’ &c. 





Cor. Had a been the base, then (Art. 48.) 





and if log, be a log in that system, 


1 
du An+1’ 
3 


1 hi ag 
eye AO nt) Vl Benge + = - &e,) 


a] 1 
ay og, (1 + «). 


A6 SERIES FOR THE 


Hence, if we know the Nap. log. we may find the log to a 

1 ] 
base a by multiplying the Nap. log. by i.) The factor a 
called the modulus will be found afterwards. 


55. As the series for log (1 + #) does not converge, it 
is useless in actual computation; but from it a number of 
series may be derived which are rapidly convergent. 


Let — # be written for a in the series for log (1 + a); 


subtract this from log (1 + x), then since loga — log b = log 








aha 
3 5 
lo (“)n-2 {e455 se}, 
for pote put re e Vel seal 
1-@ N M+N 
and log a = 2 oa +i (ow + Ke 
N M+N ?\M+N 
Suppose M=N+s2; «. M+N=2N 42; 
ae ge 
. log (N+32)= log +2) Wiz owt tenso ttt. 


and finally, if s = 1, 


log (V+ 1) = log W +2 + &ef, 


1 1 
St eh ed 
2N+1 3(2N+1)° 
a formula from which logarithms may be calculated. 


Thus, since log 1 = 0, 


1 Ls eo | 1d 

og 2 = 2 So ens as ete 
i oe ne del. 

logo loge +24 4 2. + 22 + be, 

siege Ae AT Ay 

og 4 = log 3 + yg i heen 


&c. &e. 
56. Expand a* in ascending powers of 2. 


x 
u=0, w= 0; eMC) gad = 


CALCULATION OF LOGARITHMS. AW 





@ 
se ah / ar ot ead a ee U,,= A"; 
da” . 


Aw BAP OAS a 
*. @=1+ Av + + + ——_ 
Poem 2, Sh Oe s 








+ &c. 


? 


Cor. 1. To find A let # =— or Av=1; 


1 


it 
y So a Ge tea, CSc. — 2.71828, &e. =e; 








se Glog a = loge: a A = PE = logue. 
Cor.2. If a=e; A=log,e =1; 
and ak eiy ae pag “ + &e. 
L752 ye Bee 


a remarkable expansion which must be carefully remembered. 


5 


1 ] 1 
Cor. 3. Hence log, @ + v) ay, 2 log, (i de v) os log. + 2) ; 


log, a 
“. log, (1 + a) = log, (1 + @) log, a. 
Cor. 4. To compute 4. 
a 1 
Ca: ef=a; e4=_; - 4 = log (=) 
a 
De EGE GY 
log (1 Le Soe pe Ve Ba ‘ 
But log (1 + 2) Tinea th 7 + &e 
I 
for 1+ put -; e=—-—-1; 











48 EXPONENTIAL FUNCTIONS. 


Let a= 10: 
A = (.9) + 4.9)? +4.(.9)? + &c. = 2.302585...... 


1 
and oe 43429448, 


This is the number by which the Napierian logarithms are 
multiplied to obtain those to a base 10, or Briggs’ logarithms. 


57. In the expansion for e” 
4 5 


u* a K x“ x 4 
+- + ———_—_— rr 
Th. 2 Pee O Maka big hem : 











or e=1+a4+ 


put suceessively for 2, arf ay. and —#\/—-1; 








9 3 4 5 
" —-_—\ & arf —1 v CAS = 1 
I Nea aa mr OE delet la i — &e. 
2 A: Ee Re: Bee ake Py! Na) 
2 3 4 5 
— —_ «2 a/—1 xv a»/ —1 
PupNe eel a7 ae SR ise aecroeapare fa — ——-_c. 
2 2.3 2 Otis Deis Oo 


Therefore first by addition and then by subtraction, 


— &c. ¢ = 2cos”. 





eats bee x 
er -1 oe enw =) 8) fee 
2 QB A 


3 


eT eV 9H fo + Be} =2\/-—Isina. 


Again adding and dividing by 2, 


eV! — cosa + 4/—1 sina. 





Also by subtraction and dividing by 2, 
e-*V-) = cosy — / — 1 sin @. 


Ne eee 
+e 
Cor. 1. Hence cosa = ce TTR 
Pat eaten 
and sina = ————————-;; 
INT at 





At ea: 1 etV-1 _ p-tV=1 1 aa) 
/—1et¥=! 4 ene =1 Fa { ; 


Cor. 2. These equations have been proved independently 
of the value of w, we may therefore put ma for wv; 


LOGARITHMIC SERIKS. 


49 
*, cosma +4/—1sin ma = e™VA = e*V=1|" 


= (cos @ + \/—1sin a)”, 
the formula of De Moivre. 


58. We have seen, that, 


U U? us 
loc (1 +4 =UuU-—+—-—-—+4&¢.; 
g ( ) eh tes 


( in ) et AN 1G gun eoe e 
Soar O —_ — a an) He, ee + c.: 
2 U 2 3 4 . 
1+u 
a glee Tarr a log u = (wu — uw!) — 4 (w? — u-*) + &e. 
oe 
u 


For w write eV; .. logu=a\/-1; 
. af/—-1=(ev3- en*N 1) — Le Vo _e-*VA1) 4 Rc, 
ORG 1, jsine —3singr44 sin 3a — Sere 


@ 
= sin vw — 4 sin 2a +4 1 sin 3a” — &c. ; 


therefore, differentiating, 


] 


= COS & — COS 2v + cos 3w — cos 4a + &e. 


ev-1 
59. By division, ; 


on/=y __ COS@ + / - 1 sina 
aegis Ne a 


Pe a Wey cae ae 





lt —1tane 
1-\/-—I tana. 


20\/—1= log (1 + / — 1 tan 2) — log (1 - aaa tan 2). 


uw 
But log (1 + w) — log (1 -u) = 2{u + — + —+'&e.} ; 
v 2@f—-1=24/-itana +4 (\/— 1 tan x)? 
+ (/-1 tana)’ + &e.} 
=2/—1ftanw —1 tan?o +4 tan’ w - &c.}; 
', w= tana —1tan’# + 1 tan’w — &e., 


a result which has been obtained before. 
4 
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60. Let w?- ux -—a?=0; find w in terms of v: this is 
an implicit function, and if 


w= 0; wu becomes, 055)" 2. (0,)'— a> =0 3370, seer 
ae d 
Differentiating, 2u Fe pag A 0; 


make #=0; ..w=+a; .. 2aU,-a=0; U,=4. 
Differentiating a second time, 


d’u du’ du 








2u — 0) —+2—_— 2—=0; 
Cato dx” ‘ dx’ du : 
it 1 
* +2aU,+2.--1=0; oe U,= &—; 
4. 4a 
eee) du (2 du 1) du 4c 2) du A 
a — wv) — —- — —2)— = 05 
dw’ “da  } dat ( da jidaermas 
r (2u — «) gee + 3 an 1) ie 0 
O = = are HU; 
da’ ( dx dx’ 


if 0. 00's £Y 20 = 10; oxs U,= 053 


a” 


+ &c. 





1 
1 v=tat+dus — 
4a1.2 
61. From the expressions for sinw and cos@ some 
series may be deduced; which, although not strictly exam- 
ples of Maclaurin’s Theorem, may find a place here. 


a’ wv? 


Since sinv =a — os ee ae 
DIAS oO TO wae 





— &c¢., 


and that sinv vanishes whenever w=, 0, 7, +27, £37, &¢.; 
*. @, (a — 2°), (2x — a’), (8° — x’), &c. are factors of the 
equation sina = 0; and therefore 


sin = Aw. (a? — 0°) (2° — a°) (8¢a? — a”) (42a — a”), &e. 


x’ x x 


where k = A. a x 2? xr’ x 3° 7’, &e.; 





9 


sIn & a a a? 
° = k (1 — ( 1 Ca! FF - (1 — 7 g 5 &e. 
& T° \ Qs 1" 3 ar” 
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sin & : 
1, and the right-hand side of the 


» Let eed | erm = 
Gs 





equation is reduced to k; 


a a , 
. snv=2 (1 _ =i (1 - 33) (1 eae &c. 


T 
2 
=a f1- =(5+ a elite + Bat — &e.}. 
Ww 1? Q? 32 


2 4 


But sinvw =a {1 ara operas 4 = Caw 
2 Ou? 8) 40 5 


therefore, equating coefficients of like powers, 
2 








oars yee . Ja Dawes Gaia) * rT 
ae = hae et C37 t=": ae =o + — fae + Cc. =—., 
or +7 92 32 ff 6° 1? 92 32 - 6 
2 xv’ 
BUM tiAisoy sinte cos @ = 1-94 22 2 vanishes, 
Pe 2.3.4 
when 
T 37 57 
Y= t+ ‘a &—, &e. 
9 5 9 >] 3 ”) 
7 3a? Sea? 
cosxw% = A (= = v’) (= — 2) ° ( 92 = x‘) 5 &e 
2? x 2° x Jag 
Bieri aaa) Uc gs) se 


whence making «=0, k=1; 








2? 42 22 x? 22 »? 
PCOS. | 1 — 1 — a Sara ey 
pad 3? ar 5° ar? 





2? v*(1 | 1 
pty t hel + Bat - &e 
32. 5 





mit cos a= 1 ~ ——— + 
Waser o 4 
Deri I L J ee 1 i‘ 
» —+— 4+ — 4+ — Copia) asm iis = : ; 
mw |1? gt pet 2 i Peder eo gh SRS 


63, Again, since 
‘ gv x” x 
inn =a. (1-5) (1-5 (\= s ARTES ES 


2 


a ve 
1-5) + log (1- + &C. 5 
\ 2 


BZ 


*. log sin w = log & + log ( 


Une wa ia 


SERIES DEPENDENT 





























20 Qa Qu 
my cos med mr 9? a eee 
sina ge me a 
i ae 2? a? 1 3° ar? 
20 20 Qu 
1 oe aw 2 
l1-— 2#-— S--— 
Tv 4 or? 
2 
24 20 
(13) Let —= @; a a a0, and = 
T T 
1 1 20 1 1 1 BS 
5 i oe een we ia a blo ae 
tan aw wf T 1° — @” 9? — 9? 32 _ GQ? 9 





iL 1 1 1 T 
ret et eat So 26 26 tan 08” 
2 
(2°) Let =~ ey Aan and 2 - Oem 
cosa. (Di ene’ ep le ae 
denpa ma ape AR Se meyer 


fag eee 1 


SE MerE ede? a ee 
LEE OG? etre Ot aistier Oe 


vi 
1 Ls ayaa 
rO/-1 a 
I 1 2 teers at 1 
C= — —— 


Fe er Ob a2 ae EAR os ee 
15407) 2G? Q @7) _1 oF 


; 2° x Q? x” 2? x 
64. Again, cos w@ = (1 — =| (1 = ay (1 - =| &c. ; 


ica 32 rT 








2? x? 27 x 
“. log cos x = log (3 wu + log (3 = aa + &c. 3 











Q? g2 
: — 22. 
sin &@ 1 Br q 
= + &¢. 
Cos @ 9? x* Q? a? 
Wr 32 rT: 
> : 
= iil 
7 T 
+ &c 











- a 

a : 
b> 

: ; 
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Q? x” ar 9? 40 
(1°) Let —_ = —; . v@=—s BO ae 
7 7) Th ie 
tah TwrO 40 1 Ki 1 t " 
‘ re Ca i er in ar ae ee Cars 
2  « \W-* se eo 
l i e 1 & F a0 
aay ae + &e annie 
14— 9 3? @ 5 — 6 Q 
2? a” 9? 40 cs | 
(2°) Let —-=-@; 20. = Vv : 
T T T 
sin & Tame lee ertaN 1 Tal ene Y) Pat de 
= mae 1 : 
COS @ Ag ea tel + e72?/=1 We 12+ e7 e79 a > 
1 ms 1 1 & 7 eo ] 
oe LD LM ee Cl Le ex te oo eee ‘ 
1a: Ge 32, OF 854-0" 40° eT 44° 


Other similar series may be readily deduced. 


65. From the expression 
2 a” 


x 
Se tO Mike tha + &c. 





2.3 


Lagrange in the Calcul. des Fonctions has derived an expres- 
sion for the general term of the polynomial (a+b+c+d+&c.)”. 


Thus for # put (a+b+ce+d+ &,)2; 
, Bathterdt&e)t 1 4 (a+b+e+ &e.) x 


_@tbrerdt &c.)? a” 
Lae 


+ &c. 


(a+b+e+d+ &c.)”. x” 
meet er a ee te oe OC 
But elatbtet &e.) x = ef x ef x eo C8 


av’ wa? 
(1 + a0 + ; 








x (1 + ba + : 
Tes 7s ae 


Ca” Cw 
x (1+ cv + — + 
ba, Cad 





&c. 


"a 
54. MULTINOMIAL THEOREM. 


Now the m™ term of this expansion will be the product of 
a at bY. xt Cea 


I ae RO ie eae Cm 
Ll. 2-4. ieee a) ieee? 


where p+q4+7+ Wc.......= ™, 


whence (a +6+c¢+d+ &c.)” will consist of terms included 
under the general expression 


15 Q)-St 910 X0Cse De Cee 
1. 238.9 xs. 2 elo x1 Seer e ew 
subject to the condition that p + q+r-+ &c. =m. 











EXAMPLES. 
; I du l= 102" + 52" 
() If w=——; ——= 24. lel Es 
1+a*° dat (1 + a7) 
v du 3.014 4a’ 
(2) If «=———; 3 = wa Gos 2 
AIR” poe Neder (1 — a”) 
ite ae 
(3) If w=sina; po (w+n 2). 
v 
du 
For — =cos@ = sin ra) = si Mie 
dx 2 Cee 


d’u 1 (« fs =) : (z =) : T 
—_= , —|} =sIn |-—-+ 0+-—)]=sIn(@# 4+ 2-], 
dx’* y) 2 2 ( i) 4) 


(4) If w=cosea; Tan cos (w+ nt), 
dv 


4 


u 
(5) If t= ae"; pe A fa"+ 4na"-1 4 6n (nm — 1) a"? 


+4n.(n — 1). (m — 2)a"-? + n(n — 1) (m — 2) (n — 3) .ar—*t. 


9 


~ 


, Lt u 
(6) If w=e"sinas, — = 2¢' cosa, 





da? 
d‘u au ‘ du 3! 
be eR pe ane 4 fe ee 
(7) Shew that 
PAE 33 





sin (a + bx) = sina + bacosa — 





: b 
.sin a — 
ae 





. 











EXAMPLES. 55 
b? a b* a? 
cos (a + bx) = cosa — ba sina — . COS a + sina + &c. 
be Ba’? 2° 
fon (ara) = lorg + ——— ae 
8 ( ) 8 a 2a* Oye 
a 5a 
(8) And secw =14— + + &e. 
2 OT a ek 
3a 7a" 
3 
COS D1 —. RG, 
(cos ) : E 
4 6 
(tan v7)” = a* + — 95 + -— 0° + &e. 
3 5 
2 4 5 
3a& 8x 
Pee Re te ce ed Er ER 








pe 1 th 3 a i a” 
RAT Me Mime gst ARES ner cp 
OUR mer Oite ben 2 m2 O93 


(10) Expand sin (a + b& + ca’), and log (a + bx + 2") 
according to the powers of @. 


(11) If cos(m) — cos(m + y) = #, shew that 


9 


? u 


oy 
- foot m. (- ) + &C. 


— 


sin m 








sin ™m 


(12) If sinw=msin aw, prove that 


m(m?—1)x@° m(9m* — 10m + 1)a” 


“uU=mMmae + ———cX~ Nk TS eae a OR GAS GS 
De ae ON Ban 
3 4 

Ws VL tiie =) ti eal: pas 1 ee — 
m2) ; og 81 243 








ae I 1 1 
(14) Log( s ) = epee aw cs 





e—1 2-1 *(#—1)/ (v — 1) 
xv a” hk die 
(15) Shew that =1-4$v+4—-——— - & 


Get 


(16) If a, and 6, respectively represent the coefficients of 
az” in the expansions of uw = f(a), and log w: then shall 


na, = Bi Gn_y + PAIL ES + 36, 0,_3 + &e. + nb,, Qe 


CHAPTER IV. 


TAYLOR’S THEOREM. 


66. Ir w=f(#), and u,=f(#@+h), then by Taylor's 
Theorem, so called from its inventor, 
du Pu h® z du hi d’'u ih 
sea MBS c, + 
da zy Ua 120 dr 203 + dx” 2.3.2.0 








U,=U+ 


The proof of this theorem may be made to depend upon the 
du, du, 

dx dh’ 

or the coefficient of. is the same in the expansion f(# + 2h), 
whether in f(w +h), # become w + h, or h become h + h. 


proposition, that if u,=f(w# +h); 























du, d.f(@# 
Let @+h=a,; .. u, =f (a) and ae = a Y : 
But fa a ake NO i kad ae 
da, da daa, dh da, 
da 
But A constant, ——_=1; «# constant, —— = 1; 
dx, da, 
du, % du, 
da “dh. 
me Oe 
da ‘\dh Cy 
Hence also odes leet aa = sas 
dau dh ieee cs aye 
and finally ig = ts oN 
at OO Le 


d 
Let .-. u, = f(a +h) = w+ ho Ph* + Qh? + Rh’ + &e. 
wv 


EQ Rake. being functions of #, and the indices of h in 
order of magnitude, beginning with the least; 


du. du du dP dQ dk 
Bean adit oy | eg MEY SN mp AoA SY FLO 
de da da’ “a dx y du Lie dx vo 


du du 
and == S: + aPh*-' + BQH + y RAY"! + Be; 
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4 | 57 





du 
. taking away the common term —, and dividing by h 
dx 


=aPh*~* + BQR? + yRhI-* + &e. 


2 


uu, 
da independent 


of h, there must also be an equal and corresponding term in 


the lower series; which will be the first, since a is the least 
index ; 


Now since in the upper series there is a term 








d'u 
; Age . a-—-2=0;3 and a=2; 
2 6 
au 1 
2P=——; and P=— 
da” 1.2 








dP Pu 1 
—-2=5 V5 = 8 5 d = aie ae = ——— 
8 p Se edi: LI dap O38 
Q dQ 
A : Af-} te Ape Ay-2 
dQ du 1 





du - au h’* Pu h 
and .. uv, =u+ — 


+— —— + 
dav dx’1.2 dx#’2.3 





du h” 
ORE T O83 Ah 





+ &c., 


a theorem which will give the expansion of f(v +) in all 
cases, if a remain indeterminate, 


67. In the preceding proof the indices of h after the 
first have been considered as unknown; but if we extend the 


expansion of f(# +), asin Cor. 1. Art. 8, it will be found 
that they are the natural numbers, and we may assume that 


! d 
U, =u + =—h + Ph’ + Qh + Rh* + &e. 
au 
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du, du 
—— = —+2Ph 4 ; se 
Th de + + 3Qh?+4Rkh° + &e 


whence equating the coefficients of the same powers of h, 





d’u au 
hE 3? =4 Wasa 
dP d’u 1a 
3 =——_=1,___; = —-, ; 
Q Voie wae @ 2.3 da 
d : a 
re Cs ae wt d'u 
dz 2.3 da&x 2.3.4 dat 





da” * da*1.2* date. * 

Cor. We may now deduce the theorem of Maclaurin 
which we have proved by an independent process in the 
preceding chapter. 


2 
For by making « = 0, u, becomes f(h) and uw, = a 


9 5? 
we da* 
du 


Aaa &c. become U,, U;, U2,. U3, &e.; 
v 


h? ee 
aa f(A) = U;, +- Uh “a Cae =e Cas af &c. 


or putting aw for h, in which case w may be put for f(a), 
2 3 


v a 
“w= U0, + U,e+ U,— +: U;— + &e: 
Pee ks) 


the theorem required. 





EXAMPLES. / 

68. To expand sin (# + h), cos(w + h), log (w + h) and 

(w +h)", by Taylor's Theorem, 
du uh : Bu h® 
meu Tt data * dees 

CL) 4h: 7S, 

u du du Can 

sr COS Wy 81D > eae aaa 


after which the values recur ; 


+ &c. 








2 


“. U, = sin i ae ie: sin w+ cos @ .2.— sina = — cos 7 —— 
7 1.2 


PAS 
4 5 
Pp + sin w + cos e ———— -— &c. 
2b 4 Aire SAL lus) 

be (2) w=cosx; 

mo OUdu su d‘u 

a = — sin 7 _= — COS” = sin = COS & 

Ps a > da? > da’ > dx' i 


after which the values recur ; 





. “. U, = cos (vw +h) = cose — singe. me COs 2 


h® : h* ; 
+ Sinia. ——=+ cos @. — &¢. 
oS 3.4 














Cor. If in the two expansions we make w = 0, we have 
Mr i h? h? : 
sinh=h —— + ——— - &c. 
Fl: oe 
ua h? 4 
a cosh =1—-—— + — &c. 
SA CCAR ET: 
(3) w= log (a); 
du 1 _, &u a gd: ee 

_—s-=2 =—-a& = ry ae v's 

me da. a > dx? > da? > da 









hetigis 1; 2: lop # =.0; 


- log(1+h) =h-$h? + th? -thi+th’ - &e. 


du ee a : 


he, hugmang ta > ee 


n(n —1)(r -2 
2-1-2) 


wh? + &e. 
Lae 


’ ° 
SA 1 
ee 


‘" 69. The following Proposition which is used in some | 














60 APPROXIMATION TO THE 


demonstrations of the parallelogram of forces, is a good ap- 
plication of the Theorem. Given that 


| f(o) fh) = fw +h) +f (@ - hy), 
find the form of f(z). 

Let wu be put for f(a); 
Gu hd ae he 
da® 1.2 dw 2.3.4 
Lay ee el ee 


. wf (h) =2hut + &e.}; 





f(b) =2491 4+ = 5 et ee 
MO Uda 2) Ca ee 5 
ave ; du 

Now since h is independent of «, the coefficients —. a’ 
u de 


1 du ? 
— ——, &c., which cannot contain 4, must be constant. 


1 d’u au d‘u du 











Tet, = =—q@’; .. —-= -a’u; —=-a =a’ u 
u dx® dx*. > dx’ dxz* 
2 fh? 474 
a a 
Hence hy = 221 ——— + — &c.$ = 2cosah 
IB, ‘ 1 ier 8 iad, ‘ 


and ... f(#) =2cosaw; and f(a# +h) =2 cos (ar tah); 
which may be verified by the formula 
2cos d.2cos B= 2cos (4 + B) + 2cos(A-— B). 
79. Taylor's Theorem may be used to approximate to 
the roots of equations. 


Let XY = 0 be an equation, of which 2 is one of the roots, 
and a an approximate value of «, so that a=a+h, h being 
a very small quantity, hence since X = 0 is a function of a; 


d.f (a) h Get (ayaa 


Tails dae ee 








Pek Oe (a+ h) =f (¢) + + &c. 


but since hf is assumed very small, we may neglect the terms 
after the second, and so obtain an approximate value of h ; 











tO) 4 we EhOG Yate) 
“. O= f(a) + ao he  emmatlea a . : 
da 


and w=a — 


Oy 
P 
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If this value of w be not sufficiently near the true one, 
let it be put =a,, and the process repeated: we shall at 
length arrive at results more and more near the true one. 

Ex. 1. 2° —3#8+4+1=0. By trial 1.5 is found to be near - 
one of the roots. 


f(a) =a —- 3a41 =(1.5)’ —3 x (1.5) +1 = — .125, 
d.f(a 
gg) = 3a? — 3 = 6.75 — 3 = 3.75; 
da 
1125 
wh = — = 083; .. vw = 1.5 + 033 = 1.533. 
3.75 


Ex. 2. vw =100. Since 3° = 27 and 4° = 256; w lies be- 
tween 3 and 4; let a = 3.5. 


d 
Now wvlogx—log1i00=0=u; «. 1 + loge = —; 


a 
d.f (a) 
da 
But log, 100 = 4.60517; log, 3.5 = 1.25276 ; 


d.f(a) 
da 





. f(a) = 3.5 log (3.5) — log 100; 





= 1 + log (3.5). 


-. f(a) = 3.5 x 1.25276 — 4.60517 = — .22051; 





= 2.25276; 


22051 
~ 2.25276 
a more exact value may be obtained by putting 3.59832 for a. 





= 09832; and w=a+h = 3.59832; 


The Napierian logarithms are obtained from the common 
logarithms by dividing each logarithm by the number .43429. 





Thus log, 100 = 
4342 


71. Transform the equation «” — px"-1 + qau"-* — &c. =0, 
into one whose roots shall be diminished by a constant quan- 


2 
= 4.60517. 
9 


tity &. 


Letv=siy; X=f(x+y), and let Z = f(z); 
dZ GLa a Lamy 
Si Kae — —", —. 
AGT iene da 2.3 
| Or if Z,, Z,, Z;, &e....Z,, be put for. the differential 
coefficients, the transformed equation becomes 
Zoy  Zy" LenS Z,y" 
——eseeies as = + ee creer 
185 Be aes rey a 2), (i=l) 2.3,..% 
where Z is the value of .X, when z is put for x; 





= 0, 





Z+Ziy + 


62 APPLICATION OF 


GZ =2*— p24 gz" * — &e. 
and Z, =nsx""'— (n —1)ps"-? + (m — 2)q32""* — &e. 


Zn-1 =N(n — 1) (m — 2)...38.22—-(N —1). (um —2)...2.D, 
and Z, =n(n— 1)(m—2)...3.2; 
therefore by substitution, the transformed equation will be- 
come, after writing the terms in an inverse order, 
y" + (nz —p)y’"' + &e. + Z =0. 

Cor. This transformed equation may be used to take 
away any particular term of an equation, by putting any of 
the coefficients Z,, Z,, &c. = 0, and substituting in the others 
the value of z derived from it. 


Ex. Take away the second term from the equation 
8a? + 15 2’ - 25 — 3 = 0. 


The transformed equation is, when « =z + y, 








X Zoy? 7. 
Z+ dy +" +" <0, (for Z, = 0), 


32° + 152° + 252 — 3, 
92° + 302 + 25, 


NN 
Noll 











Z;= 18, and Z,=0. 
30. —5 
But Zo = 03 ae BS a fe a eed 
18 63 
Z, = 25 — 50+ 25 =0, 
% 125 125 225 ~ 152 
BEES) Sie NE etree: 
152 «18y° 152 
ee + 7 = Ure bach 3 Aa fethen Bi 15234 
9 6 Q7 
' d*u 
72. Let w= (a+ be+ea’)". Find ie 
x 


n 





2 


Since the coefficient of h” in Taylor’s Theorem is 


th 
divided by 1.2...”, if we expand 

Sa + b(w+h) + c(w + h)?}, 
and collect the terms which are multiplied by h”, these when 


n 


multiplied by 1.2.3...m will give a ae 
et 


plied by 1.2.3...n, will give 7 
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. fa48(2-+h) +e(a+ hy} =ja+bu +cu*+(b+2ca)h + ch?” 
Let a+be+ca® =p, and b+ 2cx=4q; 


“t= (pt qh +h) =p f14 2h 4 Po pr 
1= (p+ qh + ch’) Beet ls ag an 
But .4pe = 4ac + 4bew + 40a? = (b + 2cH)? + 4ac — B 
=q+e, if &=4ac-B'; 


2 222) 2 22R2)7 
=p }(l+ qh)? + eh®tr 
=p {(1+9,h)"+7r.(1 + 9h) -*.e2h? 
Cite) 
Q 





+r. (1 + qh) “eth? + &e.? 


Then writing down the coefficient of h” in (1 + qh)”, 
Sareea Maaco ke Aedes me te ae, (Lit Gah) ans 
Ae OE COC EE) HEBER LADD peepn aie” (Orie oem GEE SUES ea 


we shall have by addition the coefficient of h”, which multi- 


n 





Now by the Binomial Theorem, the coefficient of 
_ 2r.(2r—1).(2r—2)...(2r—- ee 


n = or 1 
+a?) Fer es Goths \Wee ey pe 
pe oA op-2 (27-2. (2r—3)...(27-nN4+1) ,_, 
= Oe (2 
of ht in (1+9,/) aera eae (2), 
(2r—4).(2r—5)...(2r—n+1) 





of h®~* in (1+9,h)”"~* = q) ---(3)5 


yee = Abeer (nm — 4) 


| | e af) 
therefore, substituting for q,5 ape for e,”, and multiplying 


Ee 1) 


= Je ey &c.! and the sum of 


(2) by r xe,*, and (3) by 


nD); (2), -(3), &e. by 1 22.3. ..ip} 











du ae 2r.(2r—1).(2r—2)...@r—-n+1) q’ 
er ca Ieee ome Si ase es, n Q"p" “ 
—2 Qr — 1 Ron es 
| eG NS Ss ) TG + ke} 

Liha sa Bidet (n-— 2). °2"p""q 
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n.(n-1) € 
"ar.(2r-1) q? 
r.(r—1) n.(m—-1)...(n-3) @ 


1.2 “2r.(2r—1)...(@r—3) ¢° 


r.(r—1) (7-2) m.(m—-1)...(n—5) @€ 
SB renrs) tia 7 eae (2r — 5) roe 


=27.(2r—1).(27r-2)...(27-—m +1) (2) pr S149 








1 
Ex. 1. Let w =————., the example given by Euler. 
Vida ee at y 


Herer=-4,a=1,b=0,c=-1,p=1— 2, q = — 2a, 





a 
e=-—A4; 





Wied? (1 atyes en a , 2.(n—1) 1 
; da” (ear yee eo yeaa 


1.3 n.(n—1)...(%—3) 11.3.5 n.(n—1)...(m—-5) 1 














; : + &c. 
Badal (ROWey, Uy pdt en 2dab 1a M20 SO An eaenere Sy 
the law of which is obvious. 
Ex.2. Let w=VY/1-2’. 
7 0 
Here r=34; 2r-—1=0; .*. some of the coetlicients = a 
The example may thus be put in a proper form. 
du —@&@ 
Since u=r/l —2; a =. —s 
da 1 — 2 
du ay nce 1— a’ bn 
port D ber pera Pere a Le (V1 - a") LL ae 
d x” (1 — 2”)2 da? 
“. ———__+_ = —- —_—,. (1 — 2”)-?; 
da” dz"? ( ) 


st o 
and writing n —2 for m, and 72 for r, we shall have the 


required term. 


EXAMPLES. 
(1) Tan(#+h)=tana+h.sec’a +h’. tana. sec?v +e. 
h h? ax 
Vi-a? "2 — al 
| G+ 20 it 
2.3(1 — 2°): 


(2) Sin7*(# +h) =sin™’ a + 


s 
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(3) Prove that if wv =f(a), 

















f =) du a ad? u we au x & 

—} = uw — — — + —, — ~— — _, —__ Cc. 

bs G42) a 2.2". da? .2h3ue" 
v \ du wv du xv" Bu a 

if =u—-—. +=, ——__. —- __, + &e 
1+” deve 1+v da’ 2(1+a)’ da’ 2.3(1+2) 


(4) Approximate to a root of the equations 
(1) # — 127-28 =0. ANS 4 a = 41902: 
(2) at+ea— 3=0. Ans. 2% = 1.165. 

(5) Ifw=f(«#), and if when v=a; w=b; then 


du du (w«-—a) du («#-a) 


3 é + &c. 
da? 2 ae Fairs 








In the expansion of f(z +h), put for h, w — a, and in f(@ +h), 
for 7+ h, put a, and the above theorem due to Euler is readily 
found. 


(6) Find the n™ differential coefficient of \/1 + # + 2°. 
By following the method given in Art, 72, we have, if 


Wa /1+Uv+xes ga2r+1; UW, =\/ (U2 + gh) +h*; 


whence by expanding, the coefficient of h" may be found. Or 
we may apply the formula after differentiating twice, since 


dau 


d x” 











=3(1+a+ By) ie 


CHAPTER V. 


FAILURE OF TAYLOR’S THEOREM; LIMITS OF THE SAME 
. THEOREM. 


73. By the Theorem of ‘Taylor we are enabled to expand 
the f (vw +h) into a series of the form 


f(x)+ph t+ qh’ + rh’ + &e. 


where the powers of h are integral and ascend. 

Indeed we have proved, (Art. 8), that so long as wv retains 
its general value, the expansion of f(#+h) cannot contain 
fractional powers of h. As this proposition is an important 
one, we here give the reasoning gee made use of to 
establish its truth. 


Assume f(@+h)=u+ Ph*+ R, 


where # represents the sum of all the other terms. | 
Then since «+h enters f(# +h) in the same manner as 
a” enters f(#), it is plain that both functions (undeveloped) 
have the same number of values, and that the developement 
of f(# +h) ought to contain no more than f(x) or f(# + h) 
does. 
But if particular values be given to w, which will make P 


neither infinite nor evanescent ; then to each value of a there 
, ™m 


will correspond m values of Ph”, since h” has n different 
values; and consequently the expanded function will contain 
m times as many values as the unexpanded one; and therefore 
m times as many as f (#), which is manifestly contradictory. 


74. Tf then such a value as @ given to w in f(a+h) 
makes the unexpanded function f(a +h) contain fractional 
powers of f, we cannot expect that Taylor’s Theorem will 
give the required developement. Now the hypothesis that 
“=a introduces a fractional index of h into f(# +h), sup- 


poses that in the original function there must have been some 
m m 


such term as (a — a)”, which becomes (w7 —-a@ +h)” in uw, 
m 


or h” whenw=a. In such a case it is clear that some of the 
differential coefficients will become infinite, when # = a. 
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As an illustration, let us suppose that 
nd 


u=b+(w-a)"; 


dum mo 
au m(m are 
Gena a ee 


anit <1 
“. U, =b+(@- a)” a nhl (Ne h 





m h? 
+2 (2-1). a)" phlei. 

n n ] 

m fm m ida Fie Yih 
—.j{—-—1j)...{—-— + J — a)” ———_—_——_ : 
7 & é con )@ w) peers a 


where if <p and >p-—1, the (p +1)" term and all that 
n 


follow it will become infinite when # =a. 

This circumstance of the differential coefficients becoming 
infinite when x = a is called the Failure of Taylor’s Theorem, 
an improper phrase, since it should be taken as an index that 
the function cannot be expanded according to the integral 
powers of h. 


75. Again, as the general expansion of f(v +h) can never 
contain negative powers of h, for if f(# + h) could 


= Al Det WC 


ifh=0, f(x +h) instead of becoming f(#), would be infinite, 
we may be led to expect that if # = a@ introduces into the un- 
expanded function f(«# +h) a term involving h~”, the ex- 
pansion by Taylor's Theorem will indicate some absurdity. 
Now it is clear that to have such a term dependent on h~", 


M 


eo 
(w — ay" 


we must originally have had such a term as 


putting w+h for x, 
| M M M 


7 hecones) = 
a —a|" CERT aye ah 


when «=a. M not being supposed to vanish when wv = a. 





Here all the differential coefficients of are in- 


(w — a)" 


finite when z= a. 
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76. The theorem therefore fails whenever # =a makes 
some surd disappear from wu =f(), and therefore introduces 
into u,=f(#+h), a term involving a fractional power of 
hs; or when & =a renders the original function infinite. 


As an example of the first case, let u = b +\/a-a3 
Ps w=b+/ath—a 











Make =a; «. u=b, u=b+V/h; 


and the expanded function contains infinite terms, 





] 
As an example of the second case, let 2 = ; 
v—a 


1 1 h h h? 
ate Gi ao (ea) ei) 


— &c. 


xh Uw 





1 : 
where U = ©, %,= 5? and the terms of the expanded function 


are infinite, when w= a. 


77. Should however f(a +h) contain, when expanded, 
integral powers of h as far as the (m — 1)", and afterwards 
fractional powers, the first (”) coefficients may be found by 
means of Taylor’s ‘Theorem. 


Let f(a+h) =A+ Bh+Ch? +&c.+ Nh’ + Ph* + &e. 
where a is a fraction between m — 1 and n. 

Now since the coefficients A, B, C, N, do not contain h 
we may obtain their values by Maclaurin’s Theorem, by finding 
the differential coefficients of f(a +h) with respect to h, and 
then making h =0; thus 








d. h 
poe =B+2Ch ae Ce (n os 1) Nh"? + aPh:7 + &c. 
d°.f(a+h 
ee 2C' + &c. + (n—1)(m-2)Nh"-34+ a(a—-1)Ph* + &e. 
d'' f(ath) 
dy aH) (N= 2)---2.1N¢a.(a-1)---(a—n-42) Phe, 
a” flath 
Les =a(a-1)(a-2)...(a—m +1). PA*" + &e. 
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Now if h=0, since a>n-1, but <n, the terms in- 
volving P will vanish from the first (2 — 1) equations, and 
the (7 — 1) differential coefficients will be found. 


But since a — 7 is negative, then when h = 0 


d”. f(a +h) z a(a—1)(a-2)...(a-n+1).P 
Aig ee 





is infinite. 


78. Again, should the substitution of # =a introduce 
negative powers of h, all the differential coefficients will be 
infinite. This, as it has been: observed, is the case, when 


u = f(#) contains a term —, for then if # become w +h, 


A 
(v — a) 
A A 


= ——_____ = — when c= 4. 


(e-—a)"” (@+h—a)" hn 
Let then f(a + h) = Ah” + &e.; 


_d.flath) -—mA 
oF dh Amt) 





+ &c., 





i flax h) fe gir +1)(m + 2)...(m+n-1).4 


d 
an d h” hi” +n 


which it is manifest becomes infinite if 2 = 0. 


79. From this it is obvious that if the n differential 
coefficient become infinite when w= a, the true expansion 
contains a fractional power of f lying between (m — 1) and 
(nm); and that if # =a makes f(x) = ©, the true expansion 
contains negative powers of h. 


Ex. 1. Let uw =f(«) =b + (@ - a)?; find f(a +h). 





du 
a = Ae - 
au 
— 3,1 which = © if wx =a; 
da? ? *(#—-a): ‘ 


-, the fractional index of h is <2>1. 
But wu,=b+(@+h—a)?=b +h? when wv =a, 


and 2 lies between 2 and 1. 
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Pp 
Ex.2. If w=6ba#" +c(e#—-a)?. 





du 
= ba"-14+—.(~-a)? , 
gn 
7 =m (m —1)...(m —n +1) ba”~” 
vo. 
toe. (F-a)... (Pon 41). (7a)! 
Lp 4 





au. ; 
and. let Pon but >a —1. Then a 8 the first differen- 
q wv 
tial coefficient which becomes infinite, and there ought in 
p 
the true expansion to be a term involving k?, which there 1s; 
for by putting «+h for #, and afterwards writing a for «, 


P 
we have f(a+h)=6.(a+h)" +ch’. 
If m<n, the values of the differential coefficients until 
we come to the m™, will disappear when @ = a. 


80. In functions of this description recourse must be 
had to the common algebraical methods, first writing #& + h for 
#, and then putting a for a. | 


Thus, suppose “u=2an+a faa; 
o f(ath)=2a(a+h)+aV/(a+hy-@ 
=2a(a+h) +ar/2ah + h? 


=20(a +h) + ay/2ah.(14 =) 5 
J. 


h\3 
and (1 + =) is to be expanded by the Binomial Theorem. 


2a 


81. The Limits of Taylor’s Theorem. 


If f(v +h) be expanded by Taylor's Theorem, and we 
stop at the 2 term, the sum of the first 2 terms may differ 
widely from the true value of f(a +h); it is therefore neces- 
sary to calculate the amount or limit of the error which arises 
from neglecting the remaining terms of the series. 

Our present object is to ascertain these limits; but the | 
following proposition must precede the investigation. 


THE LIMITS OF TAYLOR’S THEOREM. Tt 





82. Prop. If w= f(#)=0 when w=0, then x and 


A. will have the same sign while # increases from 0 to a, 
x 


ye 
c 


if a be positive; but contrary signs, if a@ be negative; ae 

d 
being supposed neither to change its sign, nor to become 
infinite, while w# increases from 0 to a. 


Let a be divided into ” equal parts, each = h, or a= nh. 


. : d 
Then since flw+h=f(a)+— hs PR (1); 


: d 
aif U, and P, be the values of = and P, when x = 0, 


l 


| S(h) = O\h + P,h’. 
Now it U,.. U,, U,...U, 
| ee arin 1. B, 
when h, 2h, 3h...(%—1)h are put for x, we have from (1), 
f(A+h) -—f(h) = U.h + Ph’, 
fQ@h+h)-f(h +h) = U;h + Ph’, 


be the values of ay and P, 
da 


film-h+ht —f{(n-2)h+ht = U,h + Ph; 
whence, by addition, 
f (mh) or f (a) =(U,4 U24+ U3+ &e.+U,)h+(P\+P24+&e.4+P,) h?; 


and by diminishing h, the first term (U,+U,+U3;+&c.+U,)h 
may be rendered greater than the second, and therefore the 
algebraical sign of f (a) will depend only on the first term. 


Also f(h) will have the same sign as U,, which is fe 
wv 
j du ; : 
when f=30)30r, since ey, does not change its sign, f(A) 
. d s 
will have the same sign as — . Also f(@h)-f(h) will 
wv 


d 
have the same sign as U,, which is the value of - when 
a 


: a : du 
w=h=-; and therefore the same sign as Gn 
Nn v 


And therefore f(a) which has the same sign as the sum 


of the products (U, + U,+ U;+ &c. + U,) = will have the 


To, THE LIMITS OF 


du 


same sign as ——, if a be positive, but the contrary sign 


if a be negative. 


83. This proposition being premised, let us assume that 
the true value of f(x + h) or uw, lies between the values 
diet ua d"u h” mh"*" 
oe ce _—___ + ——_______, 
dx ada 12 1 2 90 Wet eee IEE 
dul naa Te pt h” , Mh"** 
—— + &. + ——.——___ +. ——___—— 
dx da*1.2 da” 1.2. 1.2) (avis 


mh?*? Mh"*! 
where an are the least and 
PAs A Uae se 2.3...(m + 1) 


greatest values of which the remaining part of Taylor’s 
Theorem is capable of; 






































( du, i Cu h? wy ale h” a mh"*? 
v5 4 U UG ee WC. aa SS 
* da" dala" peat) 1.2...(n+1) 
Mh"** 
Ses we eye 
(w du Feu ee h” ) mh?) ie 
or U — Ib C. meet ia se a 
Na Nery: Ea... wi WAT 
Mh"? du a*u h® 
d h + &e. 0. 
ite Lee cae 2 (eed) SAGAR OR EE " ree are 


Now both these quantities vanish when h =0, since then 
u, =u; therefore, their first differential coefficients will have 
the same sign: hence differentiating with respect to h, 














du, _ fdu : au PRs ae du pees | - mh* in 
dh wide “dae: dat anlin 1) |i ei 32 
mt Mh" » du, du A oY FR es Ce du ag 

1s 0 dh) da; da® di" 1,..(n —1)~ 
Again, considering these expressions as functions of & which 
vanish when # = 0, for then = = at their first differential 


coefficients will have the same sign as the functions have, or be 
both greater than zero; whence again differentiating, we have 











Oo? 
dm, He eu hae mh"! 
dh* da ~ dar ERAT 12. ( 
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1] Mh" eu, du ae d’-°u he 
and ———___—_ — C+. eee 
ee. Pidhe da Y dat 12s Ge) Me 
which are both functions of h, which vanish when h =0, 
, Gur edu 
since then, art eat, and if this process be continued 
(m + 1) times, we shall at length obtain 
d’**u, ndiag, 
dhnti —m>0, and M — dj SAVE 
n+1 ; q?+} | 
or M — eae >0, and Pe We m>0;3 


a condition which can be satisfied by taking M equal to the 
greatest value of the (m+ 1) differential coefficient, and m 


_ equal to the least value; 


a 








at! f(a +b) a f (x) 
oe aa Te. ce > and. = — a? 
and therefore the true value of zw, lies between 
du Cu hk pA ie 
Mia a Tiley Wi cite darth "162.3(% 41)7 
du du h? d"*) f(a +h) Re 
and eee aie oe) sedate? nis (De 


and the error made by omitting the terms after the n" is less than 
(M -- m) h'*? 
1.253.).(m + 1) 
xXpel, Let. = a; 
d®t1y 

and M=p.(p—1).(p—2).-.(p—n).(@ +h)?" 
therefore error committed by omitting the terms of (# + h)?, 
after the n™ 





=p.(p—1).(p- 2)...(p — n)a’-*"! = m, 





ee (eer cane 


"by h. 
——= Aq”, and —— = A’a*t 
a” 


VE! THE LIMITS OF 


therefore the true expansion of art lies between the series, 


Ah? Ae Ant yptt 
3 








a’..i1 + Ah. + OY ei a i eee ee 
Z Ae bs Ye Meh 1.2...m~+1 
} A h? A* h” Att} A+! qt 
d a®.414+ Ah &e. + ———_ + ——_——_ 
oir uf tee 1, 2..%. 1.203 2p ee 


and the crror committed by omitting the terms after the n", 


° Artipntl 4 
se re Me Eo —1 
Nenu i The )s 
“2 pare (a —1), if U,, be the n™ term. 
n+i1 


Again, if U,, be the first term that converges, 
nm+i 
Ah 


n 


‘ On 41 
Let (2 + 1) =24A, 


ils 








> A Unis ee 


U. bie ak. 
therefore error < os .(a” — 1), ao (a?4 — 1). 


Ex. 8. Let w=loge; 





d’thy 
ty le (—A)". 1 20 Be ae as 
and the error, by omitting the terms after the n", is 
heti 
<(-1)’. S$ (7 + A) Ot) — gi @tyr, 


84. Hence it would appear that there is some value 
which is exactly equal to the sum of the terms after the »™. 
Let N be this value, therefore f(# + h) becomes 








| ee, A du h? Poa & Nh h” . 
ab Tas ae ae Cy a WT cate Re e 
d dx Tae ia to) 1h 2 obee 


n n 





d | 
and to find hk, so that shall be greater than the 


metas 2.9 
remaining terms of the series, we must have 
Wile Nh h d*u nt+i1 
OL tee 3 
dae tn +1” dar TaN 
it 1s not necessary that N should be known, we may substitute 
for it a greater quantity, as M. 








1 


: 
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85. We may here add some remarks upon a method of 
notation, by which the Theorems of Taylor and Maclaurin 
may be put under very simple forms. 

We have hitherto considered the letter d prefixed to w, as 
in du, d’u, d’u, &c. to be a symbol of operation and not of 
quantity, thus d, d? d’, &c. indicate that w has been differ- 
entiated, once, twice, &c. But we may separate the d and its 
powers from w; and if we treat it as an algebraical quantity, 
no error can arise, so long as we bear in mind its original 
signification. 

Thus if in Taylor’s Theorem we look upon d as a factor 
of uw, we shall have 








d Coe he Cul. 
=u }14+—.h+———_4+ - + &e.§ 5 
ne t dav du’®1.2 + dx’®2.3 
d d° 
fee =) and 90S a ee PS eh 
eda. os de” 
2E2 Bh? es 
" m= Ul +th+-—, + 54+ &e.$ = we 


for e” when expanded will produce a series of the required 
form, and if we take care that the powers of d be referred 
to operation and not to quantity, no error can arise, and thus 
Taylor’s Theorem may be concisely written 
hs | 
Wy = ben 
Again in Maclaurin’s Theorem if we may treat the coeffi- 
cients U,, U,, U2, U;, &c. as powers U°,U',U",U*, &c., we have 
i UW? x 2 O? a? 


at 
B.,2 Sad 


u=1+ Uar+ +.&ce, = eo”, 








Nor can error arise, if we keep in mind the original meaning 
of the coefficients U,, U,, U2, &c., and if when we expand 
e"* we change the indices of U into suffixes, putting U7, instead 
of unity. But the utility of this method of notation will be 
chiefly apparent when the reader enters upon the study of ae 
Calculus of Finite Differences. 





CHAPTER VI. ' 


VANISHING FRACTIONS. 


86. SomETiIMEs the substitution of a particular value 
for the unknown quantity, makes both the numerator and 
denominator of a fraction vanish, such a fraction is called a 
vanishing fraction. 








aX? aes 1 O e e ee 
Thus becomes = when w = 1, but since by division, 
2 1D 
v—1> : 
a +1; the true value of the fraction when 2 =1, 
& — 
is lt 1 = 72. 


Here both the numerator and denominator vanish if # = 1, 
because they both contain the factor # —1, which vanishes on 


the same supposition. 
4 


87. That the value of the fraction fa 





1 
tends to 2 as 


its limit as v tends to 1, may be shewn by actual substitution ; 
put for x successively the numbers 
1 1 1 

3,2, 14, Jigs. Lins linn .&C- 
then the values of the fraction become 

4, 3, 2b, 21> 2ims Lim» ke. 
which sufficiently shew that as v approaches unity, the value 
of the fraction approaches 2. 


88. We proceed to shew that the values of these frac- 
tions may be finite, nothing, or infinite; and thus the term 
vanishing fraction, is used with great impropriety. 


iz 
. Let w= — be the fraction, and let v = a be the value of a, 


Q 
which makes P = 0, and Q=0; then P and Q are both divi- 
sible by x — a, or the powers of # — a*; 


comet P=p.x-a\", and Q=9.x-al's 


p av a|" 
a: Se 


qd ip — ahh 


* For divide P by x—a, and let m be the quotient and n the remainder, if any ; 
“, P=(a#—-a)m+n; make v=a; ., P=0 by hypothesis; .*. O=m(a—a)+n3 
*. n=0; or P is divisible by 2—a. . 
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, 


(1) Let m=n; Mee: and =” when @ =a; 


/ 


1T 


_ which is finite, since neither p nor q contain w — a. 


(2p Lets mi >; 7 .°. wat wal" = 05 if vw =a. 


on 


1 
(3) Let m<n; .*. Ua eS PL ine 


q &@®-a 0 


: 89. Hence it appears the true value of the fraction is 
found by getting rid of that power of (w-—a), which is 
common both to the numerator and denominator. 

When m and m are whole numbers, the value of the 
fraction may be found by successive differentiation. For 


fz dQ du dP 

La et - uQ=P; Se ae OY a 
Let v=a; .. Q=0, by hypothesis; 
dP 
7 REE 2 ia 
dt doa se wed Oy 
da 


or is equal to the ratio of the differential coefficients of the 
numerator and denominator, @ being put for 2. 


dP d 
But if «=a, also makes ——~=0 and = =0; then by 
xv 


« 


repeating the process, 





CaAfaR a-B 

am coud @ 

da’ a dx 

and the differentiation must be continued until one of the 
differential coefficients becomes finite when «w = a. 

If both be finite at the same time the fraction is finite ; 

it is nothing, if the differential coefficient of the denominator 


be first finite; and infinite when that is the case with the 
differential coefficient of the numerator. 


2 
9 


90. If m be a fraction, this method is inapplicable, 

for each differentiation diminishes m by 1, and thus the 

_ common factor (#- a)” will not disappear, and at length 
_ @=a will make one of the differential coefficients infinite. 


Pr 
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(a* — a’)? ian 
Thus, ae eer wanee =A eae \ 
v&— 


upes xv AQ 1 
SS hy and [= i 
dx /x?-— a dx 2\/x-a 
both of which become infinite when & = a. 
In such a case we may have recourse to the following 





method. 
P : 
Let — be the fraction, where P and Q both vanish when 


e=a. For w put a+h, and let the numerator and deno, 
minator be expanded by the Binomial Theorem according to 
the powers of h, the indices increasing, so that the fraction 
becomes 
Ah* + Bh + Ch’ + &e. 
AVA G BAe Cpe fc 





eg ; : 0 
which is of the proper form; :.: if # = 0 it becomes ri 


There will be three cases, a = a}, a > aj, and ax aq. 
(1) If a =a, divide each term by h*, and we have 
A+ BRE? 3 ChY sek, A PPh 
. VR TI 7 type OWE = A. or finite if h = 0. 
(2) a>a,, then the fraction 
A hie 4 VBP a a Re. 
6 OR eet ee, 
(3) 1@ =.a,, “then 
Avs 2B hes akc: A 
A\h-* 4 ByhPr* 4+ &e. 0 


) 





0, when h= 0. 





-~ 


=o, whenh= 0. 





Pi SO , 0 
Cor. 1. If w=~=—, when w =a, it =-. 
Q a 0 
1 j 
P NOE U Qe LO 
For ~= ==—= = —; when w=u 
Qi at 1 0 
iy ey | 
1 1 ] Le O 
Cor. 2. If w=—-—-—=---; it also=-. 
Pa) 4 0 ae 0 
F 1 i oin.Q =URe a6 7 
or — — —= —~—— =~, when v=a. 
PaO PRY atpy 7 | 


GE FI Ri AC" TIO. Nic 


nd TEOR 


| | 0 
- Cor. 8. Rene P x Qi 0x aie 


1 
For Ripa Cae? when @ = 4; | 
t*-4 , 


; ao —1 | 
Ex. 1. Find the value of « = ——______, when g = 1, 


P 
P= -1; aide eae a when #=1, 
vd - a. + 


dQ hs 
Q=a°+2e°-a2-23 - = 3a° +4e—-1=6, if” =1; 





> when 2 = 0. 





Ex. 2. Find the value of Bie 


P= a> — 6", and Q=a, 













dP | | 
— = a'loga — b’logb = loga — log b = log, when # ="0, 


a da 


dQ } a\ w& ae 

and .—— = 1:5 .:. w= 4o (=) ¥ me): 
rp ; g b Woe a 

a re & . O | ‘ . r 


Bite ey = CO, if ve = 1. 
1-xa+loge 0 


‘P= e«°-«#, and Q=1-¥x#+loga, 


= + logwv) —1=0, if ® = 1, 


d 1 e 
(OL Ee Pieters if v¢=1, 
dx v 


@P a ee 
= =v’ (1 + log vy + zi Eee if ual, 





d° 1 
ee gen! iseif a = 1s 








2 
mie U = —= — 8, 
—1 


It is sometimes more convenient to SON 
or ntiation. 


‘ ine ait . 


idee: avai A.) ae ie AY i f 


a 
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e’ —1—-log(i+@ 0 
Ex.4. w= 8 ( caren v= 0. 
x 0 
2 x’ 
ev —-1l=&+ + + &ce. 
Le ee 
Ue a 
log(i+te)=e2-—+4+—-——+ &e.; 
g (i+ 2) a ca 3 
e—-1—-—loxv(1 +2 v : 
Ei al ees SENS Veo pete ALPE oe 0. 
wv 6 
1] 2 
Ex. 5. Ifw= — >= co — ©, when w= 1. 
1—2” | la 
nO in 
ite @) ate 2h) 2 
2 2 2 2? 
1-av# I1-@# 1—@ 1—wW 1+ 2 
ata T 
Ex.6. If «=— - ————:; find it, if #=0. 
4 20 (e™ +1) A 
ar eer ah eee pO 
——=-,if r=0 


2 


Expand e™ by the formula e =1+%2 + Te + &c. 
2 


























a Tw v@ 
TL + + &c. T+— + &e. 
vis 1 T ie 
1); LEER TE EPIC ELBA IESE DRED AEA — —=~.» - 
A @ nT xv 4 Tw av" 
Q4+ 7x0 + + &c. Q4+ 72 + + &e. 
Dee 1.2 
L 0 Darr 
= . 2 NYA ST See 
et & : ; 5 
log x 5 
Ex.7% w= > find it, when w = ©. 
Let logwm=y; -. v=e’%, 
jg x 
- oy y y 
1 + + + &c; 
She Ze 
1 1 
1 y YY 0 -- Co nice 
~414=-4+——4 &e. 
y Q2 2.8 
log v 
nd #=0, W= 





EXAMPLES. sl 


@-—-2+a-—a@ 0 
Ex. 8. Vv 


Ub at ae when « = a. 
/a-at/a — x 


Here pi and a& are infinite when «=a, and we must 
dx da 


use the second method, and since if x be >a, a — is 


impossible ; let 2 = a — h, and making the substitutions 
VECET POLY cr aE wo 
wih Vh (a Hao fa) 140/a! san sa 
/2a 
1+/3a? 
We might divide at once by Ay a — a, and then 
_Vate +a+/a-a@ Vea | 
1¢Va@+arim 14/8? 

















Let @ =a, or h=0..' Then w= 





, when wv =a. 





4 3 2 
CG — B+ 7 — I 
Ex. 9. Uw = 





=3; sb — tad 
v— 2a +4 On? 1 2 


1 — sin w + cosa T 
x) 104 a goa PRS ANF) gic) 
sIn & + cosw% —1 r 





ax” —2ace + ace 





Ex. 11 E 
x. = ee =~: pe, 
ba’ —2bexn+be fh’ 
cose —cosma 1—m? 
Ex. 12: U= ost ; v= 0. 
cos®—cosnaw 1-7? 
ev —8r412 |] 
Hx. 13: UO = es 2 
om Ov as 40 +12 Be 
e? — sine 
Ex.14. w= ——-—=15 w= 0. 
e—sine 
tana sith yt 
Ex. 15. emueliay gill tte. Sli ae A eet 
(sin ) 2 
1—(m+1).a°+n.2"*' n(n+1) 
Ex. 16. eee ela EL), v= 1. 
(1 — a)? 2 
a —5a°+9n?— 7x + 2 
Ex. 17 ee E> ites v=] 
wv — 6a? + 122? — 104 + 3 
e”” — era n* ent 
ES iE a a a a, ary 
(w — a)’ 2a 4 
6 G 
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x: 


Ex. 


Ex. 


Ex. 


. 19. 


aes 


mages 


22. 


23. 


24: 


25. 


EXAMPLES. 


e” —e” 


"dog (1 + @) 


e 
9 


Higa OF 


a 
a-—x2-—alog (<) 


(AA 3 





SS —_ 


Git / Eee) 


Tv 1—@ 2 
“= (1 — 2) tan — = ————=-; v= il 
2 Te T 
cot — 
2 


u=(1-—xz)log(l-#)=0; wei. 
Jf 2aa —v—af/anu 
a—/ax 


1 Tv 
Qn” 2Htanrw 





ad 


16a 
9 


= — 5 v=-0. 


6 b>) 


Low — oP 2 


Le 


t= = 
1+ 204+ 2a + 2a +a’ 
a+ 30° — 7x? — 274 — 18 


OTB YRS) SD CRANES NEEL BE a Eat 
a’ — 32° — 7a + 27H -18 


ix: 


Ex. 


Ex. 


IX. 


Ex. 


27. 


. 28. 


29. 


30. 


31. 


32, 


=10; if r=3; 


ve *+1—e*—@ 


er — 


1 


ee 


if v= 


ao — Aan 4+ 70° — 2a —20°/ 248 -a’ 








uwi= 
a —2av—a’+2avV 2ae —- 2x 








=— O05 v= a. 
“= vd _ : =l, L= 
a-1 loga * 
qiS* _ x a 
Uu= = log (=); Y= 1. 
log w e 
2 
T re 
w=—.tan— = —; #=0 
AX 2 8 


CHAPTER VII. 


MAXIMA AND MINIMA. 


92. Ir w= f(x) express the relation between the func- 
tion w, and the variable w, then if =a make f(a) greater 
than both f(a +h) and f(a —h); u=f(a) is said to be a 
maximum; but if f(a) be less than both f(a +h) and 
f(a —h), it is called a minimum. 

Hence the value of a function is said to be a maximum or 
minimum, according as the particular value is greater or less 
than the values which immediately precede and follow it. 

From this definition it appears, that if a quantity either 
continually increase or constantly decrease, it does not possess 
the property of a maximum or minimum. Also as the words 
Maximum or minimum are used in a relative and not in an 
absolute sense, functions may possess many maxima or minima. 

For we may easily conceive that a quantity after having 
reached a maximum value may decrease to a minimum value, 
and afterwards again increase, and thus many maxima and 
minima may exist in the same function, but which it is obvious 
must succeed in order. 

Thus the alternate elevation and depression of the waves 
of the sea will with regard to a horizontal line give maxima 
and minima altitudes. 


93. In the circle the sine* which =0, when the arc = 0, 
increases as the arc increases, till the arc = 90°, when the sine 
= radius, from this value it decreases, till at the end of the 
second quadrant it becomes = 0. 

At 90°, therefore, it is a maximum; for any two sines 
drawn on opposite sides of the sin 90°, and equidistant from it, 
will be both less than the radius. 

In the parabola, the line drawn from the focus to the 
vertex, is less than either of two focal distances which can be 
drawn to the curve on opposite sides of it; it is therefore 
a minimum. 


_ ™* By the sine is here meant the semichord to which the sine of the angle is pro-: 
Portional. 


, 


ag 
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By reference to figures 1 and 2, we perceive that 


NP in fig. 1, is a maximum, 


AE aptrird det 2, is a minimum. 
-. 
by 
NN 
(1) (2) 
A N A N 


94. One of the chief applications of the Differential 
Calculus, is that which affords rules for the discovery of these 
values. 


But the following proposition must first be established. 
If y = Ah + Ah? + Ah? + &e. + Ah" + Ay, h'*' + &e., 
where the ratio of any coefficient to the one immediately 


Anti 





preceding is finite, 1. e. is finite, h may be so assumed 


that any one term shall be greater than the sum of all the 
terms that follow it. 
Let x be > the greatest ratio between the coefficients ; 


A, 

ae Mae ts or Ag Ai ts 
A 
a r 3 Se As < y. ae 
A, A 
Rone eae A he Aan 


&c. 
«. Ah + Ah? + Ah? + &e.< Ah + Arh? + Ayr’h’ + &e. 
<Ahjl+rh+rh? + &e.} 


] 
< A,h-——_.. 
1—rh 


] 1 
Letigh th. OV. Ree Se Sane nde oe es 
2? Qr° 1-—rh f 


~. Ah + Ah? + Ah? + &. <2A,h; 
.. Ah? + Ah? + &e. << Ah; 
similarly may 4,h? be shewn to be > 4,h° + A,h* + &e. 
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We have here supposed the series to proceed to infinity : 
if it extend to m terms, it is evident, @ fortiori that any 
one term is greater than the sum of all that follow it. 

In two of the following series the theorem is, and in one it 
is not applicable. 

@+ 20° + 30? + 40° + 5a” + &e..........(1) 


@+1.20°+2.30°+2.3.4a*4 &e......(2), 


a + 2, a? + B®. a8 + 4. at 4 EC. cece ewe ces (3). 
95. Prov. If w=f(v) be a maximum or minimum 
oh, du 
when x =a. Then on the same supposition, janie: 
a 


Let w= f(e +h), and wu. =f(x —h), 
Now at a maximum or minimum, w=/f(«#) must be 
greater or less than both f(# +h), and f(# —h), or greater 
or less than both w, and w,, and hence, u,—w and uw, -— u 
must both have the same algebraical sign. 
B du, Fuh? Buh 
ut w—-uU= ha i Ee ita ole 





+ &e. 


and .°. u,—-u= ——h + —_ —— —- —, — + &e. 


by writing — A for h in the value of w, — wu. 
Hence,. since the first term of the expansion can be made 
greater than the sum of all the terms that follow it, (if # =a, 


‘does not -make-any of the differential coefficients infinite,) it is 


: du ; 
clear that whilst the term —A/ exists, u,—-—w and w,—u 


@ 
will have a different algebraical sign: i.e. w, and u, cannot 
be both greater or both less than w. Therefore, if there be a 


Hess u 
maximum or minimum, = regi 0, and 
av 


au h? du he 
Seen eS Ee ee, 


bt —- bt =— — 
: da? 1.2 da’®2.8 


du : 
Now if «=a does not make ise the sign of uw,— wu and 
# 


{9} 


~ 


u 
%,—U, since h* is positive, will depend upon that of eh 
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du 
sb ie ae be +, uw, —w and w,— wu are both +. 
a 
du 
If 7a be —, u,—u and u.—w are both -. 
v 
d°u : 
If da be +, wu, and uw are both >w; or w is a 
d’u 


minimum; if be —, w, and w, are both <w; or uw is 


da 
a maximum. Hence this rule. To find whether wu = f(a) 


‘ 5 ie. du A 
contain any maxima or minima, put = = 0, substitute the 
& 
2 


values of z thus found in 





7? if the results be positive, 


we have minima; if negative, maxima. 


du 
96. Should however —~=0 when «@ =.a, 
dx” 





du h® 
U,—-U= qa! 
du h* 
Mad cara ta wae E TMS 


and w,—w and w.— uw have again different signs; and there- 
3 


fore there will be no maxima or minima if exist. Hence 





a 
it is obvious that we can have a maximum or minimum only 


when the first differential coefficient that does not vanish is of 
an even order. 


Cor. 1. If w= maximum or minimum, any constant 


° e e e e e du 
multiple of w is a maximum or minimum. For if i 0, 
& 


Uu e e . ° 
a7 also = 0; and therefore if w= maximum, aw is also 
x 


a maximum. 


Cor. 2. If f(#) be a maximum or minimum, $f (7)}”, 
where ” is integral, is also a maximum or minimum. 


For let w =f (wv), and U = $f (w)}"; but ya = f' (x) =9; 


‘wis a maximum or minimum; 
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z da FOP SO) =0; or UY isa maximum or minimum. 


Cor. 3. If u=f(wv) be a maximum or minimum, log u | 
is sometimes a maximum or minimum. 


aur NE dau du dU 
Let U= l U3 Par wee CS oe -oa3" Le B on ae a R peor Sempre te 
hoi (Mba ey BA darth nikiidipecknn a ue ae 


or U is a maximum or minimum, unless w# = a makes w = 0. 


e ] 2 e e 
Cor. 4. If w= maximum, — is a minimum, and con- 
uU 


versely. 
1 dv 1 du 
For let v=—-; «.—=-— —, 
U da uw dx 
dv 2duw 1 du ed 1 
Pe ee ula dae Oe 


p OU Ht SRE a 
Therefore, if qa be negative, da? i® Positive, or if u 


e 1 es e e 
be a maximum, — is a minimum. 
U 


97. In the succeeding examples the following results, 
the principal of which the reader may have met with before, 
will be found useful. 

(1°). Let a@=radius of a circle, then 

Area = 7a’; circumference = 27a. 
Area of sector of a circle = }rad x are. 
Solidity of sphere = $7ra’. 
The surface of sphere = 47a’. 
Surface of a segment = 27a; where « 1s altitude of seg- 


ment. 
(2°). Let 2a, and 26 be the axes of an ellipse; 


*, area of ellipse = rab. 
(3°). Let a=axis, 26 greatest double ordinate of parabola; 
. area = 2a x 2b = dab. 
Solidity of paraboloid = }b*a. 
(4°). Let a =altitude; 6 =radius of base of cylinder. 
Solidity of cylinder = wba. 
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Convex surface = 2aab. 
Whole surface = 276’ + 27ab. 
(5°). Let a =altitude, and b= radius of base of cone. 
Solidity of cone = $76°a. 
Convex surface* = 1b \/ B +a’. 


Whole surface = 7b” + rb 1/6? + a’. 


EXAMPLES. 


(1) Let w=a*-6a°+ 112-6; find the values of « 
which make w a maximum or minimum. 








du : 
— = $a*° — 12% + 11=0; 
da 
i | f 
; a —4e+4=45 rs port od te anes 
/ 3 3 
d’u 
es Ow 12) 
da 
/3 au tate 
Tet ree Stk Site 2/3 indicates a minimum, 
wv 
/ 3 7 oe : 
Ome sees 5 4a Pai HB4/ 802. a maximum, 
L a 
Q et y = # tan@ — ————_ ;; find @ that y ma 
(2) Y 4h cos? 0” y quay shel 
maximum or minimum. 
& a’ 1 
He eat Agi he og ee a 
dx 2heos?@° da’ 2h cos? 8 


dy 
From Se Ue 2h tan 0 cos’ 0 = 2h sin @ cos 0; 


d’y . 
also —s is negative; .. y Is a maximum, 
Pe 


“ The surface of a cone when unwrapped becomes the sector of a circle, of which 
the centre is the vertex of the cone, and radius the slant side, and arc the circum- 
ference of the base of the cone. 

But sector=3radx arc; and radius=./b?+a?3; 9 arc=27b; 
.. Convex surface = 7 6 V6? + a?. 
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4h? sin? @ cos? @ 
4h cos’ 9 
= 2h sin®@ — hsin? 0 = h sin? 0. 


and y = 2h tan @.sin@cos@ — 





This is the equation to the path of a projectile, and the 


maximum value of y is the greatest height above the horizon- 
tal plane. 


(3) w=(sin a)”. {sin (a — x)}”"; find » that w may be a 
maximum or minimum. 


- = m(sin v)"—' sin(a — x)”. cosa 
— n(sin x)”. sin(a — 2)""' cos (a — #) =0; 
-, msin(a — #). cos v — n sin x cos(a —2)=0; 
sin(@—#).cosv  m_ 
‘cos(a—@#).sing n’ 
sin (4 — #) cos# —cos(@—#)sina m—m 


'” sin (@ — #) cos @ + sina cos (a — @) ~ +m? 





sin(a—2v%) m—m 
POR sin ae er Fae, 


a—2a and .. w may be found from: the tables. 





log a : 
(4) w= 5 ; find w that w may be a maximum. 
ri) 
du 1-—logs#x 

sales ane Sagat ike log ai = log 4; 

1 

e=e, and w=-. 

€ 


(5) Find that fraction which exceeds its second power 
by the greatest possible number. 


Let aw be the fraction ; 
°.u™=xe-—2 18 a maximum ; 
du 


9 ee eed me 2 res Se OS 
dx 


Ol 





=-2 or w=4, is a maximum. 
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(6) Find the distance of P from 4, 6 
when ZCPB is a maximum. 
AB=a, AP =u, ‘ 
AC =), YC Riis 0; 
. @='2'CPA—'2Z BPA P A 


b a 
dé a? an a b 
= en = me = 9 
dx b? or +a ar eb 
Lye eel ee 
2 x 


| (a b)a? =a°b —ab?s ow = V/ab; 
.. AP touches the circle circumscribing the A PBC. 


(7) Ofall triangles upon the same base, and having the 
same perimeter, the isosceles has the greatest area ; 


2P the perimeter and a the given base, 
w# and y the remaining sides ; 
. area =1/P.(P—a).(P-—«).(P-¥y); 


and *.: P and P —a are constant, and if «/u be a maximum, 
wu is also a Maximum. 


Let wu = (P—- 2).(P-y). 
But P—-y =P-(2P-a-2)=a+a-P; 
. U=(P-2).(a+a-P), 


du ( P)4P 
——> = — a — — / = e 
qh + @ + c= 0; 


a 
“2 ~@-—-2474+2P=0;3 .. ener its 


y =2P —(a+0)-2P- (P+ <) =P-=; 


and therefore # = y, or the triangle is isosceles. 
? 
e u e e e 
Since —— = — 2, the triangle is a maximum, 
dax* 
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and area = =v P. (P - a). 


(8) Divide a number a into two such parts, that the 
product of the mh power of the one into the n™ power of the 
other may be a maximum. 


# one part; @—wzthe other; w=a".(a —2)"; 

















du e 
en ma" .(a — xv)" — a”n.(a— a)! 
= a"). (a—a)""'Sma— (m+n).x} =0, 
whence v=0, vw=a, and v= ee ; 
m+n 
au m—2 n—-1 m— 1 Pes S 
a 7 um —1)-4 .(a — x)*"'—(n -1).@"7'.(a- a)"~*} 
j}ma—(m+n).xt —-(m+n).a"-'. (a— x)", 
which vanishes when # = 0 and w=a, but if w# = ee ; 
m+n 
du TO RA T2 Cg \ a 
5= —(m+n). ( a ; 
dx m+n m+n 
ma ., : 
a= gives w = maximum. 
m+n 


° s & 
# = 0 and w = a will give no results unless m and m are even. 











And then - =m.(m—1)(m Se .(a-#)"+ (2), 
d’u 

qa 1) (m — 2)...2.1.a"+ (a —a), 

and a =m.(m —1)(m—2)...2.1.a", when # =0, 


du 
and Fy a n.(m —1)(n — 2)...2.1. a”, when v=a; 
a 


both of which correspond to minima. 
(9) w- 3aux+ a =0; find vw when w is a maximum. 


We must differentiate the implicit function ; 
du 
dx 





. (uw — ax) -au+ a =0. 
du . a” 
But —=0;:° .. #@—au=0, or w= —. 
dx a 
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Substitute in the original equation, 
6 


v 3 EW P haha, LaMar 
anne ee ONL) ae ase ase 2 Gy 


Differentiating a second time, 





alk 2 : ens @ du ) du ; 
= (u" — ae ave U—~ =a) 65— 427 = 
dx? da da da 
4 
B u d wu? av 3 3 
ut Spa ari and u" —-av=——-av=— (a —-a@’)=aa; 
d’u — 22 ape 
Te ge pag hE Gp? 


Bae ¥ 3/- . 
whence w= 01/2, gives w=a4/4, a maximum. 
But also from equation (1) v=0; and .. w= 
d’u — 2u 0 


ad’ u 2 7) 


e £ e e 
*.. @ =0 gives U=0, a Minimum. 


(10) Bisect a triangle by the 
shortest line. 

ABC the triangle, and PQ the 
shortest line. 
CP =x) a, 6b, c¢ the three sides of 
CQ=y the triangle, C the 





PQ=u Z HCA) “a | 4 


Then -- AABC =2A CPQ; 
b sin C in C 
is = 2. 2 = ary sin C3 = At Ose eae 


(iy R24 


v = 


w=at+y?—2vycosC = 2’ + Hee abcos C = minimum ; 
v 


- 











2 23 ae 0 
U—_—_ = hi Lam 
d 2 ar ; 
ab? Jab ab ab 
rh Halk 5 or z= %\ as and y= Deere 
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b ab ?— (a? +B 
ee + o” ~abcos C=ab.(1-—cosC)=ab. 2a Pheiee OFF ©) 
2 2 2ab 
By Gr Aaya Bb)" | 
= ; ; 
ey (CELESICESED) 
.u= - ; 
(11) Describe about a given circle re 
ABC, the least isosceles triangle. 
DP the triangle, DP touching the 
circle at A. 
DO=a; OA=a; ». DAH=V a? - 0? A ¥ 
DB (w+a)xa 
Now PB = — OA = = ;; 
in les TR tae 
toe UPO = PR x DR B a 
; 3 
_a(@+4) Evo eurr he aaa = minimum. 
av” — a / & — a 
; (@ +a)’ = 
Whence, -if «=~ , # = 2a, and A= a?. 3/3. 
v— a 


(12) Find the greatest area that can be included by four 
given straight lines. 


Let a, b, c, d be the four lines, 
@ the Zincluded by a, 3, 


DP vee Leveccsreeeceee ood, 


D the diagonal subtending the 
two angles, and dividing the quadrila- 
teral into two As; 

‘¢ ab.sin@ cd.sing 


* w=area = eae + isk = maximum; 





d 
., 2% 4. (ab. cos +ed. cos. <h) =0. 
i But ce + d’ — 2cd cos d = D’ = a’ + b° - 2ab.cosO; 
d : 
aa eae pine. 
dé sin @ 





‘ : role t a 
. substituting this value, and. dividing by 0 


, 
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cos 8 + cos san cil 0; 
pala ip ah 
. sing. cos @ + sin@.cos@ = sin(@ + 8) = 0=sinz; 
*. o+0=7, 


or the quadrilateral is one which may be inscribed in a circle, 
a0 +00 sin 0 = /(P— a) (P -8)(P-<) (Pa), 


at+tb+c+d 
TTR eal 
(13) Through a given point D to draw the shortest 
line PQ terminated by two given 
straight lines 4B, AC; the angle 
A being a right angle. 


AQ=2; AH=a; u= PQ, 








and w= 


where P= 


AP=y; ED=b; < 
.U=VYa'+y’, a minimum...(1), 


3 t BOse 24 e 





From (1) «da + ydy =0; “font 


3 
Y ay 6 i. 
. dw =—-dy; | c Py 32 
v ode 2 0; y ve Bai 


a / abe 
+ 
xv 








He Be a=r/a.(ai + 8); 


= /b (a3 + b3) ; al Tag (a3 at b3) (a3 4 b3)°; 
wi = a8 + 63, 
(14) Cut the greatest ellipse 


from a given cone. ABD the 
cone. PB the elliptic section. 


AC= 4, GCN = 2%, 
BC =, NP=y, 


PB the axis-major = 2a, 





and axis minor = 2b. 


Now area of ellipse = rab. 
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And 2b=V/ PQ x BD=/ 20 x 28 =2/ Ba, 
=/ BN’ + NP? =\/(3 + «)? + NP’. 


But iT Ue 
CD B 


Pe Oe J (B + a)* + pa — x)’; 





*, area = le Pe Be +e ae 


wv {(B +2)? +— 


.(8 - #)*t, a maximum ; 





* 
1. (B+ 0) +5 (B - a) +20 [B+ 0-5 B- w)} =0 
3(a? + Ba? 4(a° - 8) & 
Ween Ce a ey — (Q" pe 
(oy B ( + BY); 
peasant VEN SD 
gleseta a fey 
at 8% s Jip (S28) 8 (a +B) 3 
_ 2B (a? — 8) = Bat PMG 
3 (a” + 2°) 


and the problem is possible if a*— 14’a® + 3° is positive. 
The limit of possibility is when the surd disappears. 


Then a‘ — 1480” + 493° = 48; 
a = 7B? 24/483) = B57 + arnf/3t; 
B(2+£/3), 


“pgp 6 & An/3 _B s+2Vv3s_ Bp 
ee SE SIT VE) aI Ry £: 


(15) The content of a cone being given, find its form 
when its surface is a maximum. 


# the altitude, and y the radius of the base. 


96 


3 
a 
Let ~— be the given content = .°. 
3 
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Ty x 
3 





Then w = surface = convex surface + base; 


,u=ryVe +y try. 





a? a + x 
But y°= — 3 >. +a = ONG 
/a +a + ab 
' “= rat {—_________} ; 
xv 





du 
whence because 1 -0; # —2a* =2a2 JS a +05 


98. 


. (# + a°) -2atV/a' +a? + 0° = 40°; 


v RAF “. a = 8a, and a = 2a, 


w 
~ 


Rie a Tra 
and uw=—~-- 4a’ +—+— =2ra. 
// 2 Q Q 


The following examples are added by way of exer- 


cise, the principal steps to their solution being indicated. 


Q) 


(2) 


(3) 
(4) 


Let.w= 2° — 7a” + 8a 4+ 32. 
T=A; uw =16 a minimum; ~ 
w=25 UH 3455 a Maximum. 
u= a — 32° — 94” + 30. 
e=-—1, gives w= 35 a maximum; 
© =8, gives uU=3 a minimum. 
u=sin®v.cosxw; #=60; w=a maximum. 


Divide a line into two such parts, that their pro- 


duct multiplied by the difference of their squares shall be 


a maximum. 


Let 2a be the line, a +2 and a—~w the parts; 


a 
*. U = (a* -a’).4a” = maximum, whence A base 


(5) 


Wa 


Divide a number a into two such factors, that! the’ 


sum of their squares shall be'a minimum;  @#,= a. 
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1 1 
fort =a s ges “w='e° a maximums 
(7) Into how many equal parts must a number a be 
divided that their continued product may be the greatest 
; a 3 
possible ? V=-; uae’. 
e 
(8) Let w=(ma+n).(my+m) be a maximum, and 
feeb =.c >, tind x. 


d d 
Here a =m (ny +m) + n(ma +n) = 0; 
da dx 


d 
and because ma loga+ ny log b = loge, = may be found, 
; ‘ ah 





and wv 
log (a*”) 
sin & : ‘ 
(9) u=——— =a maximum; if # = 45°. 
1+ tan® 
tan wv)” ; ; f 
(10) = ( y =aminimum; if 7 = 22°. 30. 
tan 3a” 


(11) w=seca.(a—btanx)’ a maximum or minimum. 
1 ng ee 
tan v = 6h (a + / a - 24.6"), 


the upper sign gives a maximum; the lower a minimum. 
— (02) w= 3a‘ — 28a0* + 840? a — 96 ax + 48 b*. 
w=a; u=48b' — 37a‘ a minimum; 
v=2a; u=48b' — 32a‘ a maximum; 
vV=4a; = 48b*— 64a* a minimum. 
iq (13) w=x(a- 2)’ (2a —2z)*. 
a Vee 3 : c 
] a= re (5-13); wis a maximum ; 
5 


v= a; uw iS a Minimum ; 


a = : : 
a= 5? + / 13) >; wis a maximum. 
6) 


(14) aw— wa? + vi =0; w=aminimum; find a. 


a = 20/23. Ue = 40s 
7 H 
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(15) Inscribe the greatest rectangle in 
a given triangle. 


AD=a, BC=0, AN= 97; .. Pp =; 





ba a 
U=—(@-@); «. ==. 
a Q 


(16) Inscribe the greatest isosceles triangle in a given 
circle. 


Let a=radius, the triangle is equilateral, side = ar/3, 
a3 wa 3 


4 





area = 


(17) Inscribe the greatest parallelogram within a given 
triangle ABC, A being one of the angles of the parallelogram. 
AE =4 AB, then AF is one of the sides. 


(18) Of all equiangular and isoperimetrical parallelograms, 
the equilateral has the greatest area. 


(19) Of all triangles on the same base, and having equal 
vertical angles, the isosceles has the greatest perimeter. 


(20) Given the base and vertical angle of a triangle, shew 
that when it is isosceles its area is a Maximum. 


(21) Of all triangles on the same base and having the same 
area, the isosceles has the least perimeter. 


(22) Inscribe the greatest rectangle A 
in a semicircle. 


CN=2, CAz=a, NP =“/a? — 2’; 
 u=2PM.CM=2e\V/a- x: BN c D 


P 


° =e, and w= a’. 
(23) The same construction applies to any curve. 
Let AC =b, AM=«; .. PM = f(«), and u=2(b-@) . f (a). 
Then if BAD be a parabola; 
y=2\/me, and u=4(b — w)\/ me. 
(24) Let BAD be a segment of a circle; 


AM=w#, radius=a; 
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. PM=/2an — a“, and wu=2(b — 2) / 248 — x’. 


(25) If 4 be the vertex, S' the focus and P a point in 
a parabola, find the value of the ratio of AP : SP, when 


It Is greatest. Ratio = Wee : 
(26) Cut the greatest parabola from a given cone. 
(27) Required the least triangle 7'Ct 

which can be described about a given quadrant. 
0.) C Mis ai CN as ui: 


a” a 
weartCr.Ccé; CT=—; Ct : 
Y é A N C 


& 
e=y and ZACP = 45°. 





and if w= maximum, 
(28) Let APB be a parabolic arc and C the focus. 
ANz=a, ACz=a, u= ae aya whence v = of 

. Q\/a 3 





(29) Inscribe the greatest ellipse in a 


given isosceles triangle. 




















I 2 0 CD ce st Abe Th a 
‘AD=a; DB=b. 
ca x” 
Now cN = — = ; 
Cc a- wv 
“ an — 2a” ax 
-. aN = ———, DN=- 
0 a—- & 
BD’ 5 yf” 
But ——,. AN’ = PN? =%(Na. ND); 
AD a 
a—2x"\’ a—2ax)a b 
| a-—wv (a — @) a 
= v/a — 203 i. = Ee 


a uU = 1 ho) el ee 
TY V/ os 
(30) Inscribe the greatest parabola in a given isosceles 
triangle. Axis #th of altitude of triangle. 
(31) Within a given parabola inscribe the greatest para- 
vertex of the latter being at the bisection of the 


bola, the 
Axis =% of given axis. 


_ base of the former. 
H 2 





100 EXAMPLES. 


(32) The corner of a leaf is turned back, 


so as just to reach the other edge of the 

page: find when the length of the crease is 

a minimum. a 

AP=2a, AB=a; «. Aa= / 2a, 
also Aa. PQ =2AQ. AP, 

since AQaP may be inscribed in a circle ; Bae A 

2a" 3a 
Spouse Lid Een 

2u—- a 4 


(33) Find when the part turned down is a minimum. 
Q 
C= 94. 


34 Inscribe the greatest cylinder within a cone. 
$ , 


: : a Aq b* a 
a, altitude of cone; w, of cylinder; w= Be uU = : 
27 


(35) Inscribe the greatest cone within a sphere. 


, Aa 32 
xv = altitude of cone = ee “u=—.ra’. 


81 

(386) Given the surface of a cylinder, find its form that 
its volume may be a maximum. Altitude = diameter of base. 

(37) Given the volume, find when the surface is least. 
Altitude = diameter of base. — 

(38). In the trapezium ABCD, the base AB = 
AD = BC =}, find CD, CD being parallel to AB, that the 
area may be a maximum; 2CD = / 8b" +a +a. 

(39) PQisa chord in a semicircle parallel to the diameter 
AB, jom AQ, BP cutting in O: find AP that the triangle 
POQ may be the greatest possible. 4P = 38°. 40’. 

(40) Through a given point P between two given straight 
lines 4B, AC (page 94): to draw PQ, so that AP + AQ may 
be a minimum. 

u= PQ= (/a.+/b)?. 

(41). Next draw PQ so that the triangle PAQ may have 
the least area. 

Ma 2a, y= 2b; %u =2ad. 


(42) ACB is a quadrant, C the centre, CB the horizontal 
radius is bisected in D, a point P is taken in the arc, and CP, 


PD are joined, shew that the angle CPD is greatest when 
PD is vertical, 
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_ (43) ‘The centres of two spheres (radii r,7,) are at the ex- 
tremities of a line 2a, on which a circle is described. Find 
a point in the circumference, from which the greatest portion 
of spherical surface is visible. 


If w and y be the distances of the point from the centres 
of the two spheres, 


2 2. 

ry (ae 

w= 2rr, (7, -— —]) + 2Qrr, theacalt 
v 


(44) Find the position of a line passing through one of 
three given points, so that the rectangle of the perpendiculars 
from the other two points may be a maximum or minimum. 


There are two lines respectively perpendicular, fulfilling 
‘the conditions. 


(45) In a spherical triangle, find 6 when w = 6 — @ isa 
minimum, and 


sina + sino.siné 
cos @ - OSM See Se 


cos 0. cos/ ; 


sind.sinl 


cos D = 


differentiating the three equations and eliminating d@ and d¢, 


ea WENT n> 
cos 6.cos J 


sin@ sina 
sin @ Sire 
whence sind = — sin/. tan (4a). 

This is the problem of the shortest twilight, and if Z 
be the zenith, P the north pole, S the sun when twilight 
begins, s when it ends, 0 = ZPS, p=ZPs; .. 0- ¢ con- 
verted into time is the duration, 6 is the sun’s declination, 
i the latitude of the place, a is the depression of S' below the 
horizon, generally taken = 18"; .-. sind = — sind tan9°; the 
negative sign shews the sun is on the south side of the 
equator. 





sndo+1; 





THE CELLS OF BEES. 


99. The first examination of the comb of the bee-hive 
presents a collection of waxen cells, the upper surface being 
parallel to the lower: but these parallel surfaces being sepa- 


i 
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rated, each cell is found to be of a prismatic form; its base 
being a regular hexagon, and the other end of the prism 
formed of three equal rhombuses, composing the solid angle 
iS. And it is remarkable that the two collections of cells, 
which by their junction form the comb, are so united that 
the axis of any one cell of one collection is in the continu- 
ation of the line of junction of three other cells of the other 
collection. 

That the bases should be regular hexagons is an instance 
of the economy of nature; for only three figures, triangles, 
squares, and hexagons can completely occupy space; and 
of these, including the same area, the hexagon has the least 
perimeter. 


Prop. Join 4 and C the extremities of A’ A, C’C of two 
equal edges of a prism, and let a plane 
through CA parallel to the base meet the 
axis in P; and let a plane inclined to the 
base, also through CA cut the axis in S$’ 
and B’B in b. Then 

SP = Bb, A AOP= A AOB: 

. pyramid ACSP = pyramid ACBb. 
Hence whatever may be the inclination 
SOP of the plane S'Cb to the base of 
the cell, the solid content of the cell 
remains unaltered, but the surface varies 
with z SOP. 

To find z SOP when the surface of 
the cell is a minimum. 


Let 2 SOP=0, AB =ABz=a, AA =). 


| B 
hens oie rs Opto see i 


cos@ 2cos@— 








Bb = SP = OB tan@ = = tan: 
. trapezium dAd’B'b = BA’ —- A ABb=ba- _ tan 0; 
.. lateral surface of cell = 3a (26 — : tan 0). 
And rhombus = SO x AC = SOx 4'C’ =———..a / 35 


2 cos@ 


Note. BP in the figure, ought to pass through O. 
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3ata/s_ 


2cos6 


= w= salep— Stang + VE 3 
2 2 cos Of’ 


= 34 {= sec’O + ~/3. sec 8. tan 0} =0 


*. surface of the tetrahedron = 





: du 
p2°1 6 


a4 1 
. secO = \/3tan@; .. BO ayes 9 = 95° .15%. 51”. 


3 3a 
Me Ob =—iA/ 3% Cha pei 
sO : J3, Cb = \/(CO)? + (0b) Ai 
Ob 1 
t OCb at ee AP 1 — pee 
an CO = 533 sin OC 6b oe 
Z 0Cb= 2 SOP, 
and Z SCb=22z SOP. 








Hence the acute angle of the rhomb is double the inclination 
of the rhomb to the base of the cell. These results agree with 
' the most exact measurements made in a multitude of cells*. 


d 
100. If wr =a, make = co, the preceding rules are 
x 


inapplicable, since they are founded on the supposition that 
f(a+h) is expanded according to the ascending integral 
powers of h by means of Taylor’s Theorem; but which is not 
the case, when the differential coefficients become infinite. 


Let then f(a +h) be expanded by the ordinary methods, 


and assume 
f(at+h) =f (a) + Ph* + Qh’ + Rh’ + &e. 
where a is the least of all the indices of h; 
. f(a+h) —f(a) = Ph* + QR’ + Rh” + &e....(1), 
and f(a — h) — f(a) = P(— h)* + Q(— h)? + &e. 
by writing — for A in series (1). 


Now if hf be made very small, the algebraical sign of the 
developements will depend on that of their first term. If 
therefore we have a maximum or minimum, since 


* Puissant’s Geometry : Cresswell’s Maxima and Minima. 
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f(a+h) —f(a), and f(a — h) — f(a) must have the same signs, 
_ Ph* and P(—/h)*; and .*. h* and (— h)* must have the same sign, 
or a must either be an even number or a fraction with an 
even number for its numerator. 


(1) If abe an even number, it shews that at a maximum 
or minimum the first existent term of the developement must 
involve an even power of A, a conclusion we have already come 
to in the preceding pages. 

2n 


(2) Ifa bea fraction, it must be of the form ——— . 
2m +21 


Ex. Let w=b+c(« — a). 


dus 2e@ 1 ! (Fabs 
— = — -——_—.,. which is» infinite, if w# =a. 
dx 3 (#- a)3 


Here 
But «=a, gives w=), 
e©=at+h gives u=b + chi, 
= 1 —ih - ices u=b + ch}, 
and f(a +h) and f(a —h) are both > f(a), if ¢ be positive, © 
< f(a), if ¢ be negative. 
If .. c be positive «=a, makes wu = 6 a minimum, 


ce be negative # = a,'...... w= b a maximum. 





CHAPTER VIII. 


FUNCTIONS OF TWO OR MORE VARIABLES.—IMPLICIT 
FUNCTIONS. 


101. As yet we have only treated of functions of a single 
variable; we next proceed to the case in which w=f (ay), 
where # and y are independent of each other, and the value 
of uw corresponding to new values +h, and y + k, of w and 
y, 1s required. 

Now when w is a function of # and y, w may vary on three 


suppositions ; 1st, # may vary, and y remain constant; 2nd, 


y may vary, and w remain constant; and 3rd, # and y may 
both vary together. 


Thus suppose w = xy*, and let # become # + h, and y re- 
main constant; therefore if w’ be the value of w, 


=(a+thyea=ayt+yrh. 

Next let y become y + &, and » be constant, and let w, be 

the value of w; 
-u=a(yt+ ky =ay + 2xayk + awk’. 

Again, in the equation u = wy’ write x +h for a, and y+k 
for y, and let w, be the value of uw, or u,=f(@+h, y +k); 
.U=(ath\(y+ky=ay+ yh + 2ayk + 2ykh+ wk? +k'h, 
the same result as would have been obtained had we put 

y+k for y in w, or vw +h for w in u. 

102. Next considering the question in a general point 
of view. 

Let «=f (a, y), then if y remain constant while a be- 
comes «+h, we have, by Taylor’s Theorem, 


d’u h? me h? 





du 
ilet ae) = a he 





= + &¢.5 
dx da? 1. Ne Cat Dens 
or, if w remain constant while y becomes y + k, 
du daa hk) edu ic ke ; 
Bilt, Ut ky hei + &e. 


dy dy’1.2 dy 2.8 


Suppose now that wv and y both vary; or # become w + 4, 
and y become y+; it is not possible to make both these 


assumptions at once: but if we use either of the two series, 


106 FUNCTIONS OF TWO VARIABLES. 


for f(a +h, y) or f(#, y+), and in the former put y +k 
for y, or in the latter «+h for «x, we shall in either case 
have f(x +h, y+), and its true developement. 


Assuming the first expansion, 

du Luh a bane 
7 At - + 
da Lait i209 dx ens 


) d d? 
But w=f(ey), and therefore a —T are also func- 


&ce. 





f@+h.yy=ut 


du au 
dx’ da®’ 
&c. will become functions of y + k, and may be expanded by 
Taylor’s Theorem, # being considered constant. 


tions of w and y, if therefore y become y+k; wu, 


Let therefore y become y + 4; 








* du | duh du Kk n 
unt GoORNs et Tike We enim a Maen a a (a), 
du d°u , ay 
and to obtain the values of — , ——, &c. we must write —, 
dz da’ da 
2 
la , &c. for wu in the series (a) ; 
d x” 
du b ia d x F dz} k hae 
a an c. 
die ih eis da ied ks Olid Geeks 
(du 
‘ 2 d. (Fa) 
d?u du dx pa 
ae eievsleielets (sia de dy + WC 
du 
Bu ‘wu (Fe) 
Py crue te —; k+®& 
da Liens Gait 


du 
die 
du ae (=) 


OF 
dy .dax dy 
which expresses that the function has been differentiated twice, 
Ist considering x, and then y as variable ; 


But it has been agreed to write 





bd 





du a” u 
d. (= : a. (os 3 
4d da’) | iv du Lees Oy “tani 
an is written ———,, and ——————_ is written — 
dy dyda?’ dy" ip 


Re 


r 
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7 act .uU 
dy" dx" 3 
tion has been differentiated m times with regard to w, and 
n times with regard to y. 


denoting the differential coefficient when the func- 


Making these substitutions, and multiplying the expan- 
ay h? 


du 
sion of ai by hk, tha &e. we shall have 
x 





ie u iB du ke 








du 
€ h k = ae It e 
f(@+h, y +k) aera: ayer dpala + &c 
du, du 2) dues hk’ a 
Y da dy.dz ied fidae een 4 
ui bh’ dui h?k & 
d#1.2 dy.da 12°” 
du 3 
4 ee Foe Sate 
fay Cau face + &e 


103. But this developement was obtained, by first sup- 
posing #, and then y to vary; but manifestly we should 
have had an equal result, had y first become y + 4, and then 
x become wv +h. On this supposition we have 

rl h) Bae peta k? ui k' 2 

“2 ytkhy~=ut+ —k +$— — +— — 7 
“y * dy dy 1.2 dya.3. a 
put «+h for z, 


du du he au h? 
*, wu becomes uw + eae ee 











aS dv 1 Th ae 2.3 + &c¢., 
du inser. ew, ti eee 
dot Se eR EE ieds 1 sen te 
du d°u du h 
dy? satan a chabhidts == dy’ Ee °) 7 + &c., 
i a a ol SES + &e. ; 


whence by substitution the total developement becomes 
Gu h? dau he 
5+ + 
d#1.2 dz°2.3 
du du du hek 
—— ie + th + —— —— 
dy dudy da dy 1.2 








du 
P@rhy+tky=ut+s h-+ &e. 





+ &c. 





ee 
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du ik au keh 
dy’ iver dady” 1.2 
fe wt 

dy’? 2.3 
+ &c: 


Cor. 1. Since the series are equal, the coefficients of the 
same powers of h and k& ought to be equal ; 


+ &c. 


&c. 


ad’ u du 
" dydx dady’ 
d*u du 
dy'dx dady*’ 
du du 
dy da? r da?dy’ 
OrCre== ec: 


ale A) att y 
and = : 

dy" dz" da dy” 
Whence it appears that the order of differentiation is indif- 
ferent; or that the differential coefficient of w differentiated 
m times with respect to w, and m times with respect to y, 
is equal to the differential coefficient when w has been first 
differentiated m times with regard to y, and then m times with 
regard to a. 











Cor. 2. - Agai ek ae tag oe toe 
2: ain, <2 = ; .°. writin ; 
ae 6 dydx dxdy 5 da 
; (=) ~~) 
ad’. {|— a’. |— 
ax ‘5 a 
dyda ry dudy : 
du du 


Oo Se 
dydx” dxdyda 


(du du 
(fs) «(09 
dy dy 





and os 
dydx dudy 
Pete ge et ad? .u 
‘ dydady dxdy* , 


104. Since oe 5 iy D) os 9 
dx da’ dx’ 


the consideration of a alone being the independent variable, 


&c. have been obtained by — 
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such differential coefficients have been called partiai differ- 
u du 
dy? dy’ 
also called partial differential coefficients, and these partial 
differential coefficients are frequently included within brackets, 


ential coefficients, and for the same reason &e. are 


au. . : 
_ thus (“) is the partial differential coefficient with respect 
@ 
nOAUX = : : P 
to wv, and (=) is the partial differential coefficient with 
a Y, - 


d d 
respect to y, and (=| dx, and a) dy, are the partial 


differentials of uw, with regard to # and y respectively. 
d d 
105. The term fa hy, ae iy which involves only the 
da dy | 
first powers of A and & is called the total differential of wu, 
and putting dw for h, and dy for. k, is thus written; 


du ‘dur 
du = (=| de + Gal dy, 
dx y 


or the total differential of w= f(#y) is the sum of the partial 
differentials. 


106. From the first differential of wv, we may form by 
differentiation the successive differentials d?a, d’w; &ce. 


(du du 
EF d = = di: =a di Co ° 
ee aad & “ al & ) y (9) 


uel ott oe du du 

And differentiating, considering (=) and (= as func- 
da dy 

tions of # and y, and da and dy constant, we have, by 


d ‘dun 
writing successively, (=) and laa) for w in (3), 
‘du Pu du 
d . Sw —- oe RT IK d: SSE i d 
al Gr) ay dyda . iM 


: au d? un» 
ad. (=) Bi feaadanaay + bea dy. 

dy dxdy dy] 

Then substituting these values, since 
du’ du 
ty = d. (“*) d +a() “dy, 
ga dx 5s dy i 
2 2 2 


du U 
Cre ——. da 22, 
«bat rae dx.dy 
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Again, to find d’u, substituting as before 


d’ wu d°u 
— (=) DE eee est 8) 





d «*/ dydx 
ad? a’ a 
d. ( he ) STATS | Mach carmen seers 7) 
dudy dau°dy dydydax 





éu\  @ é 
a.(5) = eas, da (5) ays 
dy” dudy dy 





du du 7 
She ay. dé dy’. 
+ dda y. dx + Ee y 

107. The law of continuity is almost obvious; for the 
numerical coefficients appear to be those of the terms of the 
expansion of the binomial (2 +)": but to prove that they 
do follow this law, assume that 








au = ~ du" +n Peaer .da*— dy 
+ na ar r"—"dy’ + &e. 
Then, differentiating the successive terms by means of 
du = ca de x i dy, 
iy (55) =<" de tage erence 
d (sory) = Fay det Pe as (2), 
d. (snag - aa de tine sh dy.eeey 


&e. = &e. 
Then, multiply (1) by da", (2) by n.da"~'dy, (3) by 


n. (A=). duw’~*dy’, and adding 





dq?! dq?) 
ait lay = + . oda?! + (m +1). (ew .da"dy 
(701),. 90 7 ae ae 


9 aoe den ee + &e. 
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or if the formula be true for the index m, it is true for m + 1, 
and we have seen that it is true when » = 3; it is therefore 
always true. 


Cor. If instead of dw and dy we write h and k, we have 











q ae a 
“= — =a i, 
d x oy dy 
iu du Pu 
Pu= fie Pa EG 9 fas 
" d x” a dydx A dy’ 
a a? } F ad? 3 
ee hag ee a me 
da’ du'dy dy’ dx ; dy® b) 
&c. 
and therefore wu, =f }(w +h), (y+k)} 
: du 
=u+ du +— + —+ &e. ‘ 
Pez Diy 
a’u 
7 = abr idee 
Peers saat 


or the expansion of f(# +h, y+) may be found from the 
successive differentiation of w= f(a, y). 


108. Again, if u=f(«, y, 3), andife+h,y+k, «+m, 
be new values of w, y, x, and uw. the value of ~, 
du du du 
= —h+—k+ 
Ung =U + Fp “Tr ae ix m 
¥ + Ah?+ BR + Cm’ + &c. 


For, supposing x to be constant while w« and y become 
v+h, and y + & respectively ; 


du du 
 f(wth y+hk, See GREER at 
| Now, let x become x +m; 


du 
-, w becomes w+ —m + Xe, 





dz 
du du au _ 
——— seeeves eee =z, m & 
AE Fae ds dae 
du du a’ u 
Soa eee ey m + &c. 
dy dy dzxd 
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du du du 
+th,y+kh, z+m)= “met said raat 5) 
=f(wth,y ) Mion ti aigte nag Oe ae 
and in a similar manner may the expansion of a function of 
four or more variables be effected. 


Cor. Hence, if for m, h, and k, we put ds, da, and dy, 
du du du 
=d.f (: %) = (—|dxa —|d —| ds, 
du=d.f (a, y, 2) (“) ere, | y+ (7) as 
This result may however be obtained in the following manner: 


109. Let w=f (a, y, x); find dw. 
Let n = (y, 2), so that we may put wu = f(z, n); 


du du 
a) A) a a "Ee ; 
i (| “th (= )an 


dn dn 
But «+ 2 = ea Ee RM GE et cs) eee ale lee 
u n= p(y; ®) i rp fe 
du _ at dn du dn 
du = r ies —dz 
da ida: ‘dy dn d 
du.dn du du dn du 
But —— ae ae an — .—— = —3 
dn dy dy dn dz dz 
du du du 
* du=—.d —.d —— i Re 
U a cae lla x 


and the same method may be extended to any number of 
variables; whence it appears that the differential of a function 
of any number of variables equals the sum of the partial 
differentials. } 

110. From the preceding reasoning we may find the 
differentials of a function of two functions of the variable 2. 

For suppose u = f(y, #), where y and s are functions of 
w, and therefore w is also a function of xz; to find the total 


~ differential of w. 
Let & and m be the increments of y and z, if 2 become 


CN - 
i‘ (=) P dur ee 
SL ie = —|)m aa 
Tale under) 


d az 
But Loe m= —h + &e.; 
dx dx 


du\ dy du\ dz Hogs 
u, = : 
aes Gare da alae PGs ign 


pe 


a 
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ye () dy 4 dz h 
ay dy a laden ‘dxf’ 


d 
or since —~h = dy, and Ey Sas, 
dix dav 


du die 
ma oa dy + (Tr Jas 


which is the total differential of a function of two functions. 


lll. Again, if w=f(y, x, v), and Y, %, v are functions 
of x; to find the same: let ” be the increment of v - ; 


, (a 7) (=*) & 
- b=uUu+ b, (> m+ Bye C. 


du\ dy du\ dz du dv| 
—~}]— + | — | — —].—;h4+Xce.; 
+{(%) da a ma daf ba 
{ du\ dy /du\ds {/du\ dv) - 
Ge (ee ) 
dy/ dx dz} dx dv} dz 


du du dus 
d d d 
a ae &) r+(5 ) de. 
Similarly may the total differential of a function of n 
functions be found. 


. du 





EXAMPLES. 


Cie = aly finds dz. 


dus Uh paige ATA. fi 
—|}=my"g"-’; — | = na"'4 : 
(aa) i er, : 


du: du 
f ia (ae da 
at, (= a fa ) J 


— mya" —'dax a nay" dy 


= 2"—"y""! (myda + nydy), 





du — mn >) yt ee du 
dyda Teh — dady 
g™ xe”—"'(mydax — nad y) 


(2) U y" > U ike 
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72 


~ 


= s] may): 
(3) w=sin(a*y); find Sr 





ad’ u 


ands = 2” (cosa’y — vy sin ay). 


_ yda - Ray 


yy =a 


(4) u = sin-'—; du 
y 


a+ /ar—y¥ ctv): Cael ydu — ady 


) w= log (* esr s a Ka 


(6) w= os du = «(2 + log a). 
xv 


2 
du a w= 4 y “ og r) = au 
@ 











dyda dady’ 
2 
(7) 2s io ,3 find du, and shew that, 
a—s 
du 22 du 


dady eae dyds’ 
du 4eyx du 
dads (a°— x) dzda’ 








du 2a" 2 du 
dydz (a2-—x)? dzda’ 
du ALS d'u du 


caf PRI TACIT) ahd PRE be ed 


dedydz (a —3x°) dsdyda dydadz’ 











1 
8) Let w= shew that 
ts V(a= aye 0-8) 0=a) 
fu du hee Uu 
Rae om 
da? dy’ ee 
1 
Here sa Smee iy) es (cas): ey (1); 
du 5 
a Fi (a — x); 
7 d 
., — = OU — (a-aw)-uw= 3sw(a-a)-w, 
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and from the symmetric form of (2); 


[oJ 


Uu . 
> = 3u?(b — y) — wu, 


dy*® 
au : . ; 
Ge 7 3 (e — )? — w; 
Pu Pu du mI E 
: Cede ede tat oe = 0, 


an equation of great importance in physical science. 
Die he following theorem is important in the integra- 
_tion of homogenous differential equations. 


Let uw be a homogenous function of », y, 2, &e. and let n 
be the sum of the exponents in each term, then 


du du u 
NU = — © +—y+—z + &e. 
v dy dz 


For a, y, x, &c. put v+ma, y+my, &=+me, &e. then 
wu becomes (1 + m)"u ; 














du au mx A 
c 2 = —- i —=—_ , -———— Ge 
“. (1+ m)"u Le De, os 
du . spe 
tts m &e. 
ony ia 
du z sf m suv + &e 
Mi ae a arg ‘ 
2 Cry 
ee Y &e. 
yee 2 
+ &e., 
7 Oe 
um + &C.; 





| also =u+num+n 


whence by equating the same powers of m, 


du du ™ dt | haves 
a deg ips “9 
du du : 


9 


d hana + &e 
and m(m —-1)u= =U" + —y" + — 3 ‘ 





du ; ; 
ee 2 ——_ gv +2 —— vy + &e. 
1 dydx ” i deg dzdy J 


1g 


116 EXAMPLES. 
(1) Let w=(w~+y4+2)?s here n= 3; 
a =—=3(@+y+ 2) 
g 


ot ay Didi S(w+yt+syl(@tyt2) = 38 
+ —&+— —z=3(a Ss) (xv + v)= : 
da. * ay? dz of J 











BY B 
al ees el = 2, 
(2) Let w= ; here n= 2 
V+Y+8 
d 
“items tr epee eo 
a+y? 
(3) Let w= ; here n= 2, 
v—yY 
wee ' 
ap es 
an d es 7] u 
1 
(4) : Let. u =——,;, here n= — 2, 
C+y 
pee _ : 
—— P@ eS ay ee a 
De da d i 
(5) Let a VOTVY, here n=—4i, 
u+y 
du du 
and Ae mace ne ee 
vy 
(6) Chae BG ehe ere n= 1, 
d du du 
as Ue ee 
Gaore pide meds 
(7) Let u = sin-' reidiel, here n= 0, ( 
d —a+—y=0 | 
an TP y 


(8) Let w= (a+ y’)’?; here n= 4; 


au. au du 
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IMPLICIT FUNCTIONS. 


113. When there is an implicit function of y and a, it is 
frequently impossible to solve the equation with respect to y, 
and obtain y=f(w); but by considering f(a, y,) =0 to be 
_a function of two variables, we may from the preceding expan- 
sions for such functions obtain rules easy of application. 

Let w=f(v, y) =0, and let wu, represent « when # be- 
comes # +f, and therefore y becomes y + k; 


ae a)A & 
mau (S) alee + &e. 


But *.- «= 0, whatever x and y are; «1. u, = 0; 
0 s.) h 7) k + & 
Ree Charm cee — C. 
| = ‘ CF f 
dy 
But k =—h+ &e, -- y=f(a); 
dav 


therefore, substituting for k, 


du du dy 3 ‘ 
0=2)/{[— nie eat Oh kre s 
1(3) ij ale Bey ees 


du du\ dy 
G2) +s) 2-0 
dau dy} dx 


d ; 
a theorem by which = may be found from the partial dif- 
v 


du du 
ferentials (= and sl! 
da: dy 
dy 
ax. Y — 3aa ve =0; find —. 
Ex. y’-3aey+a rps 
Let w=y' — 3axvyt a’; 


du (Ai : 
Spe OY + Bary (oe Sy 13 aa, 
&) : \dy. 


Bai =) () tak 
a oe ‘ dy) dx 





® (ae? ey 
- ~3ay + 3a + (3y Teste eae 


d du\ d | 
Cor. 1. Since {(3*) + (=~) Sha 05 “- du =0; 


118 IMPLICIT FUNCTIONS. 


d : 
(=) da + aa Lae =0; putting daw for h; 


d 
or (3) da + ee dy =0. Since y=f(2@). 


Cor. 2. Hence, since if w=0, dw=0; .. if du=0, 
@u=0; and thus if w=0, d’u = 0. | 


d d 
114. From the equation (5) an ($).-$- 0 (1), to 


2 
find ee (where d?z means the second total differential of w), 
v 


2 


d a* 


Since Be = (=) + (=) acy 105 
dw dx 


dx 
nie dig Bite) eel a 


d 
Put in (1) e for u, and then i for w; 
a y 


and thence to deduce 








eA (5) - (Ga) + du dy 
dx \da)]  \d dxdy da’ 


d (=). out (5) d°y dy d () 
dx dx dy ‘da dx da’ dy 
du\ dy i an due du ai 
Grae d«\dudy dy? daS’ 


*, substituting in (2), we have. 


d’u (=) > vu dy =). dy J Ce a) Geno (3) 
da \da?)* TERE ME da” ay? da’ 


d 
and because from equation (1) oe may be found in terms 
a 

















2 
of the partial differential coefficients = (is) a) and (Fa) 
da d i dx 


be de- 


du du 
and A) and age 
3 * 


° d’y ° f 
termined. In the same manner Vee and .°. a and diffe-— 
é w wv 
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rential coefficients of higher orders may be found; but the in- 
vestigations lead to equations of great complexity, and which 
in practice are seldom needed. 


115. Next, let w=0 be a function of three variables 
@, Y, %, or let x be an implicit function of (#, y); and let 
= +m be the value of x when the independent variables, « 
and y, become respectively v+h andy+k; 


. since uw =O0=f(r +h, y + k, % +m), 
du du: du ; 
0= vl h+ Ge) kh + (| m+ Al? + Bk? + Cm? + &e. 
dv dy dz 
But s+m=(r+h, y+ k); 
(dz d 3) 
ed eee —|k _ 
m (=) b+ i + &C 
therefore, substituting for m, we have 


du du\ daz du du\ ds 
5 USE A ERAT oid 6 SAD foci RT Br iad Aira 
1 (3) ‘ ja a +{(S) i Ga aa ce 


whence, since h and & are independent, we have 


a) (= dz x ( 
(= ae =| ° Die ——=/\! ot aie) @/ 01 ldle eile sate a ) 
7) du dz = 0 (2) 
GAPE et Seana | 
; d d 
whence dz = — dx on dy may be found. 


116. The differential coefficients of the superior orders, 
can be found by differentiating the equations 


(=) we (5°) [Oe SHU cteeee ety ce (4), 

dx \dz} dex 

du du\ dz 

ca i (=) Gy 7 Oreos (2). 
d? z dz d* 


117. Thus to obtain ree Ber and dy? 


We must consider equations (1) and (2) as functions of 


di d id 
% Ys 8, and_ that (==) ‘ aa and (5) are also func- 


tions of the same variables. 
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(1°) Let equation (1) be differentiated with respect to 
xv; it must be considered as a function of aw and x, and there- 
fore from (Art. 114), putting x for y, 


au ; du der uy dx Ai e mae 
(aa dz.dx dx (ss) get Ge) panes BPs 


(2°)- Differentiate (2), considered a function of y and g. 





Write y for xv in equation (3) ; 


(= zs d?u bse (=) aie =) d’ x re 
dy si dzdy dy \dzx) dy’ deyidge pal ) 


Now either differentiate (1) with respect to y, or (2) with 








aie dz dz 
respect to #; and since in the former case —- becomes -——, 
dx dydx 
di da’ : 
and that in the latter ra beeomes z , and that 
dy dady dydx 


ee 
~ dady 
Let equation (1) be ditferentiated with respect to y; and 


, the results will be identical. 





d 
to do this put i= 


d 
and (=) for w in equation (2), whence 
wv dz 
we have 


d*u is du dz due dz 
duv.dy d«.dx dy" dz.dy da 


du\ dz dz da d’ x 
Gs 32% ey ea 
dz} dw dy dz} dy.dz 
Gis ae d’z 
CFEW 3 and ——— 
dx ade . ayde 
dz 
dy 





From the equations (3), (4), (5), 


may be found, while from equations (1) and (yee — and — 
da 
may be found. 


118. From this it is obvious, that if w =f(a, y, 2), be 
an explicit function of w, y and x, where x is a function of 
« and y, that the differential coefficients of « may be found. 


r du (dr hee dz ; 

‘or — = {[—— Tt ok Son ee : 

* dav (| cc ee dx (1), 
du du ‘d dz 
si Gaal (=) MO (2), 
dy dy! dsl dy 


IMPLICIT FUNCTIONS. 12] 
au (3) 2 au SN (53) Eat Ht ee d’s (3) 
eet) viaiisdid dun Na |. dan Ndamidas 2 


Pu du ; du dz ¥ (a) ae 2 \ (4) 
dy dy dzdy dy d= Jvidyy *\d's)" dy iia 4 
du du Gu av ~ du dz 
dady “dady ' duds'dy” dydz dx 

OILY Duce tie mar Oia 
ee es a 
ds} dx dy dz dydxz 

Ls Oe a diseed se oo 


F hi h feees) pees). Sass Tia 
se” da? dy? da®” dy®? dyda 

















may be found. 


By a similar process the differentials of the third and 
higher orders may be obtained. 





ELIMiNATION BY MEANS OF DIFFERENTIATION. 


119. We have seen that if a constant quantity be con- 
nected with the function by the signs +, it disappears from the 
differential coefficients. Should it however be multiplied into 
the function or any term of the function, it will still appear in 
the value of the differential coefficient. 

Thus if w= 0 be a function of # and y, involving a con- 
stant a, both w=0 and du=0 will contain a, but between 
these two equations it may be eliminated, and an equation will 
arise independent of a, which is called a differential equation. 

fo) 
Wirosy letysss aaa. (ee, ay = 200, = iid 
dx 
an equation from which a has disappeared. 

Irrational and transcendental quantities may also be elimi- 

nated by differentiation, 
Thus, let y = (a° + a)"; 
dy m 9. acl) @ma(a* + a°)* 2may 
' da n A Cala y Oren (oem) 





If there be two constants as a@ and 6 involved in the 
equation y = f(«), then to eliminate them, the equations w = 0, 
du = 0, and d?u = 0 must be combined. 


122 ELIMINATION OF FUNCTIONS 


Ex.1. Let w=y-—ax2*?-—br=0, or y= aa’ + ba; 








2 2 
y dy ay 
— =2 b, = 5 ee SS es 
aAxt+ dx? 2a is eT 
2 ad? 2 
gy veg Ba 
Q da? dav x’? 


Eee A AY 


' da® a da x? 


Ex. 2. Let y= a.cosmx +b.sin ma; eliminate a 














dy 
= —-masinme +mbcosma, 
da 
dy 
—~=— m’acosmaz —m’*b sinma 
aa 
fs —m* ta cosma + b sin mat =— my; 
d’y 
oe + my = 0. 
da* 
Ex. 3. Let y = ae’ sin (3% + 6); eliminate a and 0. 
dy Pree 
i 2ae*" sin (3 + 6) + 3ae™ cos (3a + b) 
v 
= 2y + 3y cot (8a + b), 
d? 


7 = 4ae™" sin (3a + b) + Gae™ cos (3a + 5) 
a 


+ 6ae* cos (8a + b) — 9ae™ sin (3a + b) 





= —5y +12y cot (3x + b) 
d 

ey eta is 
dx 


d’y dy 
ve A 13y = 0. 
Lea eee 


120. Again, if «= f(e#yx) =0, or sx =f (ry). 
We may by means of the partial differential coefficients 
dz 


d 
i and — eliminate two constants from zs = f(xy), and by 


proceeding to the second differential, we have three other equa- 
ds d's dz 


: nd —, 
dx’ dyda ' dy” 





‘tions for and therefore five constants 
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may be eliminated; and not only constants, but indeterminate 
functions. 


Ex. 4. Let x =f(a@ + by); eliminate the arbitrary 
function. 


Let (av+ by) =v; -. s=f(v), 


dz dzdv dz av 

Dawe as) Bute if? Pant pees yor 
pig dx dv du a du JOA) tate Am 

dz , ds ds dv ; 

the! fue) IC, PREM CL Ne bs 


d d 
or b.— = abf’(v), and dass ab. f'(v); 
dz dz 
Pe FED en or bp — aq =0. 
As an example. Let x =sin (aw + by); 
. p=acos(axz+by), gq =bcos (aw + by); 
“. bp—aq=0, 


and similarly if s = (ax + by)", or x = log(a#+ by), the 
differential equation will be verified. 


Ex. 5. Let z =(v+y)"(@’ — y’); eliminate the func- 
tion. 


p=m.(e+y) h(@—-y)+2(e+y)"®@ (#=y")-#...(1), 
qum.(wt+y)""'p(@-y)-2(@+y)" Pp (a = 9’) «y...(2). 
Multiply (1) by (y), and (2) by «#, and add; 
“yp +aq=m(aety)” ba - y’) = mz, 
or py + qx = mz. 


wv 1 U 

Ex. 6. Let sv=f (Ns or g=-. (=); 
Yy Vv y 

1 v ] padi 

Las yp () me Gh 

1 (=) 

Sa y? y y) 


“ pr +qy+2%=0. 


124 EXAMPLES. 
Ex. Ve Let s=f(y + az) + (y - a2), 
p=a.f (y + aa) -adg'(y - aa), 
q=f (y+ ax) + (y- ae); 


d’ ” ” 
aaa fy + a2) + ag" ~ a2), 
: 
d’z y 7 
Tar P' U4 a2) + G'Y - a0): 


d’ 3 : d’z 

Se hegernaeh vm S Bo era 

da* dy” 

The equation to vibrating chords, which also occurs in 
other investigations in Natural Philosophy, 


Ex. 8. If s=ef(a)+y¢(@)+W(a)...... (1), 
0 = af'(a) + yp'(a) + V/(@)..----2), 





where f(a) = ae to eliminate the arbitrary functions: 


Differentiate (1) successively with respect to # and y, con- 
sidering a as a function of & and y; 


. Faso + fof O +99 + VOR, 
dz ’ 0 / d 
Ty 8 + Af) 4G OD +V OES 


dz 


; dz 
therefore from (2), Be = f(a); ie = f(a); 


dz Ue Nas 


ae da = a = dady eeenes (3); 
d?: dz, d: 

SL te (= ek ee (4), 
dyda dy/ dy 


whence multiplying crossways, 


(F) & d° ) 
dx* a4 Fy ce 3 


which is the equation to developable surtaces. 


EXAMPLES. 


Ex. 9. y=wa#e™; eliminate e. 


x. 


Ex: 


ix 


10. 


« TI. 


Poze 


13. 


14. 


215. 


ady —yde=y (logy — log 2). 
Eliminate a and b from y? = ax + bx”. 


If y=asinew + bsin2a, shew that 


2 
If e=5 4+ f(y + loge); pxr—-q= 2". 





y? — a 
If «= f( ): 2unyp + (a + y’)q =0. 


# 
v+y+s =flar+by +c). 
(y — bx) p — (e— az)q= bea - ay. 
s=au+by+c; eliminate a, b, c. 
dz dy ds dy 
dx® dx da* da 
lf <= af (2) + @(xy), shew that 
x ? 


as d’s 
dx’ 
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CHAPTER IX. 


MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES. 


121. Ir wu =f(«, y) be an equation between the function 
u, and the two independent variables, 7 and y, there may 
be some particular value of #, and also of y, which will make 
the function greater or less than the values which immediately 
precede or follow it. It is then a maximum or minimum. We 
proceed to find the relation between the differential Cost ae 
when this circumstance takes place. 


122. Let w, be the value of uw, when «+h and y+k 
are written for w and y respectively; and w, the value of w, 
when # —/ and ps & are substituted for the same quantities. 








a? d?, 
Also put A Tori, —, B for . , and. C for 2% Then 
= ¢ dydav dy 
du du , : : 
owt Tht Tht hi Ah +2Bhk + Ch*} + &c. 


d d 
and w= u — (Si +x) +3 5A? + 2Bhk + Ch*t — 
y 
Now since the values of h and k may be assumed so small 


d d 
that, (as long as the differential coefficients _ and - remain 
” y 


finite) the algebraical sign of w,— w and uw, —w will depend 
du 


dy 


this term exist, #,— 2% and w,— wu cannot be both positive or 


du 
upon that of the term (1 + h+ k), it is manifest, that if 


both negative, or there cannot be a minimum or maximum 


of w. Therefore at a maximum or minimum rds wi ee k 
dav dy 
must = 0. A condition which can only be fulfilled, since h 


: ‘, Me ae 
and & are independent quantities, by making re = 0; “and 
x 


—=0. Hence at a maximum or minimum, 
u,—-u=4(Ah* + 2Bhk + Ck’) + &e. 


h? 
= ees +2Bn+Cn} + &e, if k =nh. 
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Therefore the sign of ~,— wu, and also of w,— w, will 
: h® 
depend upon that of the coefficient of mie that is, upon 


A+2Bn+Cn*. Hence, this term must not change its sign 
whatever be the value of 2; which it will not do, if it can 
be put under the form of the sum of two squares, as 


(+a) + ?. 
1 
Now 44+2Bn+Cn? = a {CA +2BCn + C’n*} 


oD. 
Tate! 


1 B 3 
mh NR a 2 Wie 
AG B +e (Zen) f. 


which is of the requisite form, if CA be not less than B*: or 
to have a maximum or minimum of a function of two vari- 


{CA ~ B’ + (B+ Cn)? 


d d 
ables, we must first have —— NGtande t= 0; and secondly, 
x 


dy 
Pu du 
Ss x aaa 
da’ dy 


2 


aaa 





not less than ( 


and oe must have the same 
a dy’ 

algebraical sign; and also if they be both negative, w is a 
maximum, if both positive, uw is a minimum. 

If the second differential coefficient of « become = 0, when 
the first does, there will not be a maximum or minimum, 
unless the third differential coefficient vanishes, and the fourth 
neither vanishes nor changes its sign, whatever be the value 
of n. 





d 
123. It is obvious that 


Ex.1. Let w= a'+ y’ — 3axy, 


du ; x” 
== 3a -3ays035 2. Yr, 
a a 
du " f x * 
—=3y —-3a¥=0; ». Y~av=—-a4f =0; 
dy a 
*. w= 0, and #* —a>=0; whence x =a; the other two roots 
are impossible; and y=— =a; or=0, 
a | 
d’u du du 





Also fe = 00 ee 6y, and a 


128 EXAMPLES. 


If ¢=0, A=0, C=0, and B='- 3a. 


If r=a, A=6a, C=6a, B= —- 83a, 
AC = 36a*, and B’=9a’; 
“. ®= 4, °° A is +, gives a minimum, and w= —a*; v= 0 


gives neither a maximum nor minimum. 


Ex.2. w=a'y’?(a—a27—-y). 


du te : 
— = 8a°y' (a-aw —y)- vy =0, 
dx 

d 

on = 2a°y (a —-v-—y)-a*y =0; 
dy 


. 8(a-w-—y)=a@; 2(a-w-y=y; «. 2H=38y; 


a 
°° 3@-—-3@ —-2H =H, oF erie 








a 
2a—-3y—2y=y, or Ts 
Gia oo 
a-#e&®—-y=a--—-=- 
Y bangs 
du aC ena a’ 
= bey (a— @— — 62” 2 = 6 =-.—-—-. - - le (OC 
da y( y) 24 Oni hey ag.99 9” 
d’u : ree “ie, a’ 
= 2a°(a—x7 —y)—4a°y =28—.- -2.—.-p = - — 
dg ( y) A RY re Pe Sy 
au A a? lig ay a’ 
- = 6a°y(a-—a2#-y)—3x 2 2a y= — ee 
dady y ( ”) Y Ai CR Chama 12 
a’ a’ ; 
», AC=—, and B=—; «. AC is>B'; 
12 144 
NL are 
and w=— x — x — = — is a maximum, «.: 4 is —. 
Sui 09.4 6 | 432 


Ex. 3. w=(#@+1).(y4+1).(% +1), where a’b¥c? = A; 
.. vloga+ ylogb + z loge = log A. 
dz 


du 
N —_ = iB yee: J 1).—;=0 
A eps y+1).fe4 ++. ; 


d 
eC ee 1) Sh =o, 


d b 
% log a Mii dz log b- 





triangle within a given circle. 


o= 2B, P= LC. 
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SFL (w +1). a 


ie 8s 





or (z + 1) loge = (w +1) loga, and .-. c+} = g?+!, 


b 
eG yan coy Bs wed ==t0ne 
log c 


and .°. c#+! = BYt} = gtt! 


log b- 
‘log ce’ 





| 
Also -.: Se Oe ea) 


_ (& + 1) loga — loge 
log c 


3 


_ (w+ 1) loga— logb 


log b 
“. wloga + (w +1)loga — log b + (w +1) loga — loge = log 4; 
.. 3@loga + 2log a — log bc = log 4; 


" log Abe — 2loga 


co ea Slop aud as 
ve log dbe + loga log (Abea) 
: , 3 log a “SO 3 lord 7 
log (Abca) log (Abeca) 
Y + {= ~ Blog| 5 and B+ 1_= ~ 3loge 
(log A abc)? 





~ 27 log a. log b. log c’ 


Ex. 4. Inscribe the greatest 


R the radius. 
a, b, c the sides. 


b 
But w= sin A= —.sin(0+9), 





and b=2R.sin@; c= 2R.sing; 


u = 2R* sin O sin f sin (f + 0) = maximum ; 
9 K 
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; a3 = 2R’§cosO.sin (h + 0) + sin@.cos (p + 0)} sing = 0, 


and ms = 2R* Scosp. sin( + 0) + sing . cos(p + 6)} sind =0; 


. sin(@ + 26) =0 =sinz, and sin (0 + 2) =0= sinz; 
“ P+20=m, and 0+ 2p=7; 
“ @-g=0, or 0=; ~. 30=7, and 0 = 60°= ©, 
and .*. 4 = 60°; and the triangle is equiangular. 
Ex. 5. Inscribe the greatest parallelopipedon within a 
given ellipsoid. 
Let 24, 2y, 2% be the edges, 
2a, 2b, 2c the principal diameters of the ellipsoid ; 


2 a” y” 


' w= 8anyz, and piri err hot 
x’ y 
mi wale 
#eot(1- 5-4); 
du ; 
‘. Ag! Gale ae 
d : ; dz ‘ 
 — = OLE + &L— = 
d aT 
dz xe ds y ¢ 
y g 
2 2 2 2 
c y Cc 
.8—-—.-—=0, and s-~.-—=0; 
a ; se he 
2 2 2 2 2 
sede ei ¥ x 
Sz" fone Ve Sen b c 
Pang Me an en ark Y= = oe 
3 Cc 3 


4 
But if V = volume of ellipsoid; V = g mabe; 


QV = 
-Vii 2: 2/3. 


HULU A 





- 
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124. In the following examples, some only of the steps 
are indicated. 
Ex. 6. If w=a'+y'-4any?; find w and y, when 


wu = Maximum or minimum. 


jo yp 
w= banr/2; y= +avr/8, 
and w=0; y=0; give minima. 


Ex. 7. w=aysing +siny + sin (w + y)}. 
; 3 ; 
«=60; y=60; give u = 3a—— a maximum. 


Ex. 8. Given the perimeter of a triangle, shew that its 


‘area is greatest when it is equilateral. 


Ex. 9. Divide a quantity a into three such parts a, y, 2, 
that w= a” y"2? may be a maximum; and shew that it is a 
maximum and not a minimum. 


ma na pa 
@ = ————_ 3; y= —_ ss gan 
m+n+p Z m+n-+p M+N+p 


Ex. 10. Given the surface of a rectangular parallelopipe- 
don; find when its content is a maximum. 


If x, y, s be the edges of the solid: 
Surface = 2ay + 2az + 2yz% = 20%, 
and w= ys a maximum, 
whence #= y=%= a; and solid is a cube. 
_ Ex, 11. If the content of the rectangular parallelopipe- 
lon be given, find its form when the surface is a minimum. 
[t is a cube, as in the preceding question. 
Ex. 12. Let w=av+by+ex a maximun, 
and #* +y?+2?=1; find a, y, 3; 


r U=anr+bytoV/1—v_—y; 


du Cx 
Rago CE. wet a cae (8 ws a2A=CM, 
dx ZB 
du c 
= Bae eee Utes CU 
dy x 
Dy (P4040) = 0 (a? +? + 2°) = ¢; 
c a b 


BS a SS ae 
fer+reP+ee ferePre Verh +o 
K 2 
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Ex. 13. Given the radius of a circle described about 
a triangle; find its form when the perimeter is a minimum. 

If 6 and ¢@ be two of the angles, and if r be the radius 
of the circle, 

u = 2r {sin@ + sing + sin (6 + p)}; 
whence 0 = @=60; and the triangle is equilateral. 

Ex. 14. Given the sum of the three axes of an ellipsoid ; 

find them when the volume of the ellipsoid is greatest. 


If 2.x, 2y, 2x be the three axes, 
4s 
Biles waeys, a maximum, 


and 24 +2y + 2% = 2a, the given length; whence 


”=Yy == 4, and ellipsoid becomes a sphere. 


Ex. 15. Find that point within a triangle, from which 
if lines be drawn to the A 
angular points, the sum of 
their squares shall be a Q 
minimum. 
Let ABC be a triangle, > 
and P a point within it, 
a, b, c, the sides of the 
triangle. C ND R 
Draw PN, AD perpendicular to the base; join AP, 
BP, CP, 
Let CN=a; NP =y; then AD=bsinC; CD=bcosC. 
Then CP?= a%+y?; BP=y'+(a-ay=y'+ a+ a— 20a, 
= (bcos C — #)? + (bsin C — y)* 
=b? + # + y? —2b(acosC +ysin C); 
w= 30+ 3y +a +0? — 2ax — 2b (wcosC + ysinC) ; 
- w=4t(at+beosC); y= zbsinC; 
. CP=V ety =4V204+2P -e. 
The point P is the centre of gravity of the triangle. 
Ex. 16. Find a point within a triangle, from which if | 
perpendiculars be let fall upon the sides, the sum of their 
squares shall be a minimum. : 
ABC the triangle as before, P the point within it, drat 
PN, PM, PQ respectively perpendicular to CB, CA, AB. 
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Let CN =2; PM =p; 
Phen) v=. y? + p? + 9°. 


Now if 3 be the perpendicular from a point (a, 8) on 
a line y= ma +5, 
| B-—-b—ma 

Oe J/ m+ 1 
GQ’) Ifd=p; B=y; a=a; b=0; m =tanC; 
= = yoos C ~ asin C. 

(2°) Ifd=q; m=-—tanB; b=atanB; 

y — (a — x) tanB 
oT ay Laie 


. w=y + (ycosC — xsin C)’? + fy cos B — (a — #) sin BY’, 





ot = y cos B —- (a — x) sinB; 


asin A. sin B. sinC 
2 (1 — cos’ B. cos’ C + sin B. sin C’. cos B . cos C) 
abe sin A 
 @4+P te? 


whence y = 


abesin B _ abesinC 
et ee pe. 
Ex.17. Find a 
‘point P within a 
quadrilateral figure 
ABCD, from which 
if lines be drawn to 
the angular points, 
the sum of their 
“squares shall be the 
least possible. 
ABz=a; BC=b; 
AD=c; AN=a;, NP=y; 
uaa ty ty t (a- 2) +(bsinB — y)’+(a— 2 — bcosB) 
+ (ce sin A — y)’ + (w — c cos A) 
= 4y° + 2a° + 2(a— a) — 2b fysin B+ (a - 2) cos B} 
+ b’ +c’ —2c (ysin A + w cos A). 


and .°. 
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whence wv = 4 (2a +eccos A —bcos B), 
y =i (csin A + bsin B). 
d’ 2 
Also ye ten Aleit Cae 
dx dy d«dy 
Ex. 18. Of all triangular pyramids of a given base and _ 
altitude, to find that which has the least surface. 


Let a, 6, c be the sides of the base, A the altitude of the 
pyramid, 0, @, \y the inclination of the faces to the base. 


0; wis a minimum. 


Then because if p be perpendicular from vertex on the 
side a, psin@ = h, and area of face = 4 ap = 4. ah cosecO; 


.. w=th (acosecO + bcosec Pp + € cosec W)......(1). 


Also since the base of the pyramid may be divided into 
three triangles, whose altitudes are respectively 


hcot@, heotd, hcotyy; if m* be its area, 
m= +h (acot@ + bcot p+ ccotw)......... (2), 


from which combined with (1) a minimum, we have @=@=vW, 
or the faces are equally inclined to the base. 


Ex. 19. Two points P and Q are given above a plane; 
find a point # in a plane, such that PR + RQ may be a 
minimum. 

Let the given plane be that of wy; from P and Q draw 
lines perpendicular to it, let the axis of z pass through P, and 
the axis of w pass through the foot of the perpendicular 

from Q. 
| Then if c = the co-ordinate of P, a and b that of Q, 
vw and y of R; 


. w= PR+QR=V/ae + 7+ +/+ (a— ay 48; 





du v a-w@ 0...(1) 
SS pe = 1) 
da Jerre / Puna a +e 

du y y 











A ake at = 0...(2). 
dy Vale yre Sy +(a—af +P @) 


From (2), y= 0, and therefore the point R is in the 
axis of a. 


From (1), Gor = ~~; or the cosines of the angles which — 


av ti 
ht Qk ee 
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PR and QR make with the axis of # are equal, 





a a-x ac 
ee 
also Se+e /(a- a) +8 b+e 
125. When w=f(#yz) is a maximum or minimum, we 
| ee Dope Ciaty! $M yy eae tion of 
ut —=0; —=0; — =0; an i n- 
must put —— fh cm e equation of co 
dition is (AC — B’) (AD — E*) > (AF - BE)’*, 
| du cies du 
here 4d=—,; B=-—_; = — 
Be. da* dy da dy?’ 
du du du 
OO Dien oe sy Mes Hie 
a dx dzdx dzdy 
Ex. 20. w=aa'ys'—a'3y2t-a’y's*—a’y?s’= a maximum. 
1 3a 20 
Ve-43; YFH—3 FR, 
5 10 5 
LYS 


= maximum, 





EE stall (w@+a)(a+y)(y + 2)(% +e) 


eal ce. y= Vee; ¢=r/ae. 


* Lacroix, Calcul. Diff. Vol. 1, Art. 166. 





CHAPTER X. 


EQUATIONS TO CURVES. 


126. We proceed to treat briefly of the equations to a 
straight line, to the circle, the conic sections, and some other 
curves, which will be frequently referred to in the succeeding 
pages; but for complete investigations of the properties of 
the conic sections and curves in general, we must refer to 
works expressly written on these subjects: since the object 
of this Chapter is merely to furnish the student with such 


a knowledge of the nature of certain curves, as may make ~ 


the applications of the Differential Calculus to them obvious 
and interesting. 

It is necessary to make some prefatory remarks before the 
nature of these equations is explained. 

From a point A, assumed at pleasure, 
draw two lines, Ay, Aw, perpendicular to m 
each other; then the position of a point P, 
situated within the angle yAa, will be 
known if the perpendicular distances PN a! 
and PM from P upon Aa, and Ay be known. 

Ay and Az are called axes, and PM and PN the ordinates 
of the point. P: but since 4N = PM, the line PM is seldom 
drawn, but the position of P determined by taking AN equal 
to it, and then from N drawing NP perpendicular to Aw. 

NP is then called the ordinate, and AN the abscissa; 
and AWN and NP the co-ordinates of P. 

Aw is termed the axis of abscissas, and Ay the axis of 
ordinates. 





127. Now a curve is a series of points, and if their re- 
spective distances from two such axes as Ay and Aw be known, 
the curve itself may be drawn. Also every possible equation 
y = f(x) may be represented by a series of points; for if it be 
assumed that the values of x may be taken along the line Aa, 
and those of y be drawn perpendicular to the axis, we shall 
have, when 2 = AN, y =f (AN), which may be represented by 
some line as NP. Hence Aw is called the axis of #, and Ay 
the axis of y, and the point 4 the origin of the co-ordinates ; 
since the values of a and y commence at A. 


ee 
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128. If AN =a, and NP = 4, 
then w=a, and y=b, 
are the equations to a point P. 


If also we take AN, = AN, and 
MP,= MP, and complete the rect- 
angle PP,, then unless some assump- 
_ tion be made with respect to the alge- 
braical sign of a and 6b, we shall be 
unable to tell in which of the angles 
yAx, yAX,, v, Ay, or y,Aax the point is, since P, P,, P,, P,, 
in the annexed figure, are each at the same distances from the 
lines y Ay, and # Az,. 

If however the values of w#, when measured from A along 
Ax, or to the right hand of 4, be reckoned positive, and those 
in the direction of Aw,, or to the left of A, be negative; and 
if the ordinates which are above w Ax, be called positive, and 
negative when measured below the same line, no difficulty can 


arise, and then # = +a } ; 
; determines the point P, 





=+ 

oe 7 P 
y=+b Cioauaerejetarecpte aac Boel of echoes tes 
ev@=+a4 


Sealing eet 


Cor. 1. The distance of a point 
P from the origin, or 


AP =\/ AN? + PN? = Va + y’. 


Cor. 2. The distance between two 
points P and P, is thus found. A N Ss, 


Athe origin. AN=2, AN,=4%, 
UN Bet ly Dyce Uy 
.. PP, = distance = / Pm? + P,m? 


= \/(AN, — AN)’ + (PN, - PNY 
= / (a, -#)? + (4 -y)* 
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129. If in the curve CPQ the re- pl see® 
lation between PN and AN be known, 
and PN be.a function of AN, the equa- 
tion to the curve is said to be known; 9 
and from it, the curve itself may be 
drawn. Sometimes the equation y=f(#) 
is to be found from some given pro- #4 a 
perty of the curve; as in the circle, of which the property 
is, that all lines drawn from the centre to the circumference 
are equal. To questions of this description our attention in 
this Chapter will be solely directed. 
When AN and NP are drawn at right angles to each 
other, the equation y = f(a) is called an equation to rectangu- 
lar co-ordinates. 


eee 


130. Many curves however cannot be expressed by an 
equation between rectangular co-ordinates. Such are the 
Spirals, which may be conceived to be described by the ex- 
tremity of a straight line of variable length, which revolves 
round a fixed point, called the pole of the spiral. The re- 
volving line (called the radius vector) may be considered as a 
function of the angle described. 


Thus if "“S’ be the pole, SP the radius P 
vector, S4 the original position of SP, and 
ZLASP = 0; r=f (0) is the equation to the 
spiral, and x and @ are called polar co-ordi- 
nates. 





THE STRAIGHT LINE. 
131. Find the equation to the 
straight line. 
Aw, Ay the two axes of w and y. 








oes Bn | to PN. 
NP = Y y) 
zPCA=0 4 P 
Pn BA 
Then — = — = tan 9, 
eh can ae 
or Ce Gane m, by writing m for tan@; 


2 y= me + Ob. 





THE STRAIGHT LINE. 139 


Cor. 1. If the line be drawn through a given point; let 
a and £3 be the co-ordinates of the point; .. ifw=a,y=[; 


. B=ma+b, and y= mu +b; 
*. y-B=m(#-a). 

Cor. 2. If the line be drawn through the origin, AB=0; 
and ..b=0; and y=mvw is the equation to a line drawn 
through 4. 

132. If two lines intersect, find the point of intersection. 


Let y = mv +b, and y = m,x + b, be the equations of the 
two lines; then, at the point of intersection, the values of the 
- co-ordinates are the same for both lines; 








b, —b 
.me+b=mae+b,; v= - 
m—- my, 
b, — mb mb, —- m,b 
sl ice SD gp itl 
m— mM, m—-m, 


133. Find the equation to a line passing through two 
given points. 

Let y= mz + b be the equation to the line HES m and b 
are to be determined. 


a and #, a, and 3, the co-ordinates of the two points ; 


. B=ma+b; BP, =ma, +b; 
B-B 
. B-B,=m.(a- a); al ae 
But - y=ma+b, and B=ma+b; 


., y-B=m.(o-«) =2—"! @ a). 


134. To find the angle which two straight lines make 
with each other at the point of intersection. 
y=muet+b, and y=mar+b,, 
the equations to the two lines. y 
PQR and P,QR, the lines. 
From 4A draw An parallel to PR, 


and Am parallel to PR’; ; a 
- znAm= LPQP; Al se ee 
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« PQP =nAxz—-mAzex =tan7'm —tan-'m,, 
andiien Ogee ee 
1+ mm, 

Cor. 1. If the lines be parallel, PQP =0; m—-m, =0; 
and m,=™;3 

ci anit Rae | are the equations to two parallel lines. 

and y=ma +b, 

Cor. 2. If the lines be perpendicular, 


1 m—m 
tan POP’ = — = —_____; 
O 1+mm, 


1 
-1+mm,=0, and m,=—-——; 
m 


1 
therefore, if y = max + b be the equation to a line, y = —- —#+5, 
m 


is the equation to a line perpendicular to it. 


135. Find the equation to a line drawn through a given 
point perpendicular to a given line. 

y=ma+hb, the equation to the given line, a and £3 the 
co-ordinates of the given point ; 


1 5 ° : 
cae See a b, is the equation to the perpendicular, 
1 ' . 
also 3 = ——a+ JQ, since it passes through (a, (3); 
m 


. y¥-Bp)=- a (# — a) is the equation required. 
Mm 


136. Find the perpendicular distance of a given point 
from a given line. 

y = ma +b the equation to the given line, and ((, a) the 
given point ; 


~ Y-B)=-—(@-a) 


is the equation to a perpendicular from a given point upon 
the given line. 

Then if 6 be the distance required, and y, and a, the 
co-ordinates of the point of intersection of the given line with 
the perpendicular, 


32/2 a+ B= (ca) 


3 


m- + 1 
m ° 








a 
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But yd fe=iy Gs a aad 
m 
v(m +1)=mB+a—mb; «. Py hese 
11 5 ee 
m3 —mb—ma m 
a: (8 -b- ma); 





the upper or lower sign being taken according as the nume- 


rator is positive or negative. 
If the point be the origin, thena=0; B =0; 


Con: 1. 
b Y-—mMe 





= ycos@ — wsin8O, 
since m = tan@, and \/m? +1 = sec @. 


If the line pass through the origin, b = 0; 





Cor. 2. 
—m™ 
ig ioe = 3 cos @ — asin 0. 
m* + 
Cor. 3. If neither the point be in the origin, nor the 


line pass through it. 
B —-ma-Yrme 


) 
/m +1 
_ (B-y) -m@- 2) 
/ m? ae 4 
= (B — y) cos 0 — (a — #) sin 8. 
137. Find the equation to a straight line, which cuts the 
axis of y at a distance 6 from the origin, and the axis of wx at 


a distance a from the origin, in terms of b and a. 
y = ma +b the equation to the line, 


when #7 =0, y=6, 
; b 
and y=0, =a; «. ma+b=0; «. m=-—-; 
a 

y : : 
=—--«w+6; or Fat = 1, is the equation. 
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THE CIRCLE. 


138. The circle is a curve of which the property is, that 
every point in its circumference is equi-distant from the centre. 
Let a and £3 be the co-ordinates of the centre, 


w and y of a point in the curve; a = radius. 
Then the distance between two points a, 3, and a, y 
=V(w- a)? + (y—- fp)’ =a; 
oY +a’ —2By —-2ar+a’+ 0’ -a’ =0, 
is the equation to the circle. 


Cor. 1. If the origin be in the circumference, and the 
axis of # pass through the centre. 


B=0, a=a; .. y +a? -2a7=0, or y =Zan—2’. 
Cor. 2. If the origin be in the centre. 
a=0, P=0; 2. y+a—@ =0, andy =a —w. 





139. If S be a point in the circumference of a circle, to 
find the equation between SP and a perpendicular on the 
tangent, S'Y. 

Join OP and draw SN | PO produced, 

SP-=r: SY¥i=p3 OP =a; sthen sy — iN. 

Now SP* = SO? + OP? + 20P.0N; 

. 7 = 2a +2a(p—a) =2ap; 
2 


r : 
Peale sok the equation required. 
a 


2 eet Te” a 


TRANSFORMATION OF CO-ORDINATES. 143 


TRANSFORMATION OF CO-ORDINATES. 


140. In some problems it is necessary to change the 
place of the origin, and the position of the axes, these cases 
will be separately treated. 


(1) Let the origin be changed. i /ier 

A the origin at first. 8 M 

B the new origin. ; 

P a point in the curve. mie ree 
AC=a 


the co-ordinates of B. 
B= [5 


AN=a, BM=vx,, 
NP=y, MP=y,. 
Then w=a,+a, and y=y, + B. 
Substitute these values for # and y, and the equation is 
transformed, and the co-ordinates are measured from B, 
(2) Let the axes be changed but still rectangular. 





Ax, Ay, the old axes, Aa, Ay,, the new ones. 
AN=2, AM=2,, NP=y, MP=y,, LeAx,=68, 
Draw Mm 1 to PN, and Mn 1 to Aa; 

. @ =An —-Nn=2, cosO -y, sin 8, 
y=Nm+ Pm=x,sin0+y,cos@. For <mPM = 9. 


(3) If the origin and position of the axes be changed. 
Let a and £3 be the co-ordinates of the origin, therefore we have 


v=a+a,cos@— y,sin 8, 
y= 2+ %, sin + y, cos @. 
141. To transform rectangular co-ordinates into polar, 
the origin being the pole. y 
AP=r, £PAN=6; P 


 @=rcos@; y=rsing, 


which put for # and y in the equation. a Soa 
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But if the point S' be the pole, draw | ¥ 
SB LAx, and Sm PN. 
AB=a, SP =; 
BS =, LPSm= 0; x eo ate 
. © =AB+ BN =a +7 os 8, 
y= BS + Pm=6 +rsin 0. 





Ex. 1. Find the polar equation to the circle round a 
point .S, co-ordinates a and /3. 


“. (a+7cos6)? + (6 + rsinO)’ = a’; | 
- 7? + 2r.(acosO +B sin8@) +a°+ RB’ — a’ = 0. 


Ex. 2. Transform (a° + y’)’ = a’ (a’ — y’) into polar co- 
ordinates, the origin being the pole. 


oe +y =r, and #=rcos0, y=rsind; 
* r= a’r* . (cos’@ — sin’@) ; | 
“. r= a’cos 20. 


Ex. 3. Transform the equation a” — y’ = a’ into another, 
the co-ordinates of which are rectangular, but the axis of y is 
inclined at an Z 45° to the axis of «. 


xv = #, cos@ — y, sin 8, 


y = x, sin 8 + a, cos 8, 


a ee) eg ee 















1 1 
@=27-45;5 .«. cos9@=—=; sinf= ——=; 
/2 / 2 
‘ 4/2 7 4/2 v4 
2 2 
v+ —(a%-— 4X 
Py iO ee aes 


2 2 
e a 
e av, Y, = Q ° 
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THE PARABOLA. 


142. If from a fixed line QDq perpendicular lines, as 
QP, be drawn, intersecting lines equal in ¢ P 
length, but drawn from a fixed point S, | 


the locus of P is the parabola. | | 


Draw SD 1 Qq, bisect SD in 4A, 
then the curve passes through A. | 


q 
Let S4=AD=a, AN=a, NP=y. 
Now QP or DN=SP; .«. DA+ AN =\/ NP*+ SN’; 





.atn=r/y¥ + (w@—a); 
. (a+ a) or (@ - a) + 4a” =? + (w - a)’; 
“. y = 4aa. 
Cor. 1. Ife=a; y’=4a°; y=2a, let this value of 
y be $1; .«.1 = 4a, and y’=/«x; 1, which is the double ordi- 
nate through the focus, is called the Latus Rectum. 
Cor. 2. The polar Equation. Let SP=r, 2 ASP=60. 
Then r= DN = 2a+ SN = 2a 4+ 7rc0s PSN 
=2a—rcos@; 
2a a 


tT = sai ~~ 
1 + cos 0 »@ 
COs 


THE ELLIPSE. 
143, If from two fixed points S' and H two lines S'P 








and PH be drawn and intersect, and SP + PH = a constant 
line, the locus of P is the ellipse. 
10 


L 
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Let SP+PH=2a. Bisect SH in C, and take CA=CM =a, 
the curve passes through 4 and M. Through C draw BCb 
| to SH. With centre § and radius =a cut this line in 
the points B and 6, the curve will pass through B and b, 
since HB and Hb each =a; make CB=b, and let CS : 
CA:: e@: 13°. CS =ae, which is ‘called the eccentricity. 


Let CN = ¢50 VP 4. OS bi Dee ae 
-. DP = SN’ + NP = (ae +2) +’, 
D,; = HN’ + NP’ = (ae-«#)+y'; 
. D+D/~=2(ee + 2’ +y°), and D’ — D? = 4aex. 
But D+ D,=2a; «. D—D,=2ea; 
°° D=a+eex, and D,=a-e2; 
°. D? + D? = 2a°+ 2e' a’ = 2 (ae? + a? + y’); 
. y=a’.(1-e*)-— 2. (1-e) =(1 — e’) (a — 2”). 


CS* 0 CS?) SB Se 
But 1 —e® =1—- — = a lear, 





a? a a ae 2 
2 y 2 . 
Be 2 2 sy 


Cor. 1. If A be the origin. Make AN =~2z,; 
w= ate, OF V=X,- a4; 
at =20a,— ea, : 
2 
. yf = “(242 — x"). 
Cor. 2. If S be the pole, and ASP =9@, and SP=r; 
* (Qa-—7)’= HP’= HN’ + NP’ = (ae — SN)’ +7’ sin’O, 
and SV = rcos PSH = — rcos@; 
. 4a’— 4ar + 7° = (2ae + 7 cos 0)’ + 7’ sin’@ 
= 4a°e? + 4aercos@ 47’; 


a(1 — ) 


1+ecos@— 








Cor. 3. If C be the pole, CP =r, and PCM = 8@. 


Then # =r cos6, and y=rsin6@; 
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af! Wypae <feos 8° sin’ 6 
ab ab 
Pape: = 
V/ b cos’O + a®sin?@ = \/ a" (1 — &) cos’ @ + a’ sin’ 
- | 








rey — e cos’ 0 
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144. If the difference between SP and PH be constant, 
the locus of P is the hyperbola. 


Let the difference be 
2a; bisect SH inC. Take a 
CA=a=CM, and the curve nee ni 
passes through 4. a M Uh Re Gam | 

CN = Vv 
NP = y 
Then HP? = HN? + NP’ = (ea+ #2)? +y=D,, 
SP? = SN? + NP’ = (ea -a@)’+y' =D’; 
» Di+D=2.@e+a+y’); Dy - D’ =4aex. 
Also D, -D=2a; «. D+ D=2er; 





NY 


. Let CS =e.CA =ea, where e>1. 


~. D,=a+ea, and D=exr-a; 
*, 207 + Qe x =2 (a* e* an xv + y’)3 
op = (&—1).a -(e - 1a’ = ( -1) (@” -@) 


b? : 
=—,.(#*-—a°); making b° = a? (e? — 1); 
a 


Cor. 1. If A be the origin, and AN=a,; «.%@ =a, +4. 


ie V©+4=4,4+ 203 Ca =8#, + 2ax, 5 
2 
and y’ = — (2aa, + #,’) 
eae: eae 


Cor. 2. To find the polar equation, S' being the pole. 


SP=r, cASP= 80. 
L2 
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Then (2a + 7)? = HP® = PN’ + HN’ 

= PN? + (2CS - SN)’ 

=r’ sin’ @ + (2ae — 7 cos 6)’; 

1. 40 +4ar4¢7 =7° + 40°e’ — 4aer cos0; 
_ a(e—1) 
1+ecos@ 
Cor. 3.. Let C be the pole; CP=7; | ACP =8. 
*e-= 9 cos 0, Vand ‘y/= 7 sn; 


v 








Tr Ee edn eet 
"eB Belting e 


ab b 
_rfs- et eS 
\/b? cos? 6 — a? sin?@ =e. cos? 9 — 1 
145. The asymptotes being the 
axes, and the centre the origin, find 
the equation to the hyperbola. 


The asymptotes are lines, as CO 
and Co, drawn through the centre, 











° b e 
making an angle = tan~' with the 
a 


axis of the hyperbola. 
CN =a, CM=x,, and OCA=0CA=8, 
NP=9y MP en; 
Draw Mn 1 to CAN, and Pm 1 to Mn. 
Since MP is parallel to Co, and Pm to CN, .. 2MPm = 0. 
Now «=Cn+nN= 2a,cosO + y, cos@ = (a, + y) cos 8, 
y=Mn- Mm = v,sin@ —y, sind = (#, — y,) sin 8; 














@ y (a) +)? 9 (a - 4)" 
Neate ties ere = cos 6 sin’ @ = 1 
a’? | «BP Th b? 
b 1 b? +a? 
But tan@=-;. ..:1 + tan’ se ee 
saga cos’ @ a 
cos’ 0 1 sin? @ cos’ @ 1 
= an Ra LANE ie dea ecg | 
a b+ a?’ b a Ba?” 


, (v7, + Y\)” — (a > Wy a 
sil ae Bi 
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CoD 
PER 





= 2 
Le. 4QYy=0 +0, ay, = 


2 

Cor. Ifthe hyperbola be rectangular, b= a, and a, Y= > ; 

146. ‘The curves whose equations have been just investi- 
gated are termed Conic Sections, since they may be supposed 
to arise from the intersection of a cone by a plane; and they 
are also called curves of the second degree, since the sum of 
the indices of # and y in any one term does not exceed two. 

The general equation of the second degree is of the form 


Ay’ + Buey+ Ca’? + Dy+Eux+ F=0. 


Now if the centre be the origin, the equation to the 
curve ought to remain the same when (- 2) and (—y) are 
put for # and y: consequently the origin of the co-ordinates 
of the general equation is not in the centre; since Dy and Ew 
will both change their signs, when (—- y) and (— 2) are put 
for y and 2. | 

To get rid of these terms, transform the equation to the 
centre by putting w +a and y + B for w and y, and make the 
coefficients of w and y respectively =0; there will be two 
equations to determine a and #; 


2Ah - BD epee a 
BP-4AC’? "  BP-4AC” 
The equation now becomes dy’ + Buy + Ca’ + F,=0. 


Next, to get rid of the term Bay; let the axes be changed 
to others, making an angle @ with the axis of w, by putting 





and a= 


© = «cos — ysin 6, 
and y=asin@ + ycos@. 
Therefore the coefficient of wy becomes 
2A sin @ cos 0 + B (cos’ 6 — sin’ @) — 2C sin 8 cos 0 = 0, 
-~B 
A-C’ 
an equation which is always possible, since the tangent passes 
through all degrees of magnitude from zero to infinity. The 
reduced equation finally becomes My’ + Na’ + F, = 0, which 
may be made to coincide with the equations to the circle, 
the ellipse, or the hyperbola, by giving proper values to M,, 
N, and F,. 


or (A — C)sin20= — Bcos20; .. tan20= 
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147. To find the relation between M, N, A, B and C, or 
to prove that 4MN = 44AC — B’. 

By putting in the general equation w cos @ — ysin@ for @, 
and vsin@ + y cos @ for y; we have 


M = Acos’0 — B.sin@cos@ + C.sin’ 0, 
N = Asin’ 0 + B. sin @ cos@ + C.cos’ 0; 








~ M+N=4+4C, 
M-N=(A-C).cos20— B.sin 26. 
—B 
But since tan 20 A Pus 
A-C —B 
cos 20 = — and 620 = — ee 
WAL ea ey teudey WA CFB 
wal = OC) teh: 


-=1/(A-C) +B; 


V (4 - C)’+ B 
Oe Me Aen | Al) aig 
aN =A. 2 4/ (2 DC) ae 
* 4MN=(4+C)’ -(4- CP - B=4AC — B’. 
Whence, if 44C> B’, M and N have the same sign ; 
HAAG Bian ey. Oe different signs ; 
if 44C = B’, either M or N must = 0. 


Cox. 1. If B’ = 4AC, a and f are infinite, and the curve 
has not a centre: the first transformation. is not therefore 
applicable, but the second is. Change the inclination of the 
axes, and the equation without the term Bay becomes 


My’ + Na’ + Pe +Ry+ F=0. 
Now 4M.N=4AC -B’=0; .. Mor N=0O. 
Let N=0;, 2. My +Pa+Ry + F =. 


. M-N 


Again, to get rid of the terms Ry and F’, make 
e=2e2+a, and y=y+); 
“ My’ + (2Mb+R)y+ Px+ Pa+Rb+ M+ F=0; 
—R 


and we find a and 6b, :. 2Mb+R=0, or 6=—, 
2M 
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4M — BR 
5 S14 GP AAS 
and .. My’? + Px =0, the equation to the parabola. 


and Pa+Rb+MU?+F=0; «a 


If M =0, we shall have Nw’ + Ry = 0. 
Cor. 2. If My’? + Na’ = F be an ellipse, find the axes. 
qd OMT 


Cee —=1; 
Py am OM ti 


Let a, b, be the semi-axes ; 


M 
but f the oj tion —y*?+ — av’ =1; 
u rom e given equa 10n FE i] of FP v 


= ape Coal seer Be Bagley 


Ex. 1. Prove that the curve defined by Sy + Ja = / ds 


is a parabola. 


_ Ex. 2. The equation y’— 2ya + x — 8x + 16 =0 belongs 
to a parabola, its axes are inclined at an angle of 45° to the 
axis of the parabola, and its equation when transformed to that 


axis is (y + +/2)? = 2 (w1/2 — 3). 
Ex. 3. Find the centre and the axes of the curve 
y® — 2uy + 3x" + 2y — 4a = 3. 


Ex. 4. Find the centre of y = S 





ip tary 


THE CISSOID. 


148. AQB is a semi- 
circle. Take AN and BM 
equal. Draw the ordinates 
NQ, MR.) Jon AR cut- 
ting NQ in P. The locus 
of P is the cissoid. 


AN=a, NP=y, AB=2a. 
AN* AM’ AM” AM 


NOE nie vi RE AMOGIED) = ULB 
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Cor. To find the Polar Equation. 
APz=r,: £PAN=0, «=rcos0, y=rsiné, 


y sin’ @ @ r cos 0 





ve co’@ 2a—x% 2a—rcos@’ 


+. 2a sin’ @ = r cos @ (sin® @ + cos’ 8) ; 


.sin@ = 2a tan @. sin @. 





sin 
pee es PotD, 
Cc 


os 9 





THE CONCHOID OF NICOMEDES. 


140.1) The! line* CP <revolves™) sun! 
| 





round a fixed point C, cutting the vans 

line ARN: RP is always of the “ 

same length; then the point P will ewer 
trace out the conchoid. ‘Al Bee 





Let CA =a, AM = xz, 


RP=AB=b, MP=y. ¢ 
MP? AR? RN* RP - NP 








CM C# NEP NP 
y b? a a 
Or, = 3 
(a +x) a? 


ae ay? = (a uk 2)* (b° al a”). 
Cor. Let CP=r, 2PCM=8, 


b 
r=CP= PR+CR=a+—. 
cos @ 


THE WITCH. 

150. AQB isa semi-circle, 
and NP is taken a fourth pro- 
portional to 4N, AB, and NQ, 


Then the locus of P is the 
Witch. 


AN = x, AB = 2a, 
NP=y; «. NQ=\/ 2ax- 2x’, 








Cee 2a / 200 — v aia) 


A N B 
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2a\/ 200 — # 2a-2 
a ee Og 


av xv 





151. The Logarithmic Curve. 





In this curve, the abscissa is the ae 
logarithm of the ordinate, or if a be hel eta 
the base of the system, the equation 8 
to the curve is y= a’; 

sie AB =a° =1, A w 


or the ordinate through the origin is always unity. 
It is obvious that as the abscissa increases in arithmetic, 
the ordinate increases in geometric progression. 


152. The Quadratrix of Dinostratus. 

While the ordinate RN of the quadrant : 
AQB moves uniformly from A to BC, the R 
radius revolves from CA to CB, cutting RN i : 


Q 
in P; the locus of P is the curve required. / 





aN 
AN=2, CB =a, om 
NP=y, £QCA=8. Ces : 
Then 0: — Ye: ae 
S 2a 
PN y TH 
aia aE BY ty =f ae Mata! 
CN a-@ ea 2a" 


xv 
y =(a— 2). tan — 
2a 


2a 
Cor. When v=a; aCe: 


T 


153. If RN move as before, and a line as re 8 
QPM parallel to AC move uniformly from AC, cal: 


Q 
the intersection P of RN and QM will trace Y 








the Quadratrix of ‘lschirnhausen. / 
Hete AQ’ AGE wa 2a; (alt ha rer 
UTAH we 
A =—. SS 
Q ae 2 2 


AQ ead -, . 
-. y =a.sin{|—]=a.sin — is the equation. 
a Za 
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THE LEMNISCATA. 

154. If SH bea Pp 
straight line bisected in 
C, and if SP and HP 
revolve round S§ and 
H, and intersect in P, 
so that SPx HP=CS’, 
the locus of P is the 
Lemniscata. 5 Cc N H 


CN =a; NP =W; CS =a, 
SP =\/PN*+ SN? = V/y + (a+ a), 
HP =\/ PN?+ HN? =\/y' + (a-«); 
yt (at ay xv y+ (@- ayaa’ 
{y+ a +a’) +2ant f(y? + a+ a’) - 2axt=a'; 


(y+ a? + a) — 40° a" = a 











oY + 2a7y? + ao = 20°a? — 2a07y’; 
v. (y* + a’) = 247 (a? — y’). 
Cor.) 1iCP'=7;> ‘ava 2 PCH ='6. 
Then x=rcos0; y=rsin@; a+y=r'; 


4 2 : 
-. 7 = 20° (cos O — sin’ §)3'".*) 1° = 2a" cos 20, 


which is the Polar Equation. 





THE CYCLOID. 
155. The Cycloid is described by a point in the circum- 


ference of a circle, which rolls along a horizontal line. 





N b B 


Let BQD be the circle, O the centre; and when its di- 
ameter is perpendicular to the horizontal line at A, let the 
point P, which generates the curve, also be at A. 
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Then 4b must = arc Pb, since each point of Pb has 
been in contact with each successive point of Ab. 


(1°) Let AN = 2, BD = 2a, 
NP =y, ZQOB=6; 
-. @ = Ab —- Nb=a0 -asin@ =a (0 - sin@); 
“ y=bm = a ver. sin # = a(1 — cos@); 


an algebraic equation cannot be found between wx and y, but 
since vw = aver. sin- 2 - Jf 20ay —y'; 
a 


dx a a-y y 


a differential equation. 
(2°) To find the equation from the vertex D. 
Let DM=a; MP=y; zDOQ=0. 
Join Pb and QB, then these being equal and parallel, 
PQ= Bb = AB - Ab=AB- Ph= Da. 
Then y= PM = MQ+ PQ=asin@ + a0=a(6 + sin 8), 
e = DM= aver. sin 8 = a(1 - cos@). 


Cor. Since # =aver.sin@; .. @=ver. sin~!—, and 
a 


asin@ =/2au — a; 
& 


ay = / 2am — xv + aver. sin7!-; 
a 








dy a-—w@ a 
wo ae tt 
dx /2an-a° V/2ax-— x’ 
2a—2 / 200 — 2 
Beg ie aS a i 





which is the equation most commonly used. 


156. From (2°) may be derived a mechanical method 
of describing the cycloid; for the point P is found by draw- 
ing MP perpendicular to DB, and equal to the sum of the 
ordinate QM and the are DQ of the circle. 


157. If we take MP equal to DQ only, then the locus of 
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P is a curve called the Companion to the Cycloid : its equa- 
tions therefore are 
y=a0; x=a(i—cos8), 


a 


whence nay Le An CN 
dt /2ax — x 





THE TROCHOID. 


158. The trochoid is the curve traced in space by a 
point B in the circumference of the inner circle BRb, whilst 
the outer circle 4Q rolls upon a horizontal line. 

P a point in the trochoid. Through P draw a horizontal 





line MRPm. Take O and o the centres of the circles. 
Draw ORQ and oP. 
Then Pm = RM, and 2 AOQ = 2 Aj,oP. 
Let OA=a, AN=@ 
OB=b, UN Pia y 
Then it is obvious that arc 4Q= A4,; 
. w= 4A - NA, = a8 —- bsinO, 
y= NP =04,+0m=a-—bcos0. 


|; PUA OHO. 


b 
Lete=-; .«. v=a(0@-esin0); y=a(l—ecos6). 
a 


If e=1, or b=a, the trochoid becomes the common 
cycloid and their equations coincide. — 
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THE EPICYCLOID AND HYPOCYCLOID. 


159. If one circle revolve upon another circle and in the 
same plane with it, the curve described by any point in the 
circumference of the revolving circle is called the Epicycloid ; 
but if the revolving circle move within the other circle, the 


curve described by the point is called the Hypocycloid. 


P the describing point of epicycloid. 





158 EQUATIONS TO CURVES. 
CAs ay) CB 63: 4 ACQ = 6; 
CN=x7; NP=y; 4£PBQ=$¢; 
. v=Cn+Nn= (a+ b)cos8 +b sin PBm. 
But PBm = PBQ- (90-0) =$4+ 4 - 90. 


Now 4Q = PQ; .. a0 = bd; ee p=: 





-, w= (a + 6) cos@ — bcos (“*".6); 





b 
| Bh IB meaeeby ae hae (= 6). 


160. If b be negative, the curve is the hypocycloid. 





. @ = (a—b) cos@ + bcos (“=.0). 





: ge a 
and y = (a — b) sin@ — bsin ( 5 6); 
or we may derive it from the figure. 
For PBm = PBC —-nBC = 180 — z.. (90 — 0) 


a—b 
b 


and # = (a —b)cos@+bsin PBm 


= 90 — 8, 








= (a — b)cos@ + bcos (“—.2), 


y = (a —b) sin@ —bcos PBm 





= (a — b) sin@ — b sin (“~.0). 


161. If the describing point P be not in the circum- 
ference, but within the revolving circle and at a distance 6, 
from the centre. The curves described are then respectively 
called the Epitrochoid and Hypotrochoid: and their equa- 


tions are 


+6 
2 = (a + b) cos @ — b, cos (S--4)| 





b 
y = (a + bd) sin @ — B, sin is | 
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x = (a—b) cos@ + b, cos hee 8)| 





y = (a — b) sin@ — b, sin (“5*.9)| 


162. If in the epicycloid a=b, 
x = a(2cos 0 — cos 26), 
y = a(2sin @ — sin 26); 
‘. squaring and adding, | 
a +y’ =a (4—4c08s0 + 1); 
. a + y — a? = 4a’ (1 — cos 8). 
But # = a(2 cos @ — 2 cos’ 6 +1); 
.. & —a@ = 2a cos @ (1 — cos) ; 
y = 2asin @ (1 — cos @); 
“. (@ — a)? + y® = 4a’ (1 — cos 8)’. 
But 16a° (1 — cos @)? = (a* + y? — a’); 
. 4a? jy +(@—a)} =(@ +y°- a’); 
the equation to rectangular co-ordinates. 
Cor. If «—-a=rcosd, and y=rsing, 
4a°7 = (r+ 2ar cos)’; 
. 7 = 2a(1 — cos @); 


the polar equation to the curve, called from its form the 


Cardioid. 
163. To find the equation to the epicycloid in terms of 
the radius vector CP and the perpendicular on the tangent CY. 


Produce CB to q; join PQ, Pq, then since for an instant 
the revolving circle turns on Q, the motion of the point P 
must be perpendicular to QP, and therefore in the direction 
Pq: hence qP produced is a tangent to the curve. 


Produce qP, and draw CY | to it, and make 
CP=r;, CY¥ =p; then”: CY 1s) parallel, to- PQ; 


2 2 
Bek = Era also, Cq = a+ 26; 
A OG 
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vane (a + 2b) — p” ep. 
. ale Gg Rahn eer OU Cae 





2 2 2 299. 
.Pe—-pe=aac—ap ; 
: : (ae) 
bhaes Cine Sieh ae age a EES 6 
Me ME 


Cor. For the hypocycloid, c=a —-—2b is <a; 


: : a’ he 9” 
™% Pp id a e 92 2 e 








164. SPIRALS. 
(1) The spiral of Archimedes. In this spiral the radius 


vector varies directly as the angle described, 


or roc@; .. r=aé is the equation. 


Its equation may be thus found. Let a line revolve uni- . 


formly round S, while a point P moves 


uniformly from S' along it, then P will P 
trace the spiral of Archimedes. 

Or let 2ASP=0, SP=r; and ( . Nay 
let c be the value of r when 0 = 27; Se 


PEE eae a ey ae A 


sme papi 1} 2 a@ by putting a = nan 
27. 2 
(2) The logarithmic spiral. Here the angle described is 
the logarithm of the radius vector; its equation is r = a’. 
This curve is also called the equiangular spiral, since, as 
it will be shewn, the angle at which it cuts the radius is 
constant. 


(3) The hyperbolic spiral. In this spiral as the angle 


® e e e : *. a 
increases the radius vector decreases, and its equation is 7 = A: 


(4) The lituuws, so called from its form; where @ = af : 

2 
(5) The spiral of Archimedes, the hyperbolic, and the 
lituus, are included under the general equation r= a6", as 


A — ] 
we shall see by putting »=1, -1, or ae 


a 
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THE INVOLUTE OF THE CIRCLE. 


165. This curve is described by the extremity of a string 
which is unwound from the circumference of a circle. 





A the point from which the string began to be unwrapped, 
QP the string once coincident with, and therefore = 4Q; PY 
a tangent to AP, SY perpendicular to PY, join SP. 


Wee eee SQ=a; 
» SQ = PY =\/SP* — SY?; 


.@=r—p*; .. p?>=7* —a’, is the equation. 


Cor. If g =sec"'~ = PSQ, and 0 = Z ASP, 
eS 


= 5 Q = ok 3 
6+¢@ i sec - 
dO JVr-a SY 
dr , ~ §P 
iG. 


M 


CHAPTER XI. 


TANGENTS TO CURVES. 


166. Der. A TANGENT to a curve is a straight line 
which has a point in common with the curve, but which, if 
produced, does not cut the curve in the neighbourhood of the 
point. 

Let PP, be the curve, and suppose a line to pass through 
the points P and P,, and then to revolve round P, so as to 
make P, continually approach to P; the position of the re- 
volving line, when P, coincides with P, will be that of the 
tangent. 





Let AN=2, Ax, Ay the axes of x and y. 
NP=y, QPT the last position of the line. 
y = f (x) the equation to the curve. 
Y, = ax, + b that of the line through P and P’. 
NN ele P= 955 CAN tee 
Then because the line passes through P and P,, 





y has : 
Y,-Y =——.. (a#,— #) 1s its equation. 
— 2 


d 
But y/=f(# +h) =y +h + Ph’: 





dx 
d 
at hh + Ph’ d 
wee PB akcdananel: Seale A 3) 
L—w@ h v 


Now since by the revolution of the line (supposed to pass — 
through P, and P), P, approaches P; therefore h decreases, ‘ 


j 
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and the right-hand member of the equation continually ap- 


proaches = and when P, actually coincides with P, h = 0, 
v 





— d 
and si a i but then the line becomes a tangent, 
v—v@ v 
dy ; : i 
and y,-y= a (w,— x) is the equation required. 


Cor. 1. ‘The equation to the tangent may be written 
| 
=—a7+y—-#— 
sabia ‘wise a? 


which compared with the general equation to the straight 
line, y= mv +b, gives 


which shew that the tangent is a line inclined to the axis of w 


d 
at an angle whose tangent is = , and which cuts off from the 
a 





; from the former circumstance it 


is that the Differential Calculus has been called the Method of 
Tangents. 


d 
axils of y a line = y —@ ‘ 
dx 
dy 
Cor. 2. Hence AD=y — & FP, and 
@ 


Cor. 3. These values may be derived from the general 
equation; for 





dy 

let v7; = 0; ei, ig Ne 
di 

Y=0; «. —~@=AT=y = = W5 





dy 
or if these values be called y, and x, we have 
dy dx 

= nic g wj=a= rate e 
YW=Y peek Be TY dy 


which are the parts cut off from the axes of y and w by the 
tangent. 
M2 
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d 
Hence, having found - from the given equation to the 
2 


curve, 4D and AT may be found; then join 7'D, it produced 


is the tangent. 


Cor. 4. If the axes be oblique, we shall obtain similar 
d 
results, but will not be the tangent of PT'N, but the: ratio 
wv 


of the sines of the angles the tangent makes with the axes of 
w and y. 
Cor. 5. The line NT" is called the subtangent, and is 
useful in drawing the tangent, 
dx ' 
and N7'=AN+AT=2@ + y— EP nop ada 
dy dy 
Hence to draw a tangent, find the value of NT. Join 
P, T, and we have the tangent required. 


Cor. 6. The length PT' of the tangent 


repay Vie 


167. Der. <A line PG ee from the point ¥ contact 
P, perpendicularly to the tangent, and meeting the axis in G, 
is called the normal. 








= \/PN?+ NT?= 


Since if y = mwx + b is the equation to a line; 


1 : : 
yan i wv +b, is that of a perpendicular to it; 


dy dy . y | 
t-SSINCE Ay P= aie ay bes 1s equation to tangent ; 


dav f 

.Yy=— Fa + 6, is that of the normal ; 
da 

“ef me 





da 1 
—Yy-Yy= ag (w, — x) is the equation required ; 


0 dae 
and re being found from the given equation to the curve, 


the normal may be drawn. 
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ae 
Cor. 1. Hence tan PGae =— ‘<, : HG : a 
2 


; tee it 


. AG, called the subnormal = 4G —- AN = a 


But AG may also be found from similar triangles N7'P 
PGN. 


NP y dy 
GEN Go ee SY) 
De Sars ime 

a 


Hence to draw a normal, find NG; join PG, it is the 
normal. 


Cor. 2. The length PG of the normal 


pores We nae 2 
SNAP NO NG = Ny EE RAL 
d x* d x* 


168. The normal is the shortest or longest line that can 
be drawn from a given point to a curve. 








For if x, and y, be the co-ordinates of the given point 
w and y of a point in the curve, 
u = distance between the points; 
Eee (7, — v)’ + (y, - y)? a maximum or minimum; 
wee 


dy 
BO Bie a) b (Yh— Ys, =O 


3 


dx 
oI - Y= —- (4-2 
Y, y dy ( 1 ie 
which is, as we have just seen, the equation to the normal 


169. Find the length of the perpendicular from the 
origin upon the tangent, and the angle which the line from the 
origin to the point of contact makes with the tangent 


Since if d be the perpendicular from the origin on a line 


5 b Y— Me 
m #e b: = OO FSF 
i pe /me+1 /m +1 
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dy 
Tg eed 
A dy | 3 dv Yee 
1 = 
da wi dx? /1+p 
* ay 


Again, if @ be the angle between the tangent and a line 
from the origin, 








@ = tan-” tan, 
& de 
ye Ces 
tan G = = ad = Y — hed 
ydy w+py 


Cor. If we use differentials, multiply by dw. 


Vo ydx — «dy 

V/ da? + dy? ; 

and tan ees 
wde+ydy 


170. It may be useful to collect these values in a table. 


d 
GQ) y%,-yYy ree %, — #), equation to tangent. 


d 
(2) W-Y=- se (a, — @), equation to normal. 
J) 
d 
(3) Subtangent NT'= y we 
dy 
dy 


b I NG =y—. 
(4) Subnormal NG = y ofS 


wll da” 
(5) Tangent PT'=y 1 ey 


d 2 
(6) Normal Peay 14 2, 
wh 


Yee. h dy 
(7) Perpendicular on tangent = Wari where p= — 


heme 29 
(8) Tangent APT = OSE’ 
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dy 
(9) AD =y=y- 2 
ax 


of these formulas, the first four are the most important to be 
remembered. 


171. Since the tangent of the angle which the tangent 


e e e d e 
makes with the axis of az is <3 the angle at which the curve 
v 


e 


cuts the axis may be found. 


For the angle which the tangent makes with the axis at 
the point of section will be the same that the curve makes. 
Find therefore the co-ordinates of the point of section, and 


: d 
substitute them in the expression for = and the resulting 
H 


value will be the tangent of the angle required. 








Ex. 1. Let y= ; be the equation to the curve. 
+2 
Here if « =0, y =0; and .-. the origin is the point of section, 
d 1 1 
and econ —_-=-—, when w=0; 
de 7 (l-Hayi) a 
-, tan@=1= tan 45°; .°. @ = 45°. 
Ex. 2. Let the curve be the cycloid. 
dy /2a-y 2a 
dx VY Yy 


which is infinite if y= 0; or at the origin the curve cuts the 
axis of w at an angle of 90°. 


Ex. 3. Let the curve be the circle, and the origin in the 
centre. 





yaaa, *=p=--; 14 p= =S, 
dx Yy y OF 
Boch Waa i 
SNE a ae ila Xe py+ter=—-4+2r=0; 
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172. To draw a tangent through a given point. 
Let a and £3 be the co-ordinates of the given point ; 
x and y be the co-ordinates of the curve ; 


d 
(y. -—y) = (#,—2) is the equation to the tangent. 


But because it passes through a point where y, = 6 and a, = a; 


“. B- y= (@-2); 


from which, and the given equation to the curve, the point to 
which the tangent is to be drawn may be found. 


173. To draw a tangent parallel to a given line. 


Let A = tangent of the angle which the given line makes 
with the axis wv; 


d 
, pe = A, since tangent and line are parallel ; 
v ‘ 


and y,-— y= A.(«, — 2) is the equation required. 


If it pass through a given point, the co-ordinates of the 
point may be put for v, and y,, and then from the given 
equation to the curve, and from that of the tangent, the point 
to which the tangent is to be drawn may be found. 


174. To find the locus of the intersections of perpendi- 


culars drawn from the origin upon the tangent, with the — 


tangent. 
Let y =f (x) be the equation to the curve; 


d 
. YY -y= ~ (a, — 2) is the equation to the tangent. 





d 
Y= - 7 #, 1s that of perpendicular from origin. 


; a d 
From these three equations eliminate y, x; and also =" Ff” (#); 
Ai 
the resulting equation, containing y,, 2), and constant quan- 
tities, will be that of the curve required. 


Pros. If 6 be the length of the perpendicular from the 
origin upon the tangent, shew that 6 = \/a,a + yy. 





i ; 
For *s y,-y= mace << -D)  seuedumemecett sas eek Lo 
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dx 
and y,; = — ii” Vechten icteric ecco) 


are simultaneous equations for the point of intersection ; 
ae (1) x (2); yy" a YY, = (a? — BAy) § 
YP bey ae = YY, + aa; 
ais O= JS YI a UB). 

175. Two curves whose equations are y=f (x); and 
y = (a’) intersect, find the angle of intersection. 

Let @ be the angle between the tangents at the point of 
intersection, it will therefore be the angle required ; 


dy dy 
l 5 Palaces ee 
also @ = tan tan ek 
dy dy’ 
But =f’ («%); —S= (a) = f'¢: 


Since at point of intersection 2 = v; 


f(#) - $ (2) 
1+ f'(#).$'(2) 
Pros. The vertex of a parabola is in the centre of a 


circle, and its focus bisects the radius, find the angle of inter- 
section of circle and parabola. 


* tan@ = 





Here y’ = 2a (1), and y’ =a’ — 2° (2), are the equa- 
tions to the parabola and the circle. 


From (1) eof @=3 (2) oY d' (#) = - a 
aG+e 
*. tan@= nie fe y (a + 2) & y (a+ #) 
5 YY —ax aw 
y 


But 2ax¢=a'— «x at point of intersection ; 
at¢a=zay2; n=a(/2—-1); y=a/2V/r/2-1; 
aV//2-1 2 

HE 5 
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ASYMPTOTES. 

176. Asymptotes are tangents to the curve at a point 
infinitely distant from the origin, and may be drawn, if the 
values of AD or AT, or of both remain finite, when either # 
or y, or # and y, are infinite. 

Asymptotes may be thus constructed : 

(1) If AD and AT' be finite, join 7', D, and the line 
produced is the asymptote. 

(2) If AD be infinite, and AT finite, the asymptote is 
perpendicular to the axis of #, passing through 7’. 

(8) If AD be infinite, and AT'=0, the asymptote coin- 
cides with the axis of y. 

(4) If AD be finite, and AT infinite, the asymptote is 
parallel to the axis of #; and if AD = 0 is coincident with it. 

Exampie. Draw an asymptote to the hyperbola. 
dy b a +x 


<3 ° dx ~ a 4/200 +a’ 














ve b _ Ppa LoD i CU So) bx 
AD= -t—-=-. 9 Thiet a 
oul i ike oO BAe Code /2an+a) /2an4+ x* 
b 
= cmmmerss <= [) If C= 63 
a/ 2a 
li 
x 
d } y ¢ od 
ries ed OO. gs oe ace eee 
dy a+ x Q+ua a 
1+- 
. AT = 4 major-axis, or 7’ and C coincide. 


Join cD; it bee is the asymptote. 
177. This method is frequently difficult of application, 


and the following is more generally useful. 
If possible, let the equation to the curve be put under the 


Ca) ; 
form y= Av+B ob ie eG t Caer &e. then it is obvious, 


that as & increases, We ae ene B decrease; and when # 
becomes infinitely great, they vanish, and the equation to the 
infinite branch of the curve is y = Ag + B. 

But this is the equation to a straight line cutting the axis 
of y at a point y= 8B, and making an angle = tan7' 4, 


— = 
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with the axis of w. Hence it appears that the infinite branch 
of the curve is coincident with the line determined by the 
equation y = 47+ B; 


a C D ° 
. if y=Av+ B+—+-— + &c. be the equation to a curve, 
2 2 


y=Ax+B is the equation to the asymptote. 


We may observe that this method will not apply to find the 
asymptotes that are parallel to the axis of y: since then 4 
would be infinite: but asymptotes of this kind are discoverable 
by simple inspection of the equation. (See Example 10.) 


Cor. 1. If the form of the expanded f(x) be 
D E£E 
ya 4a e Bev OT + &e. 


the asymptote is a parabolic curve, of which the equation is 
y=Anv’+ Ba+. 
Cor. 2. »Since for every finite value of », the ordinate 


of the curve y= Av+ Br & differs less from that of the 
@ 


original curve, than the ordinate of the rectilinear asymptote, 
it is obvious that we may have a hyperbolic curve lying 
between the asymptote and the curve, and ultimately coinci- 
dent with either; this may be called a hyperbolic asymptote. 


EXAMPLES. 
THE PARABOLA. 
(1) Here y’=4aa; 





_ dy 2a. 
Raa was 
d y | 
pln NT ao a 
dy | 2a 
. AT = AN. T AC aS N rel 


Take .. AT =AN, join PT, PT is the tangent, 
d 
y Y = 20; or NG =24S. 
& 


Take «. NG=2AS; join PG, it is the normal ; 





. ; 20 
equation to tangent is y, — y = rane — 2); 


gy EXAMPLES. 
YY, -Yy =2a0,-2ax; .. yy, = 2a (@, + 2). 


Since yy; = 2a (a, +) is equation to tangent ; 


2a Q2ax 2a 
; make —=™m; 


*. =—M + 
ies oy HN ay y 


Cor. 





an equation to the tangent which is often very convenient in 


the solution of problems. 
The equation to the normal is 


i - Y= - 5 (m- 4); 


“. Y, =m, (a, ~—'2a—am;), 


the equation to the normal in terms of its inclination to the 


axis of &. 


Ex. 


Two normals to a parabola intersect at right angles; 
find the locus of their intersection. 


2a 1 (7 -<) a aR RAY 


But from (2) my —2a=—-#+——, 


1 
(1) meat 2a-sX— am’; 
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the equation to a parabola. 


(2) Find the equation to the tangent in the ellipse 


e 
> 








y a 1 dy _ b @ 
Be Det ke ee Ere y” 
B® 2# 
Dare Ragl c rAe L) 5 
— 0° b? 2 
YY; y= 2 tad tae =— —=07v,+6 -—y’; 
bh @—xa, 
yy i= oe —@2,), or pe verre 
CT at CAT 
Let y= Oa 22) ay = me ae 


.* CT xCN=CA’. (See Conic Sections.) 


2 
— & 


- 2 
ade NT 2 OT SCN ae 





= sub-tangent, 


wv 


or NT x CN=(a+2)(a-2) = A,N x AN. 
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b. rae 
Cor. 1. Make a,=a; «. n= AD =~ all 
a —2x@ 
b.(a+ a) 
G,=—-a3 gtd, Dh ae ee 
a — 2 
1 Ad) AID, = bee CB, 
dy & b? 
cal =—-y = —@f=— : 
also NG Jee ory wal 


Cor. 2. The equation to the tangent may be written 


ayy, +0 vv,=ab’; 





ba oe 
°, ef SE i ak 
Y, ay 1 y 
Bb. bt ax? 
Let m= — vat en OFC ma? = —— 5 
ay 
b? 2 QD 2 bt bt 
ma +l =b'. (= no | = bee 
ay ay y 


yy =m, +¢S/maes hl, 
an equation to the tangent in terms of the angle it makes 
with the axis of a. 
Ex. Find the locus of the intersection of pairs of tangents 
to an ellipse at right angles to each other. 


y= ma +4/m'a’ + b, one tangent; 





xz a 
Y= ae nf the other ; 


 y— maa frida +l, 
my +a =/ mb? + a; 
squaring and adding, 
(1 + m*) (y+ a”) = (1 +m) (c? + BY); 
WY tea a’ +B, 
the equation to a circle, radius =«/a? + 0’. 


Cor. If 6=a, the ellipse becomes a circle and radius 
= a A, 2, the chord of a quadrant. 
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(3) In the hyperbola of which the equation is 
ey — Ba = — ab’, 


the equation to the tangent is 





ayy, —Pxa,=—a'b’; 
Db a b? 
cine) Yy = cer we Vy) eerie! 
ey Y 
Se bx 
= M2, + / ma —B; if m=—. 
ay 


Ex. Find the locus of the intersections of tangents to 
the hyperbola, and perpendiculars from the centre. 


yi = me, + \/m'a” — 67, (1) is the tangent, 


1 
he =e ae (2) is the perpendicular ; 


v e e s e e 
‘. m= ——; substituting in (1), and omitting the suffix, 
4 
1 





Cor. Let 6=a, or the hyperbola be the rectangular ; 

- +a’) =a (@-y'), 
the equation to the Lemniscata. In fact, the Lemniscata is 
commonly defined to be the locus of the intersection of the 


tangent to a rectangular hyperbola, with the perpendicular 
from the centre on the tangent. 


(4) In the Cissoid, find the subtangent and subnormal, 
and equation to tangent. 





Here 7’ = bs 
J 2 


*, subnormal = y — = 


d 2a ~ 
.. subtangent = y Cae a (2a — a) 


dy 3@~0 A 





The equation to the tangent is  » 


Norze.—PTD in the figure should be a straight line. 
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. Y= neon {(3a — x) v — ax. 


- Making y, and wx, successively = 0, 











4on § 
it ats , and AD = ~ y= a.( zd ie 
34 — 2 24-2 
dy ane : 
If # = 2a, 7 and y, are infinite; there is therefore an 


asymptote through B perpendicular to the axis of w. 


(5) Rectangular hyperbola referred to the asymptotes. 


Here ieee y ae 
d : iN 
Y he oes P 
dx PR Ie 2° 
y A Nae 
 ¥,-Y=--(%) - 2), New 
# 
LY, — LY=—YR, +YH;, LY, + YX, = 2yeaa’; 
a’ a” 
v,=0, y= AD=—; y,; = 0, te ere 
AT. AD i wees 
The A DAT =——— = Cie a’, which is constant. 
2 2UY 


(6) Let Jy = r/o —~\/we; find equation to tangent, 
and shew that 4D + AT =a. 








y=0; « AT Hart Ms =u +r/ vy; 


Vy 
 AD+ AT =04+2V/ayty=(/erV/yysas. 
(7) Draw a tangent to the cycloid. 
AN.= 0, NP.=y, AB = 2a. 


EXAMPLES. 17@ 


dy /2av— a" 


‘Eben —— 
dx 





a 
‘ div Y.@ 
- SE Dy er eee 
, NP.AN 
or Br GENO: or 


Nee N Pees AN Gs NQ : 
-and ZN is common to As 4NQ, TPN; «©. they are similar, 
ana 2ZPTN=ZQAN, .. the tangent 7'P is parallel to the 
chord AQ. 

Also since Z AQB is always = 90, PG is parallel to BQ. 


(8) Draw an asymptote to the hyperbola. 
4 


5b) b 2a 
y= iV 2aa4 =e a(t 4) 
a a @ 


Shee) pisrep ee 82 ie 
i Fp thay) eguay 2 & 
— = v a--—-.— +— Ce 
a Q wv ve ; 


b : 
and therefore y = + —(# +a) is the equation to two asymptotes; 
a 


and since if v=0, y= £b; andif y=0, # = —a, both will 
pass through the centre, and be equally inclined to the axis of w. 


(9) Draw the asymptote to the curve. 


a 
yp=aeraxr= x (1 +: AG 
Y 


a B 
=o+—+—+-— + &e.; 
3 @ fk a 
a. ° ‘ 
“. y =v +- is the equation to the asymptote which cuts the 
3 


i a 
axis of vw at an Z = 45°, and at a point 7 = —- a : 


12 
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(10) Let y. (ae + 6’) =v’, draw the asymptotes. 


ve ve 2 











eA beta Wha Vege b uttin ee 
y OR ge Ts y Pp $ 
ews 1 Ce “ 
2 
= —, =-wjl1—--4—-—+ &e. 
a Cau xv j 
1+- : 
av 
2 2 3 
aw ce Cc Cc 
oiler | ae eaperet r ome foe + &c.; 
a a a ax 


', ay = @ —ca +c? is the equation to the asymptotic curve. 
This being put under the form 


So ne 2 c : c\* 
ay- Ze = 7 Beg oe: Chas 3 


cy qc 
a era TONNE) 


shews that the curve is a parabola, the axis of which is per- 
pendicular to the axis of 2 and the vertex determined by 


c 
making 2, = F and y, = 3 ; the latus rectum = a. 


The curve has also a rectilinear asymptote parallel to the 


b? 
axis of y; for making x =—c = ——, y becomes infinite, and 
a 


d 
- is also infinite; therefore a line drawn perpendicularly to 
aw 


bd ® b? eo. e ‘ 
the axis of w at a distance — — from the origin, will when pro- 
a 


duced to infinity be a tangent to the curve. 


178. When the equation between y and # cannot be 
solved with regard to y, it is frequently very convenient to 
substitute sv for y; and then from the given equation to find 
wand y in terms of s; and x being so assumed as to make 
# and y infinite, the inclination of the asymptote, if any, to 


the axis of w is known (for x= J — tan inclination) ; and 4D 


av 
and AT’ being determined, the position of the asymptote may 
also be determined. 


(11) Let ay‘— ba*+cay=0; make y =a; 


* aa's*— bat + u's = 0; 
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cg a/> 

7 2 ws ate here SS ‘ 
an = 7=0; If ax*=6; or = a 
a 





4 
by 
ey =e n/ — is the equation to the asymptote, since 
a 


+20 CY : 
Y— px Laase oe ify=o; andz#=o, 
y Qc ny : 
and Mati = a = 0 if y= OO; “andias= con 
p “say + cu 


(12) Find when the curve, which is the locus of the 
general equation of the second order, has an asymptote. 


Here Ay’? + Bay + Ca’ + Dy +Eu+F=0, 

or y+ 2(av+b)y+ca’+ex+f=0, 

dividing by A, and making the proper substitutions ; 
y+ 2(axv+b)y + (ax +b)’ =(a°—c) a’ + (2ab-e)x + b-f, 
and y= — (aw +b) £\/(a? — c) a’ + 2ab-e)at (Pf); 


r --o{(a+e HI pa ean 


b 2ab — B 
--ola+-  Jemo(14 2 So)! 


Qu tye \) a 





niles 
Ma Ban ae ice Hide i += + be}; 


and therefore the equation to the asymptote is 





a) 
patel 22Tamiiog | 
2A, a =e 


C 
Tana or B’-4AC>0, 


or when the curve is the hyperbola. 


= - (ata —o)a~ (04 


2 





which is possible when a’> cc, or 


Cor. If a? = c, the curve is the parabola, and the equa- 





tion being of the form y= = (eos) aafma. 14" 


cannot be reduced to the form y = Av + B. 


Pros. Find that tangent. line to a given curve which cuts 


off from the co-ordinate axes the greatest area. 
N 2 
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y: 
Area = $.&Yo= aly — pw) ( a 


(y — pwy _ dy. 
Tue Re where p=" 
si 
U = las 2d) a maximum ; 
p 
a es (3 - -@ St) GPO Fo 
“da p Cada da Vn 


ir ee OY Pe) ia Os 





Therefore also y = 4} y,; and the tangent is bisected at the 
point of contact. 


Cor. From this it appears that the least polygon of a 
given number of sides which will circumscribe a given oval, 
must be such that every side of the polygon must be bisected 
at the point of its contact with the oval, since the interior area 
must be least, when the triangular spaces as in the preceding 
problem are greatest. 


In the problem the axes are supposed rectangular, but 
if they be oblique, the same results are obtained, but area 


= 4 ay x sine of inclination of axes. 


EXAMPLES. 


2 
(1) Let wean; NT ant; NG = oy 


ND 





If n = 2, the curve is the parabola; NT7'=2a, NG = ; : 


(2) Let the curve be the Witch: 


2an — x 4a? 
VE Se NG = ae 
a & 
(3) The focus of a parabola is in the centre of a given 
circle, its vertex bisects the radius; find the point and angle of 
intersection of circle and parabola. 
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(4) Shew that the curve defined by y’ = 4a2, intersects 
4, 

the curve defined by y* = oop (w — 2a)’, at a point where 
a 


wv = 8a, and find the angle of intersection. 

(5) If y°=4a(@+a) be the equation to a parabola, 
the origin in the focus, shew that the points of intersection of 
the tangents, and perpendiculars from the focus, are deter- 
mined by the equations 


vt, = — a, and Wns. 


(6) The locus of the intersections of tangents to the 
parabola with perpendiculars from the vertex, is the cissoid. 

(7) Find the length of the perpendicular drawn from the 
focus of an ellipse upon the tangent, and shew that the locus 
of their intersection is a circle, radius = a. 

(8) Given two points A and B, find the locus of P when 
the angle PBA is double of the angle PAB, and draw an 
asymptote to the curve traced by P. 


(9) Draw an asymptote to the curve defined by y* + a’ 
= 3aay, and determine the points where the tangents are 
parallel to the two axes. 


(10) Find the point and angle at which the curve 
3y° = a (# + 2)’ cuts the axis. At the origin, angle = 90. 


(11) Find the same when y — 2 = (# — 1) / a —2, and 
the values of w and y when the tangent is perpendicular to the 
axis of 7 (1) y=0; r=3. (2) ¥=2; 7 =2 


(12) If y’ =3a°—.’ draw an asymptote to the curve; 
find its greatest ordinate; and the angles the curve makes 
with the axis of w at the points, w=0, v=2 and wv = 3, 
Asymptote y = —a# +1; ordinate = 2; angles are 90, 0, 90. 

Y+ae + a3 

(13) Draw the asymptotes, (1) when y =—_,—_,— 


> 
’— a 


(2) when y’ = aa‘ + ma’, and (3) when y = a’, 
(14) If in the ellipse, 9 = 2 CPG, and / = the angle PG 
tan J (a” — 0”) 
makes with the axis major; tan @= aR tan)” 


a 


(15) Shew that the curve whose equation is = sin 5 
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where y? — 2rv + a’=0; intersects the axis of aw at points 


‘ 2a ‘ 
determined by # = —-, n being any whole number. 
; nr 


(16) The normal to the curve defined by y’ = 4aa, isa 


e e 4. 
tangent to the curve in which y* = rai (vw — 2a)’. 
a 


(17) Draw a tangent to a circle, cutting the axis of w 
at 30°. 
(18) In the conchoid, where wy’ = (a + x)’. (0 — 2°), 
v.(a+ a). (0° — 2°) 
ao + ab? 


Aphis = 


Before differentiating take the logarithm of the equation. 
(19) Draw a tangent to v3 + yi = a3; shew that the part 
of the tangent intercepted between the axes = a, and that per- 
° 3 
pendicular on tangent = \/ avy. 
(20). The centre of an ellipse is the vertex of a para- 


bola, the major axis of ellipse is perpendicular to the axis of 
parabola, and the curves intersect at right angles, prove that 


major axis : minor axis :: 4/2 : 1. 


(21) If PY and QY be respectively tangents to corre- 
sponding arcs of a cycloid and the generating circle, shew that 
the locus of Y is the involute of the circle. 


(22) Find the angle of intersection of a rectangular 
hyperbola and a circle having the same centre, radius of circle 
being 2a; 

angle = sin='+ \/ 15. 

(23) If 7'P and TQ be tangents to a parabola, and § 

be the focus, shew that 


SP.SQ = ST”. 
(24) If 2y=c(ee + Bray (the equation to the catenary), 


1 
the normal = - y’. 
C 


1 1 1 : 
(25). 18 7 yn are be the equation to a curve, shew 


that a”. AT =a", 
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(26) Find that point in a parabola, at which a line from 
the vertex makes the greatest angle with the curve. 
Ans. v= 4a. 


(27) If A be the extremity of the diameter of a circle, 
PT a tangent, PN an ordinate, and AP a chord, prove that 
AP bisects the angle T'PN. 


(28) Ify"- (a+ ba) y""!+ (c + en + fa") y”*— &e= 0, 
be the equation to a curve of m dimensions, prove that the 
sum of the ordinates divided by their respective subtangents, 
is a constant quantity. 


(29) If C be the centre of a circle, AQ a chord, and let 
CNR be drawn cutting AQ in N, draw NP perpendicular 
to AQ and = NR; find the locus of P and draw its asymptote. 

If 2c¢ be the length of chord, a = radius of circle, origin 
centre of chord, and the chord be the axis of w, then 


(y-—ay=a° +a’ —-c’. 
(30) ABD is a semicircle, centre C, and diameter AD, 
EF is a chord parallel to 4D, CQR a radius cutting EF 


in Q, bisect QR in P; find the locus of P and the position 
of the asymptote. The curve is the conchoid. 


CHAPTER XII. 


THE DIFFERENTIALS OF THE AREAS AND LENGTHS OF 
CURVES: OF THE SURFACES AND VOLUMES OF 
SOLIDS OF REVOLUTION: SPIRALS. 


179. One of the applications of the Integral Calculus 
is to find the areas of curves included between given ordinates, 
the lengths of their arcs, and the surfaces and contents of 
solids. 

The solids of which we shall treat are called solids of 
revolution, since they may be supposed to be generated by 
the revolution of a plane figure round a line, thus termed an 
axis. Hence it follows that every section perpendicular to 
the axis will be a circle, the radius of which is the revolving 
ordinate, and every section made by a plane passing through 
the axis will reproduce the original area. 

Considering the areas and lengths of curves, and the 
contents and surfaces of solids, to be functions of one of the 
quantities # or y, we can, by the Differential Calculus, find 
equations between the differential coefficients of these functions, 
and expressions containing w or y, by which we shall hereafter 
obtain the values of the functions themselves. 

We shall find it useful first to establish the truth of the 
following Proposition. 


180. If 4+ Ba, A, + B,v, and A + B,« be three alge- 
braical expressions taken in order of magnitude, viz., the first 
greater than the second, and the second greater than the third, 
then shall 


A, = A, whatever be the value of w. 


‘ A+Be 
ie if (A + Be) - (4+ Bx) = 0, or Aid lie 
A+tsh 
., @ fortiori will iin — = 
A+B A 
But as w& decreases a approaches i or’ 1; and 


when «& is diminished without limit it actually equals unity, 
and 
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A+Bza 
; A,+ Bex 


which becomes fk 
A, 


by the continued diminution of , also is equal to unity ; 


ie A, 1, or A,= A. 





AREA OF A CURVE. 
181. Let 4P beacurve, y=/(2), 


Q oe 
the equation to it, where AN =a, - b» 
NP =~y; and let A = area ANP. 
dA 
Then ——-=y. 
en = y 
Let NN,=h. Complete the paral- 
lelograms QN, and PN,. A N N 


Then the area P\PNN, is>() PN,, <C QN,...(1). 
Now 4 depends upon 2; for as # changes, A changes ; 
. A=ANP=9(«#); and .. ANP, = (@ +h); 


dA ad Ag ih. 
. PP\N,N = $(@ +h) - Ee ame oa a ie see ast 


and (PN, = yh. 
d 
CO QN, =hx PN, =h.flerhy=hhy+ph + Ph’; poo; 
therefore, dividing by h, we have by (1), 


dA @A 
— +—— — +hke>y<ytph+ Ph’; 
foe dx’ 1.. oa RL Vg 
Pi’, ae Maite és mug thee and 
le. yt ph+ da ery tay Y 


are in order of magnitude; whence, by the Lemma, 


hi Abiat, 
dx mh 
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LENGTH OF A CURVE. 


182. If s=length of the 
curve AP; 


ds dy’ 
= = 1 . 
dx J i d x* 


Draw tangent PM, 
and chord PP,. tf A. x W 
Then arc PP,> chord PP, < PM + MP,. 
d’s on 


But are PP,=AP,- FR OOD p(a)= he a ae + &e. 








chord PP, = »/ Pm? + (P,m)?* =/}h? + (ph + PRY 
=h/ (+ p)+2Pph+ Ph’, 
PM =V/ Pri + Mui* =/h? + ph =hV/14 py 
MP, = MN,-N,P,=(y+ ph)—- (y+ph+ Ph’) =—-Ph’; 


whence, dividing by h, 


ds mes h 


sei gt ke > 1+ p +2 Pph+ Pe <V/1 +p Ph 
A tid 


see? Pp ee 
Sa) to Vitae x<a/1+p—Ph; 


Vite Ji 4 te 





VOLUME OF SOLID. 


183. If V be the volume of a solid of revolution APp, 


ava 
——-= TY’. 
dx 4 
* Pim=P,N,\—- PN=y+ ph+ Ph?-y=ph+ Phi, 


Mm=Pm.tan MPm=h.tan PTN=h. ay 
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Let Peis er Sy eyo) aL aes Vv h? 
=YP5 os 1pi= = dip Ve Ape yee 
NN, = h 
Then the solid Ppp, P, is> cylinder PMm,p, 


<cylinder RP, pyr ; 


V A 
ua CMS + &. >ryh, 


Mei aan ia? 12 
<a (y+ ph + Ph’)h, 
dV dVh 


— +—, —_ + &. >a < AY 
ROS Fern ELEGANS A VOLE) 


or >ry <7y’ +2rpyh + &e. 
h —= 7y’. 
whence =—= wy 


Pros. The surface of a truncated cone, of which the 
radii of the greater and smaller ends are a, b, and the slant 
side s, =7s (a+b). 

Let / = length of cone, radius of the base = a, 
therefore, surface of frustum 
=tla-whb=m7 jsat+h(a-b)t, 
but ¢ori,+s 2 :: a: 6: 
eS anion: .G — O50 
. sb=i,(a—)d); 


.. surface of frustum = ms. (a + 5). 
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SURFACE OF SOLID. 
184. If = surface of the solid of revolution 4Pp, 


ds, NA dy” 
nonin aie 
M 
P 
ee a 








AN = ‘| 
NP =y . Draw the tangent PM, and chord PP,, 
AP = | 
NN, a h 


Then, surface generated by arc PP,, will be 
> than that by chord PP,, <by PM and MP,. 


Now chords PP, and PM generate truncated cones, of 
which the surfaces respectively are 
T {PN + P\N,} PP,, and wr SPN + MN,} PM; 
and MP, will generate a circular zone = 7 (MN,? — NP”); 
and the surface generated by arc PP, 
ds as h’ 


= ——fh + —-— + &e 
du dx’ 1.2 


But {PN+P,N,} PP, 
= (24+ pht+Ph’).VSh? + (ph + Ph’) 
= (2y + ph+ Ph)ha/1+p'+ Mh, 
where Mh = terms involving h; 


and (PN + MN,) PM 
= (2y + ph) ./h “+ pita (@y sph) hil a 
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also MN’ — N,P; 

(y + phy — (y+ ph+ Ph’) = — Ph’ (2y + 2ph + Ph’) 
= — Nh’, by substitution ; | 

aS’ & Sth 


._—+ — — : Q h + Ph? (eae a 
PM eT So et OR SP + Ph®)/1 +p? + Mh 


<m(2y+ph)\/1+4p?—-aNh 
>QryV/1+p'+Mh + terms involving h, 
<2ryW/1+4 p+ Tphr/i + p’—-7Nh 


Pees yMh 
>eryV/1 epee: SS REE + &c. 








<2QryV/1+ p+ rphy/1+ p—aNh; 


ee 


3B dy? ds 
nae BOY Te Ys Qny —. 
dx” da 
Cor. 1. Hence it appears, that if in a curve ANP, 
A =area of ANP; and 64 be the differential of the area, and 
oa the differential of the abscissa; dw being very small, that 
64 dA 
ye tas . OA = Yoa, 


dv 


aS 
' da 





or the differential of the area of a curve is equal to the 
rectangle of the ordinate, and the increment of the correspond- 
ing abscissa. 


Cor. 2. If ds be the increment of the arc AP; corre- | 
sponding to the increments ow and oy of w and y; 


th : os ds ; 
en since cia pete 
= = 1 —_ = 1 Aca te 
Ox a dax’® A Ow 


OS = J oy’ +O as 
whence it follows that the increment of the arc is the hypothe- 
nuse of a right-angled triangle, of which ov and dy are the 
other two sides. 
Hence also it appears that the chord PP,= are PP, ulti- 
mately. 
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Cor. 3. Ifa be the angle which the tangent makes with « ; 
Ss 
“== seca; 0s =0da.seca. 
ox 


Cor. 4. In the same manner, if dV and 6S be the dif- 
ferentials of the volume V, and of the surface SS of a solid, 


2 


en ak) ae OV = ry’. oa, 
w 





v. OS = 27y.0s;3 


from the former of which expressions it follows that the diffe- 
rential of a solid is a cylinder, base zy’, and altitude dw: and 
that the differential of a surface is the convex surface of 
a cylinder, the circumference of whose base is 27y, and alti- 
tude ds. 


SPIRALS. 


185. The expressions just obtained, and those of the 
preceding Chapter, are only applicable, when the equation to 
the curve is known in terms of the rectangular co-ordinates ; 
we shall now find corresponding expressions for the perpen- 
dicular upon the tangent, the area and length of a curve, 
when referred to polar co-ordinates; that is, when r =f (6), 
or p= f(r), p being the perpendicular on the tangent, 7 the 
radius vector, and 9 the angle traced out by r. 


186. To find the expression for the perpendicular on the 
tangent in polar curves. 


SN=a, SP=r?7, 
NP =y, -SY = pj and-z ASP.= 6. 





dy 

aaa 
Now, Art. 169, SY=p= SOE 
NA au 

Te 





But #2 = SP cos PSN = — rcos0 =f (6), 
y= SPsin PSN = + rsin@ = $(8), 
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dy 
ae 
mien (ee) 
dav dQ) \da dx 
dO 
da dy 
etn do dé 
dw? dy? 
a0 00 
But — = rsin 6 — cos@. —; 


d d 
and as Peon 6 a sine a 





dQ 
dx d 
a = a = 7" sin’ @ + 7” cos’ @ = 7°, 
ie dy? dr? : dvr 
de * ae (r 3 ae) CE Sh) RG By. F 





3 





tine | 
i) Pee 
de? 


whence having given 0 = f(r), p may be found in terms of r, 
or of r and 0; but the formula may be put under a more 


convenient form for practice ; 


tare 
A sivaget COMM Bian ted 
pT BT ae 
1 1 du 1 dr 
het net Se aden tat ia tied O° 
1 9 aU 
aa + ae 


187. To find the differential of the area. 
dA 
Let 4 =area ANP, then will a0 7 dr’. 


Y@ 


For 4SP = ANP —- SNP = ANP - im 
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192 
d. ANP d.(ANP) dx 
But aia =) aap ue = Yara 
Maden canada dy) 
Fm ae nya an 
=4.(y5- 05) 
4 dé d@ 
= 47’. (Art. 186). 
Cone, isp Pea fr) tocting = 
r 





a useful equation in dynamics. 
188. To find the differential of the length of a spiral. 
Let s = AP; and let y and w& be the co-ordinates of P; 


ds yy, dy’ 
A! ieee om 1 sl = 
i d x 


but s, w, y being functions of 8, 
ds_ ds d@ dy _ dy d@ 


dw dQ dw da d@'dx’ 


ds dz’ dy’ “pias 
mow w/e gel we + 76?” 





dQ” 
189. To find the same, if s = f(r). 
GS AVO8iL0 dé? 
—>- = — —? 2 
dr d@ dr s/s dna 





Z p 
= J? ep Lieto 


r 
Vr — p 


Vr — p? _ adr 
x 


Cor. Hence cos SPY = = i 
ds 
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190. To find the tangent of the angle which SP makes 
with the curve. 


ants 2 igeee Wee we mike Oy 
RY Jr — p dr 

(or if r=-) = oe ee 

é U du 


}Y 


191. To draw a tangent to a spiral. va 
P the point to which the tangent is to be + | 
drawn. S the pole. Join SP. Suppose PT’ Ml 
DN a 


to be the tangent. Draw SY 1 PT, and ST eS : 
1 PS, then S'T is called the sub-tangent. 
Y : 
dg Tee i Re eee 00) 
PY Jr = p” dr 





Find therefore from the equation to the spiral ar , OF 
dé i 
tree according as the equation is p= f(r), or 0= f(r). 
r 
Draw S'T' perpendicular to S'P and equal to either of these 
values. Join 7'P, it is the tangent. 


; dQ dé 1 du\* 
Cor. Since RE GaN Coronas ast rst ae sq = (Sa): 

; I Wy, (\'- 1 | 

st Ma ao) aS PT 


192. Asymptotes to Spirals. 

If S7' remain finite when S'P is infinite, a tangent may be 
drawn which will touch the curve at a point infinitely distant 
from §', and is therefore an asymptote. And since those lines 
are said to be parallel which coincide only at an infinite dis- 
tance; the asymptote must be drawn parallel to the infinite 
line S'P. 


, ad Lg eee 
Hence to construct; find @ and 7°. FE when r is infinite. 
yh 


Draw SP at the angle thus found, SZ perpendicular to SP, 
and 7'P parallel to the infinite radius vector, 7’P produced 
is the asymptote. 


193. Asymptotic circle. 


If in the equation 0=f(r), @ becomes infinite when’ 
r =a; but impossible if 7 be >a; then if we describe a circle 


13 O 
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with radius a, the spiral will make an infinite number of revo- 
lutions within the circle, and constantly approach the circum- 
ference, without exactly reaching it. In this case, the circle 
is called an exterior asymptotic circle. But if 7 =a make @ 
infinite, and r<a, make @ impossible, the revolutions of the 
spiral will be without the circle to which it is always tending ; 
and the circle is an interior asymptote. 








194. The preceding expressions p @& 
may be conveniently obtained by a . 
direct investigation. ie 


Let area ASP=A; SP =r, 
LASP =0; SY =p. 
Draw SQ very near to SP, 
and draw PT' 1 SQ. 
Then area PSQ = 64, - s 
ZPSQ=60; QT =d6r; Scheie 
now PT is ultimately =a circular arc; 
1. OA = 4SQx PT very nearly 
=4(r+dr).7r06 very nearly 
=47°304+ 4rd60r; 


oA 
ote 36 = 4r + dror. 
But as Q approaches P, dr continually diminishes, and 
Itimatel ish but th hel | 
. a 
ultimately vanishes; bu e 39 ~ do? 
dA 
and ale eT 


195. Again (chord PQ)? = PT? + QT’ =7°.50 + (67r)’s 
_ (chord PQ)’ | jst fa FAK 
a, 56) ’ 


h ds Ay dr® 
nec re ase es | 
whence 70 “i 


dé 
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Also from similar triangles, SPY and PQT, 








Pe © 18700 p 
TMD On t/a 
do p 

me == Sa 80, 0 0,6) © O18 8 Or et 6 Rw 1 . 
no vear (1) 
nd OTE Se es Ea ie Se 
QT Or ny Jr = p 
ds r 
dr fp? 
Br 
196. Since tan SPY = tan PQT' = QT’ 
00 dé 
3 t = aa eo o> 
an SPY =r Tp r ap 
PT o0 dé 
PY =F = ¢ 
sin.’ PQ r a, r Ret 
QT or adr 
CNA ar peTaR UAT rE 
PNISOMS Veo SP) 3 PQ: 
(24g , 00 pag 
1S ese A Cee ; 


It is necessary that the student should be familiar with 


these methods of obtaining the above results from the triangle 
SPY, and the ultimate rectilinear triangle PQT'; as he will 
find their use in dynamics and in the early sections of Newton’s 
Principia. 


197. Pros. To find the equation to the curve which is 


the locus of the intersection of the tangent and the perpendi- 
cular from the pole; or to find the locus of Y. 


SP=r; SY¥=p, and let p, be the perpendicular from S 


on the tangent to the curve traced by Y. 


Let 0= 2 ASP; p= LASY. See fig. Art. 194; 


pidp 
as d@= a =: 
rr/r—p? p/p — p 


But p = 0 - PSY = 0 —cost.F; 


pdr 





Lh 


02 
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p dp Ny ; rdp —pdr 
a4 pV pp. ra/r — p r/r— p 
aii ga 
rr/r — p 
Spncatts TMs Soha Me as 2.) RRL us 
p — p;° Jr —p pe p. 
4 2 


; P . pr. 
Pig ey: and Pi tse 


which is the value of the perpendicular on the tangent in the 
required curve: and if r, be put for p; and since 7 is a func- 


tion of p =f (1), 
os Dif (1) =e 1’, 


will be the equation to the locus required. 


Ex. Let the spiral be the equiangular where p = mr; 





Ri ieee 
is rT; = MYT 5 ee Pi = = = MT), 
? r; 
an equation to a similar spiral. 
EXAMPLES. 


Example. [Find the value of p in the Conic Sections. 


m 
r = ———_—__, where m= latus rectum: 
1+ecos @’ : i 
1 e du oe, 
u=—+—.cos0; —=-—~—.sin@; 
nm m dé m 
du’ 1 
eae — 3 — 41/4 2eicos 8 +'e 
+ 76 aa 
ae ae. Sis 2 
art ele 1 + e”) 
1 (2m—r(i —-e?*) 
Se ear ee 
—m r 
2 
m .¥ 
2 
p 


~ 8m —7r( — e) 
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(1) In parabola, e=1; .-. p= and m= 2S'4; 





SY? = SP.SA 
; 2 b? 
(2) In ellipse. e<1; m=—; 1- e=—; 
a 
4 
ae aN by 
PAT an 2a — 7 
Aenea, 
F: 2 
b? 
(3) In hyperbola, e? >1; e?—1= ize 
ly mr Ca 
"?P —2m+er(@-1) 2atr’ 
impel BC.SP 
and therefore in ellipse and hyperbola, SY? = Fp 


n 


(4) Find the equation between p and r, when 0 = =o 
7” 





i 0 
@=—=a'u'; UW ate 
du 1 yn} atl 
. = = ———___ = —— by substitution ; 
Geer Ti Gate i alii 
; du’ 1 aaa 1 5?” de ye? 
Koha Gh Mist ope 2 laio™. | 2 
Deer 
LD ee eae 
aie +. 9°" 
(5) Draw a tangent and asymptote to the spiral; where 
a 1 du 1 
Ge = eu, 6 ees SPs a; or theslocus 
a SIR ORES 


of 7' is a circle radius = a. 


Since S7J' is constant, and 6=0 
when r=. #£Produce S$ _ indefi- 
nitely. Draw ST’ 1 SA and = a. 
Then a line from 7 parallel to SP 
will be the asymptote required. 








(6) If 7° =a* cos26 which is the polar equation to the 
Lemniscata; find the equation between p and r, 
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s 1 
Here uw =———-;_ cos 290 = _s 
a? cos 20” ura? 
dé 1 du 


ee Se ee yy a sin 20 
dus Wa* sin 2@’ dé 


1 aut —‘ 
and sin2@ = RP 
F: 3 


2 du * 2 
uw + |---|] =U + uU—-uuv=au 3 
d@ 
ae ns r 
2 y® a 


(7) Let r =a°, the equation to the logarithmic spiral ; 


BONE Gta or 
d I ri/r — p Ar 
p | SY 
Opera hal it Sey 
ea he es A’ 


that is, 2 SPY is constant, and on this account the curve is 
called the equiangular spiral. 


\/ v ya p ) re 
Pp 


Cor. 1. Since ASG ee As 
Pp 


1 
7 Ae 


= mr, by substitution. 





ne _ sin SPY = 





Lr 


Cor. 2. The radii including equal angles are propor- 
tional. 


Let SP and SP, include an Za, 
and S'Q and S$Q, include the same angle. 
Let zASP = 0, and zASQ = Q; 
. SP=a’, SQ =a’, 
SP, =a°t*, S§Q,=a***; 
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Ap osloas Oh 1S PS des OS, iS 
SP ~ SQ,’ Ona : a2 OS Qa Ci: 
Cor. 3. Given the ratio of SP and §'P,, which include an 
angle a; find a. 
Memes tse bay inl lk, G: 


But SP = a°, and SP, = a®t?; 


SP, ; My 
‘ S = +C=4 3 
ae | - ] + = aA = yo be if (3 — SP y 
( °) tan 3 anu : ; 


or a= tan§.log(1 +c). 
(8) If r=a(i+cos@); find the equation between 
2 


pandr. Ans. p*= i 
2a 
(9) Find the equations between p and 7; (1) when 


r=a(et? +e"); (2) when r=asecnd. 


- ar 


JS nr — (n? _ 1) a 
(10) In the ellipse, if p be the perpendicular from the 


centre on the tangent, and r= distance of point from the 
centre, prove that 


1) p =——————; 2) p= 
(1) p Wap aiee (2) p 








oY? 


222 
; a’b 


ea Pap 


pP 





CHAPTER XIII. 


SINGULAR POINTS IN CURVES. 





198. IF in the equation to a curve expressed by y =f (2), 
where y is the ordinate, and w the abscissa; some value of & 


aie . : ] 0 
as a makes any of the differential coefficients 0, aa or a 


the point so determined is called a singular point. 


(1) Let the values of the first differential coefficient be 
considered. 


d4 ae 
Since ~~ represents the tangent of the angle which the 
av 


; ; 2 a 
tangent makes with the axis of wv, if sos 0, the tangent is 
xv 


parallel to the axis of «#, and this circumstance generally 
indicates a maximum or minimum value of the ordinate. 


1 f ; : 
ae the tangent is perpendicular to the axis of a. 
wv 


d 
If y=0 when =~ =0, then the axis of # is a tangent 
5 


to the curve at the origin. 


d 1 
If «=0 when a iy then the tangent passes through 
ah 


the origin, and is coincident with the axis of y. 


d 0 
When — ss a Many branches may pass through the 
wv 


point, as we shall see in the succeeding pages. 
2 


d 
If ud have a real value when eure 0, the ordinate is a 
d x dx : 





maximum or minimum, as in the annexed figures. 


a ann 
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Oo - 


< 


Before we proceed to Investigate the values of at these 
@ 
points, we must establish the following proposition. 


199. Prop. If the ordinate y be reckoned positive, a 


oO 


~ 


da? 


is 





curve is convex or concave to the axis, according as 








positive or negative. 
In the annexed figures, let M 
= ¢ r) val 
a 7 ; , and y= f(x) be the equa- pe eereay Ps 

~ tion to tl 

INI h ion to the curve vie | 

Draw the tangent PM, its equation is 2 | | 
dy 

Wey oily (% — %). A N 


Now at the point P,, the equation to 

the curve becomes N, P, = f (« + h), or 

d ae way 
N,Pi=y+ = h+ la ae 


aa + —~,—— +W&e. 
av dx?1.2 da’2.3 


and for the tangent, putting «+h for 
a, and N,M for y,, 





dy 





we 
therefore the deflexion from the tangent, or MP, 

F dy h? dy h? 

in figure (1) = N,M — N,P, = - ie brane yep ga &e. 
TE UA OE 


: 1 ese Hee; 
dxv?1.2 da®2.3 : 





in figure (2) = N,P,-N,M= + 


and since /* is positive, and that h may be taken so small, 
that the first term of the expansion may be made greater than 
the sum of all the terms that follow it, the algebraical sign 


d? 
of MP, will depend upon that of | lt 





Vv 


Therefore when the curve is concave to the axis, 


MP, = —-—*— —- &c.; and when convex to the axis, it 
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=+-—*,—+8&c. Hence, (y being positive,) a curve is 
dy . he 
convex or concave to the axis, according as ype positive or 
xv 
| ty 
negative, or generally according as y and — 7 / have the same or 
a” 
different signs. 
Cor. If we suppose P7' to be drawn | to P Ma, PT =h, 
MP’ d° h 
and —— = +4. ae hes gs ah 
Pay da * da’ 
and if hk be constantly diminished, the limit of the ratio of 


rp 


d? 
MP : PT* will be = +4.—4. 
Hence, ultimately, the deflexion from the tangent, 
d-y 
or MP, o ae ’ 


200. Sometimes the curve after being convex to the 
axis suddenly changes its curvature, and becomes concave, 
the point at which the change takes place is called a point 
of inflexion, or of contrary flecure. 


If the tangent at this point be produced, one branch of 
the curve will be above, and the other below it, consequently - 


a 


“ 


on one side of the point in question - will be positive, and 


on the other side, negative. Hence at the point itself ~ 
aw 


must = 0, or ©, for no quantity can change its sign without 
passing through zero or infinity. 
There is not however a point of inflexion corresponding 
2 
to every value of x, that makes aan 0, for not only must 
@ 
: ! dy Mids 
this equation be satisfied, but Te must change its sign after 
| @ 
having passed through the point under consideration. 
2 
Also if the same value of w that makes — = 0, also makes 
d°y : 
pe 0, there may not be a point of contrary flexure. 
x 
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2 
For since Ts is a function of x, write 7+ and a —h for a, 
Wh 


2 
and then 





, becomes, on these two suppositions, either 


@ 











2 
But at a point of inflexion som 0;  .. the deflexions 


& 





from the tangent at points «+h and #—h are respectively 
proportional to 


d*y d‘y h® d°y dy | 
tgs ary pe Kes and ae PN te 
: d ds 
which have contrary signs if oa do not = 0; but if aaa 
d‘y 


and qa does not vanish, the deflexions before and after the 
w 


point will have the same algebraical sign, and the branches are 
both concave, or both convex, to the axis. 


And hence in general there may be a point of contrary 
flexure, when the first differential coefficient which does not 
vanish is of an odd order. 


Hence, to find whether a curve has a point of inflexion, 


VLA nee 
Oe da 
determined, substitute a +h, and a—h for & in the expres- 

d’y d’y 


sion for —~. Then if —~ be affected with different signs, 
dx* da” 


] : 
>= 0, or ae and if a be one of the values of & so 


© =a gives a point of contrary flexure. 
Ex. 1. The cubical parabola a’y = 2’. 


a” 
y= 33 and.if #7=0, y=0, 


dy 8a* i A 
ae 
7 eT OE 
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2 


~ 


If w be positive or negative, y and —~ qu? are positive or 








negative; the curve is therefore always convex to the axis. 
da 
If e= 5 SS 
dx” 
d° Pie 
Ling rd = — is positive. 
DR Aya 
avy 
Li = — — is negative. 
da* a’ e 


The origin is therefore a point of contrary flexure ; also, 
d 
since vw = 0, makes = = 0 and y =0; the axis of # is a tan- 
a 


gent to the curve. 


CALE = gee eres he 
Hixe?. “Dhe Witch: iy = —4/ 2a8 — av, 
oh 














anv — x ae 50S te led 
ete ey Ae 7 
dy 5 / 208 — x — on" 
dx i a eee = 
VA ax — x? 
Qax—a+ 
“y a 2ao a , (3a - 2a) 
OLAS UE 0 oe aca bade ti ee! Sey e2, : 
dax* xv’ (2aH — a”) wv. (Qan — au)8 


: 3a : ; : 
which =0 if #=—, and changes its algebraical sign, when 
9 - 


3a 3a 
—+h and — —h are successively put for a. 
9) 9 


~ 


There are therefore two points of contrary flexure when 


34 2a 
TEE and y = 





tk 
/ 3 
Find the point of contrary flexure in the trochoid. 


y=a(l—ecos0); w=a(O-esin§); 


Ex, 3. 


d dé 
“Gh = aesing; ag 7 (1 — ec0s 6); 
dy esin @ 


dx 1—ecos@’ 
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d’y ecos@(1 —ecos@) —esin’?@ dé 











dav? (1 — ecos @)* dx 
e cos 6 — e& 1 
= = > SS tet 
(1—ecos0)’ a(i — ecos@) 
e (cos 0 — e) 


= ——_________-= 0, if cos@ =e; 
a(1.—ecos@y ” 


and cos (@ +h) is<e, and cos(@ —h)>e; 


“. cos@ =e gives a point of contrary flexure, 





be i Ce AZ 
and y= a(1~e)=a(1-—) =“ —, 
eo 


a 


201. Points of contrary flexure in spirals. 





Let there be two spirals, one concave and the other convex 
to the pole. Take two points P and P, in each near to each 
other, and draw S'Y and SY, 1 to the tangents at P and P,. 

Leh aipaS Pair, cand Shyer + hy andp = f(r); 
therefore if A be the difference between SY, and SY, we 


have in figure (1), where the curve is concave to the pole, 


A h Syele ed nek RNG 

= - =+—. —— —_ Gas 
AEROS BC dr dr? ia 
and in figure (2), where the spiral is convex to S, 


dp . @&p he 
Af @)-f@ Hh)= >> he kc. 





d 

and as h may be taken so small that ih may be greater 
dr 

than all the terms that follow, we see that the spiral is con- 


dp . Ws 
cave or convex to JS, according as Ss positive or negative. 
Yr 


Nore. P,Y, in the figure should be a straight line. 
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, d 
Hence at a point of contrary flexure = = 0, and changes 
Y 


its sign immediately before and after the point. 


EXAMPLE. 


Let r = a6", find the point of contrary flexure. 

















a ) 
ee es = 1 
ar 7.00 ae nen nr = 
nar 
dé p 
But — = SSS? Art. 1875 Cor. bees 
dr r/r ‘De 
1 2 2 2 
p y” y* n? a” y” 4 n? a” 
SSS SSS +) —=1 ae FFGie b) 
Jr — p : p? 2 2 
na” yh y" 
n+l 
Yr N 
* P a WA 9 9 % 
r+ na” 
1a ae 
dp nm+1 AL oe yn 
Miemras esi mecren mmm MR iC a gl ea ihc ae a a a 
dr n Jo wane nes 
nvV/rr+n’ a” 
omitting the denominator ; 
1 2 2 3 
w (m+ 1) 7" (r" + na") -— 7" =0; 


ae 2 2 
r snr" + n(n +1) at =0, 


% 
whence r=0, andr=a{—n.(n+1)}?. 


If 3 be a fraction with an eyen denominator, it is obvious 


that 2. (2+ 1) must be a negative number. 


.nm=-t4/4-p; «.. p must never exceed 4. 
a a 
eiyel = j 
If p=3, n= —-4, and Se or 6 = — the equation 
yr 


to the lituus. 
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MULTIPLE POINTS. 


202. Whenever two or more branches of a curve pass 
through a point, it is called a multiple point; and a double, 
triple, or quadruple point, according as two, three, or four 
branches pass through it. 

If the branches intersect, as in figure (1), 


: ; ; ES P 
which represents a double point, there will es 
be at P two tangents, inclined at different 


angles to the axis, and thus dy will have 
8 dx 
N 


two values corresponding to one of # or y. A 
Should however the branches pass 

through P, as in fig. 2. and touch each QC P 

other, and the contact be only of the gs 

first order, there will be but one value 
dy 


of ee but as there are two deflexions “A N 
wv 





2 
from the tangent, there will be two values of ——5. 


dx” 


203. Prosiem. If u=f(w#, y) =0 be the equation to 
a curve, cleared of surds, and there be a point where two or 


dy -0 
more branches intersect, 7q = . at that point. 
x 


Differentiate the equation, the result will be of the form 


d d 
ie GE et where oa and Nee 
dx dy dx 


ee 
Then since two branches intersect, as will have two values, 
2 
but M and N will be the same for both. Let a and be the 


d 
two values of = : 


-, Ma+Ne=0, and MB+N=0; 
-. M(a— B) =0, and a — 6 does not = 0; 


d 
Cor. 1. Hence the value of p or “= may be found, by 


the same method as that by which the values of vanishing 
fractions are determined. 
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Thus, since p= — 2 = - when # =a and y = b; differ- 
entiating numerator and denominator, 
es saad bi where M nae ‘ on 
M,+ M,p’ Ll ayaa ai ct ost 


or M.p’+2M,p +N, =0; 
a quadratic equation, from which two values of p may be 
found, and which, if possible, shew that the curve has a double 
point. 
Cor. 2. If, however, M,=0, N, =0, and M,=0, when 


v=a and y=b, differentiate numerator and denominator a 
2 


second time, and putting q -—) we shall have p of the 
a 


form 
M,q + Nop’ + Nap + N, 
ie ® M,q + M;p*? + M,p + M, 
Nop? + N,p + N, 
~~ Tip + Mp + M,’ 


whence we have a cubic equation of the form 





when w=a and y=b; 


p+ ap? + bp +c = 0 to determine p; 
and if there be three possible roots, there is a triple point. 
This process must be continued, if the numerator and 
denominator again vanish. 
Ex. 1. Find the species of point at the origin of the curve, 
ay’ — xv? — ba’ = 0. 
jae : dy 
Differentiating and putting p for aie 
2ayp — Sa° ~2be =0; 
2 
we potas as . if. a= On and gy 20; 


therefore there may be a multiple point. 


Differentiating both numerator and denominator, 
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.. the origin is a double point, and the tangents cut the axis at 


; = 
angles, tan~! Se, and tan-' (- /*), 


This example will be useful in shewing another method by 
which multiple points may be found. Thus, if there be a 
surd quantity which disappears from the equation y = f(«) 
by making wv =a, but which is found in the equation 


d d : 

cae (wx), then “Y will have two values, while y has but 
dx dx 

one, and there is a double point. For resuming the last 
equation, and solving it with respect to y, 


d 
y= TV a tb: dy _.~Va+b if 
a 


= + = , 
du / a ar f/ar/uer+b 


: e. 
Make w=0. Then y=0, and ele a/? , as before. 
ax a 











Ix. 2. Find the point at the origin of the Lemniscata. 
(a* + y?)? = a? (a — y’). 
Here 2(w + py). (a +y") =@°(# — py); 
av 2u(a+y’) 0 
ay +2y(a’+y") 0 





a = , iiaeand y = 0; 
a® —2(a +y*) — Qu (24H + 2yp) 
ap + 2p(a + y°) + 2y(w + 2yp) 
2 


a ; 
--, if e=0 and y=0; 





D7 ile alg pi ils 
d 

or Lalas tan 45, and tan 135. 
dx v 

Ex. 3. Find the same, when a — aya’ + by’ =0. 
Here 40° -— aa’p — 2ayw + 3by’p = 0; 

Qayx — 40° 

3by" = ax 





() 
ati when # and y= 0, 


2anpx+2ay—122° O , 
= (4 + y ray if a 240, 


6bpy — 2ax 
14 P 
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2ap + 2axq + 2ap — 24” ay 
"in Ghp's bbygmaa hese 
= pink ao. if #=0; 

6bp” — 2a 


. 6bp?-2ap =4ap, or p.jbp? — at = 0; 


* p=0, and pean 


there is a triple point at the origin, and the axis of « is one of 


the tangents. 


The triple point at A is repre- 
sented in the annexed figure; TJ'At 
is the axis of 2, AT, and AT, are 
the tangents of the angles, 


tant A/S, and tan7! e /*), 


Ex. 4. Find the same, when y? — 3avy + & = 0. 





yYp—-axnp—ay+n =0; 

aa ae =, if = 0 and.y=0; 
ap — 2x ap 

Yoyp— a 2yp—a 

'. 2yp — ap = ap, 

or p(yp — a) = 0; 


; if v=0; 





Te 0} 
Di 0, and Dis & Pens: 


The origin is therefore a double 
point, and the two axes are the tangents. 
The curve is represented above. 








d 
J will have but one 
v 


204. If the branches touch, then 


0) 
value, and yet at the same time be of the form —. 


For supposing the contact to be of the n™ order between 
two branches of the curve; then the values of the differential 
coefficients, as far as the (7 + 1)'" coefficient, when w = a, and 
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y = 6, will be the same for both branches; but after the 2" 


they will be different. 


d 
Let M — + N=0 be the equation after the first differ- 


v 
entiation, the original equation being previously freed from 
surd quantities. 

Then, repeating the differentiation () times, we have 


M being the same as before, and N, being the sum of the 
differential coefficients below the (x + 1), together with func- 
tions of & or y. 


n+l 
But ee has two values, as a and (3, while M and N, 
det 
remain unchanged; «. M.(a-f)=0; «. M=0O. 
dy dy 0 
But MW = = ons T=0; 7 ae eens 
u ae + N=0; N an ae 


The analytical character of double points of this descrip- 
2 





. f d O a } 
tion is, that when = ae has but one value, Ap which also 
dav we 


CONJUGATE OR ISOLATED POINTS. 


205. Conjugate or isolated points are those which have 
a real existence, and are determined by the equation to the 
curve; but from which no branches extend. 


Hence if # = a and y = 5 give such a point, then =a +h, 
d ; 
and «=a-—h, will make y, = , and the other differential 
v 


coefficients, impossible. 
ay h* 





d 
Also -« y, =f(@ +h) =y + Fm + 





is impossible, and that y and A are possible quantities, it 1s 
evident that some one of the differential coefficients 1s 1m- 
possible, when w = a, and y = 6. 

P2 
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Prop. At a conjugate point, if the equation be freed 


dy 0 
f surds, — = -. 
pi surds, 3 =r 
For differentiating the equation, « = f (vy) = 0, we have 
dy 
M+ N=0... ccc cc cee eee 1 
dx a; ( )s 


d d 
and if be not impossible, let = be impossible ; 





‘*, continue the differentiation of (1) (m—1) times; 


d”y 
N, = 0. 
da” ~ + 


d” 
Let oe EN aay eae 
da” 


. Ma+N,+MBV/-1=0; 


. M 





yd iOS 2. irom (1) ay ae"0 = 


and the values of 2 may in general be found, if any, by 
0 


a 


the method used for finding multiple points. 


Ex. 1. ay—a+ba®=0; «©. 2ayp— 3a°+2ba =0; 
3a°—-2bx oO , 
= —___—_ = -, if r=0 and ..y=0 
2ay 0 
6x2 — 2b b 
a a enh ea ee | 
2ap a 
b elp 


ay Ain ae and ... p= ikea 3 


Now #=0 gives y=0, while p= Nhs Also since 
a 








t ers b . 
Yor \/2 , if e=0 +h, the values of y are impossible, 
a 


and the origin is therefore a conjugate point. The same 
result may be obtained by differentiating the equation 











ph A ga f rei Mo =-/-4, if wv = 0. 
div 
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206. The comparison of this example with Ex. 1. in 
multiple points will serve to explain the origin of conjugate 
points. In the curve ay’ — a — bx’ =0; two branches pass 
through the origin and meet at a point # = — 6, forming an 
oval, while in the curve ay’ — w° + ba’ = 0, the oval disappears, 
and no curve exists between the values of #=0, and x =6b; 
these cases are represented in the annexed figures. 





e 


These two examples will shew that points of this kind 
arise from the vanishing of certain portions of the curve, 
owing to the change in the value of the constants. 


Ex. 2. y—b=(a4-a)r/n-c; aa. 


If =a, y=b; but if e=a+h, h being very small, 
so thata+h is<c; y is impossible; .. vw =a, y=b, deter- 
mines a conjugate point. 

2 


: d 
In this example we shall find as 0; but if g= 4 
and if the equation be freed of surds, 


ies se 8 (Mics 2) (ira 





0 
Say ae os y=; 


y—b 
18 (#—a)*+12(#—a)(w-c) 0 
a Ie ae ae 
_48(@—a)+12(v~—c) 12(a-c)_ 
% Y me 
*. g =12(a-—c)=-— 12(c —-a); 


4s g=2\/3(c-a)V-1; 

whence we see that y, = f(# + h) is impossible. 

207. In general we may remark, if there be a surd which 
vanishes from the equation y=f(#) if w= a, but which be- 

a" : 
comes impossible in — @ («), there will be a conjugate 
w 

point; if, at the same time, the values of y are impossible, 
both before and after the point. 
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CUSPS. 


208. When two branches of a curve touch each other at 
a point through which the branches do not extend, the point is 
called a Cusp. 

The branches have at this point but one tangent, and the 
cusp is said to be of the first species when the branches lie on 
opposite sides of the common tangent, and of the second 
species when they lie upon the same side. 


; d : 
Hence at such a point if =a, i. will have but one 
& 


ad? 
value; but if either a+h, or a—h be put for a, a will 
a 


have two values. 

d* re : 
If the values of Me be both positive or both negative, the 
a 
cusp is of the second. species; but if one value be positive and 


the other negative, the cusp is of the first species, for the 


deflexion of the tangent from the curve is measured by —. 
Since by the definition the branches suddenly stop at the 
cusp, either a+h, or a—h, put for x, will make the ordinate 
and the differential coefficients impossible. 
Figures (1) and (2) exhibit cusps of the first and second 
species. 





A N 


in which (a + h) and (a —h) put for @ give real values for the 
ordinate. 


a 
eee ed 
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These are discoverable by observing, that if # =a and 
y=6 give the point P, that y=b—s& makes x impossible. 
Or we may transform the equation to the axis of y making 

dy” 
near the point where y= 6. Ex. (y — 2)° = (w — 1)?. 


d 
x= f~'(y); and find the values of a, = and oe at and 
y 


Ex. 1. The semi-cubical parabola. 











: v2 
ay=ra, y= Fi) ¥ 
dy 4/* A 2 
go * as 
i ay Mga ined | 
dx? See / an 


d 
If x =0, y and - =0, if # = —h, they are both impossible. 
x 


d* ae 
But if # = h, y and a have two values, one positive and the 
oy be 


other negative; the axis of w# is therefore a tangent: there are 
two branches to the curve, one above and the other below the 
axis of x, and both convex to it, but the curve does not extend 
through the origin to the negative axis of the abscissas. The 
origin is a cusp of the first species. 


Ex. 2. Find the point, when w=a in the curve of 
which the equation is y=b + ca’ + (wv - a)? ; 








d*y oo : 
and — = 2c + ——(w# - a)?. 
: 2.9! ) 
Let w=a; y= b+ ca’, 
dy d*y 
seer eC Os = 2€ 
da d x" 
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If w=a+h; y=b+e(at hy + he, 


dy d°y 15 
ie c (a 4 “+ Z-h a2 e+ : 


d* 
whence in consequence of the index 4, y and — have each 
@ 
"y 
two values, and those of qa? are both positive, and since 
e 


U 


2 


d 
a —h put for # makes y, a and dat impossible, the point 


is a cusp, and it is of the second species. 


Take # =a, y=b+ ca’, and draw a tangent through P 
inclined to the axis of abscissas at an 2 = tan~!2ca, and then 
draw two branches above the line through two points Q and 


Q,, where 
MQ=b +c(a+h)?+h?, and MQ,=5b +e(ath)— my 
and the curves will be represented. 


209. There are also sometimes to be met with, curves, 
in which a branch having reached a certain point, is suddenly 
arrested, and extends only on one side of the point, such a 
point may be called a stop point, “ Point @arrét.” 


Again, two or more distinct branches sometimes meet at 
a point, but do not pass through it, nor mutually touch there, 
each branch having a different tangent. Such points may be 
named shooting points, points saillants. 


It is obvious that in the former species of point, y = f (2) 
suddenly changes its value, or from being real, becomes impos- 


d te ‘ 
sible, and in the latter ~ undergoes a similar change, i.e. 
is | 


from one value to another very different value. These are 


of rare occurrence, but as instances, the following are 
examples. 


Ex. 1. The curve where y = «loge, has a stop point 
at the origin. 


For «= +0; y =0; 
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1 
Puxea: if = @ tale: 
a 





3 


dy 
dx 


a T 
=-; or--. 
2 


Hence the origin is a shooting point, the tangents being 
inclined at angles 


tan~* (1.5708), and tan7! (- 1.5708). 


210. We shall conclude this Chapter by a few remarks 
upon the subject of tracing curves by means of their equa- 
tions. 


(1) If it be possible, let the equation be solved with 
respect to one of the unknown quantities as y, and let it be 
put under the form y = f(z). 


Then give to wv all the possible positive values the equa- 
tion admits of, and so determine the branches above and below 
the axis of positive abscissas. 


Next put (— x) for # in the equation y = f(x), and in the 
equation, thus transformed, again substitute for x all its pos- 
sible positive values, and the branches above and below the 
axis of negative abscissas will be determined. 


(2) Ascertain whether the curve has asymptotes, and if 
it has, draw them. 


(3) Find whether the branches be concave or convex to 
the axis, and determine the nature and situation of the singular 
points. 


These remarks refer to curves having rectangular co- 
ordinates, but if the equation be between r and @, give to 0, 
values from 6=0 to 9=2a, and draw the corresponding 
values of +; the positive values of r at the angles denoted by 
6; the negative values, in a directly opposite direction, or 
separated from the positive by the angle 7. Sometimes it 
may be necessary to take the negative values of 0. 


LS oes 2 


~ 





). trace the curve. 
e—-a 


Excl, eet y = a( 
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A, the origin, Aw and Ay the two axes. 


AW 





Tete O39, 4/10, 
v<a; .. y is positive, 
VG, a= oo, 
LX >Aa<2a, y is negative, 
v= 2a, Y=), . 
“%>2a, y is positive, 
con yy ie cs. 
Again, let - x be put for 2; 
U+ 2a 





“Y= ae is always negative. 
y es a $ 


To draw the asymptote : 





2a 
if 
xv (1 =") 1 a & 
= WV. = WV oe ie ° + — + Cares 

y Page wv v $5 | 
vie : 
; 2a? | 
you{l—---—-&ce.} | 
@ 
: 
2a : 
=w-a-—-— — &e.; | 


.. y=ax—a is the equation to the asymptote. 


Take .. AB=a= AD, and the line BD produced is the — 
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asymptote. Alsotake dC =2a. Then since y = 0, both when 
av = 0 and w = 2a, the curve cuts the axis at 4 and C. 
Between 4 and B the curve is above the axis; at B the 
ordinate is infinite; from B to C the curve is below, from C 
to infinity it is above Aw. Again, since if # be negative, y is 
negative; the branch on the left of 4 is entirely below the axis. 


To find the values of a 











xv 
dy w«w-2a (w —a) — (w - 2a) 
du Sa a (xv — a)’ 
uv — 3ax + 2a" i a & vw? —2ae +2a? 
A, Ga a)3 CLD (e-ajP — 
dy Re ‘ 
Let w=a; «. oT oo; and the infinite ordinate through 
a 


: ; dt : 
B is an asymptote; if # = 0; ~ = 2, or angle at which the 
WH 


e e e d e 
curve cuts the axis at 4 is tan-'(2); if # = 2a, = again = 2, 
av 


or Zat which the curve cuts the axis at Cis = Zat A: 


Since if (a — 2aa + 2a’) or (w — a)? + a =0, the values 
of w are impossible; there is no maximum or minimum or- 
dinate. 





pee d’y 2.(w—a)’-2}(#@-a)’ +a} —2a° 
ain, —— = - at 2. 2 ee ere 
$ 9 dx” (wv — a)’ * (7 — a)?’ 
2 
“. —— is+if w<a, and is—if x>a. 
dx” 


But w<a, y is+, and w>a<2a, y is—; and #>2a, 
y is +; therefore from 4 to B, and from B to C the curve is 
convex, and from C concave to the axis. 
d*y 2a° 
Tia esca)s 
branch from A to the left hand is concave to the axis. 


th awe = is +, but y is —; therefore the 


3 
Ex. 2. Let y?=— we all 
o-1 #1 





(a —w# +1); 








5 
oh y= Bo RMR ett 
ae 
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If x =0,\y = —=— is impossible, 
as 


“<1, y is impossible, 
Bis Ay gy is oo, 
v@>1, y is possible +, 
Be) Cosy ISMcO te"; 


therefore there are two infinite branches extending above and 
below the axis of positive abscissas. 


e—] : 
For aiputheey sy anN/ : (a? + 2 +1), which 
V+ 


is impossible, if # be <1; and’ =0, 1f ®=1. 





If x#>1, and increase to infinity, y is possible + and 
increases to infinity ; ; therefore there are two infinite branches 
which meet the axis 4a, in a point C, if AC =1. 


To find the asymptote : 
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] 
Lien Oc, 
Qa | 1 
= e(1 -— + — + &c) 
1 2 2m 
1— — + &e. 
22 


I) 


1 1 
ro ] we ° d 1 — — e 
5 += + &e.} w( 5, t &e-) 





28 


li 


“. y= +(a%+4) gives the two asymptotes. 
Take AD = AD,=14, and Ac=4. Join cD and cD,, these 
lines are the asymptotes, and if through B an infinite ordinate 
be drawn, two branches of the curve will lie within the angular 
spaces formed by the intersections of this line with ¢ D and cD, 
produced. For these branches of the curve will always lie 
_ above the asymptotes, since the ordinate of the asymptote is 
always less than the ordinate of the curve. This may be thus 
shewn. 
Let y, be the ordinate of the asymptote ; 








v+i) 
% ie mai and y =a +a4+4; 
Pear feck ethan (Pig )- (ate) 
; : v-l ‘ 
30 +1 


or (y+ %) (y-%) Pee, ye 


But y+y, is +3 ». y-y, is +3 or Y>Yy. 
Similarly it may be shewn that the branches which extend 


from C, above and below the axis Cwx,, lie between the lines 


D,c, and De (asymptotes) produced. 
To find the values of ee 


x 
2 log y = log (a? + 1) — log (# — 1); 
ay "y ( Sa? 1 20° — 3a" -1 
fede 42! Ya al) hae  8(@ — 1/8. 4/ a 4:17 
miichois o, if w= 1, or g= — I, 
Hence the infinite ordinate through B touches the curve at 


an infinite distance from A, or is an asymptote; and the curve 
at C where y=0 cuts the axis at right angles, Also since the 
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numerator 2a° — 3a” — 11s = — 2 when w# = 1, and is = 3 when 
w= 2, there is some value of a between 1 and 2 which will 





- = 0, ory a minimum. Take 4M this value, and 
Hh 


MP and Mp will be minimum ordinates. 


make 


Ex. 3. As a last example, let the equation be between 
polar co-ordinates, and let + = a (1 + cos 6). 





T 5 
Let oe ite .. cos@ = — sina, 


and r=a(1— sina), or r<a, 


T 
a=, Ol Q@=7; Ti) 
2 
Again, let 9=(r+a); «.. cos? = -— cosa, 


and r = a(1 — cosa), which increases as a increases, 


and r =a when a = 90. 
) 30 37 f 
Again, let Birra ate ith cos (“ +a) = + sina: 


*, ¢ = a(1+sina), which increases as a increases, and when 


a | 
OD or 0=2n7, r = 2a. 


It is obvious that the curves in the first and fourth qua- 
drants are the same, and also those in the second and third 
quadrants. If—@ be put for 0, *. cos(— 0) = cos@: pre- 
cisely the same curve will be produced. Take AB =2a, 
AC = AD =a, and the points at which it cuts the axes are 
determined.—This curve is the Cardioid. 
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EXAMPLES. 
GQ) If y=aw+ be’ + ca*; there is a point of inflexion 
b 
if e=—-—. 
3¢€ 


a? — x 
(ayer liy = @ WA ——,, trace the curve, find its greatest 
+e 


») 
¥ 
c 


ordinates, and the angles at which it cuts the axis of a: 
v= al /2 —1; the angles are 45° and 90°. 
(3) Trace the curves defined by the three equations 


Vee Wh a/ tte 
Y= Se ips 9? Yue eT 2? yY=@ © ets 


v a icky 











In (1) origin is a conjugate point, two rectilinear asymp- 
totes pass through the origin, and two infinite branches meet 
the axis of w at a. In (2) there are also two rectilinear 
asymptotes perpendicular to the axis of w: and the branches 
of the curve are included within the asymptotes. In (3) 
there are only asymptotes perpendicular to the axis, the 
branches of the curve pass through the origin and do not 
extend beyond the asymptotes. 


(4) If y=e%*, there are two points of inflexion corre- 


: eae 
sponding to # = cos™' —**), 
YU 
4 


a . e 
(5) y? =———; trace the curve: there are inflexions 
+ 





(6) y= (#-2) Ay sue trace the curve: there is a 
xv 


conjugate point if «=2; and y is a minimum if #= re 
(7) yy? =a2? — x, a cusp of the first species at the origin, 


i ; 2a 
an inflexion if 7 =a; a maximum ordinate if w = ae 


Qa? x : 
(ly ae there are two points of flexure when 
a’ + ty fh 


va=0, andv=a /3: the curve cuts the axis at 45°, and the 
axis of w is an asymptote to the two infinite branches; there 
are maximum ordinates when #= +a. 
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(9) If y= «a — a’, trace the curve; there are two points 
of inflexion, when # =0, and when w= a. 


(10) Find the points of contrary flexure, in the com- 

panion to the cycloid, when w= a(1—cos@); y=a@0. 
Two points when w=a; y= tina. 
(11) Find the point of contrary flexure in the lituus. 
r=a\/23 0= 3. : 

(12) Shew that the curve defined by a’p = r* has a point 
of inflexion at the origin. 

(13) Determine the nature of the points, when # = a. 

If (1) Y-b)'=@-a)’, (3) Y- 2) = @- 9), 

(2) y-b?=@-a)’, (4) Y-2Y =@-4), 


find also the inclination of the tangents at the points to the 
axis. 


o 


a 
@? — 1’ 





(14) Iiw= 


there is a point of contrary flexure 


3a “ys 
when r= oar there are two rectilinear asymptotes and an 


asymptotic circle, radius = a. 

(15) If «-— ax + a®y = 0, there are two points of con- 
trary flexure. 

(16) Trace the curve r = a(2cos@ +1), The Trisectrix. 
Like the Cardioid, with the addition of an interior oval. 

(17) Trace the curves\y =sing, y = tana, }y =seea, 
The circumference is supposed to coincide with the axis of 2, 
and the ordinate is the sine, tangent, or secant. The resulting 
locus is called, the curve of sines, tangents, or secants. 

(18) Trace the .curves 7 =@’ sin20)vand¥n=asmem 
In the former an oval in the Ist and 3rd quadrants: in the 
latter an oval in every quadrant. 


(19) If r=asin30, there are six ovals. 

(20) Tracey’-— 3avy +> =0. Make #=rcos 0, y=r sind: 
an oval in the 1st quadrant, an asymptote cutting the axis of 
w at 135°, two infinite branches in the 2nd and 4th quadrants. 

(21) Trace y’a = #7(a +x)’. The exterior branch is para- 
bolic: the interior has an oval between w = 0 and w = a. 


6 
(22) Trace the curves, (1) r=atan@; (2) r=2atan 2? 
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and find the position of the asymptotes. Asymptotic sub- 
tangents are a and 4a; (1) is included between vertical, (2) 
between horizontal asymptotes. 

(23) Trace the curve r= a0, taking both positive and 
negative values of @. 

(24) Find the asymptotes, least ordinates, and points of 
flexure of y’xv = (xv + a) (a — b)?. 

(25) (#+y°)’=4axy; a double point at the origin, 
p=0 and = o. 

(26) (#’ + y*)’ = 4a°a*y’; a quadruple point at the origin. 

(27) y'+2aay’ —a2z*=0; a triple point at the origin, 


1 
p= +——, and =o. 
2 


(28) Given the base of a triangle and the exterior angle 
equal to three times the interior and opposite angle at the 
base, find the equation to the curve, which is the locus of the 
vertex, draw its asymptote, and find its maximum ordinate. 


(29) In the diameter AB of a circle, take a point C; 
draw a chord AP, and an ordinate PN, and CQ parallel 
to AP, meeting NP in Q: trace the curve which is the locus 
of Q. 

(30) <A rod PQ passes through a fixed point A, find the 
equation to the curve described by P, when Q moves in the 
circumference of a circle of given radius, and trace the curve. 

(31) Two points start from the opposite extremities of the 
diameter of a circle in the same direction, the velocities are 
uniform, and in the ratio of 2 : 1; find the locus of the bi- 
section of the chord which joins the position of the points, and 
its polar subtangent. 


CHAPTER XIV. 


CURVATURE AND OSCULATING CURVES. 


211. WuHeEn two curves, as QPQ,, RPP,, cut each 
other in the manner represented in the figure, the values 
of y and 2 are the same for both curves 
at the point of intersection; i.e.if y=f (a) 
be the equation to the curve RPP,, and 
y= («) the equation to QPQ,; and 
AN=a, and NP =b;; the values a and 
6 put for x and y will make the equations 
b = f (a) and b = f(a) true equations, and 
. f(a) = (@). 

212. But if for x, a+ h, be written, (or as we shall put 
it, v + h,) the values of the ordinates of the two curves no 
longer become equal, and their difference, which is represented 
in the figure by P,Q,, is equal to the difference between 
f(w@ +h) and @(#+h), and will therefore be some function 
of h, and its value will depend upon the relations existing 
between the differential coefficients of f(#) and ¢ (#). 


For, let y, = N,P,, y= N,Q, 3 = f(z), and v = f (#); 
dz ad’ h’ 











ir = —h ss : 
Win ined NigHtiniso Sieh haa hoa 
4 eh av h? du h? Poa 
Scat Stains iA is kM ok To 
dv dz du as Rh 
 BQ=(-F.) (Geran eee 


or putting A,, 4,, 43, &c. A, for the coefficients of h, h’, h’, 
&e., the distance A between the curves, or the difference 
between the ordinates, is represented by a series with ascending 
powers of h, so that 


AN=A,h + Ah? + Ash’ + Ah + &e. + A,h® + &e. 


d d 
B13, | Wirstblertid, 20 =) Aye eee arse 


dx xv 


v dz 
ferential coefficients are equal. But aE and a represent 


| 
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the trigonometrical tangents of the angles which the tangents 
of the two curves at the point P make with the axis of a. 
Hence at such a point the ordinates are equal, and the tan- 
gents are coincident. This is called a contact of the first 
order. 


214. Let not only 4;=0, but 4, = 0, then 


df (ax & 2 (ax *b (x 
F0)= 90) LO £60, nq FEO) _ #9) 


This is called a contact of the second order. 











And in general the curves are said to have a contact of 
the 2" order when the first power of h, in the expression for 
A is h"*); i.e. when all the differential coefficients as far as 
the (n + 1) are respectively equal in both series. 


215. To find the degree of contact which a proposed 
curve of given species has with a given curve of known dimen- 
sions. 

Let y=f(%) be the equation to the given curve, and 
y, = (a) the equation to the proposed curve, which is sup- 
posed to contain n arbitrary constants. 

Then, to determine these » constants, we must have the 


n equations, 
dy dy, dy dy, Gig. dingy 


Mae aa nia ioe Gare and oa a daa 
or the contact must be of the (m — 1)™ order. 

Thus, let it be required to find the degree of contact 
which a straight line may have with a given curve ; we observe 
that the equation to the line is y, = aa, + 6, and contains two 
constants a, b, or the contact may be of the first order. 

And to determine the straight line which has a contact of 


the first order with a curve, y = f (2). 








d d 
Here a aes By Y¥=Y4i> and C= 5 
dx dx, 
| dy 
 y=an+b, or b=y-axr= mara 


Ae dy dy 
therefore substituting for a@ and 6, y, = oy, iY ara 


d ; 
or y,- y= (a, —«) the equation to the tangent; or the 


Q2 
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tangent has a contact of the first order with the curve which 
it touches. 


216. In the circle of which the equation is 
RP = (a, — a)" + (y. - 8) 


there are three arbitrary constants, the radius R and the co- 
ordinates of the centre a and 8. The circle therefore may have 
a contact of the second order, and the constants may be deter- 
mined by means of the equations 


d ry @& 
a = A 3 and Jes = A : 
dv da, da” da, 


The circle so found is called the circle of curvature, and its 
radius the radius of curvature of any point in a given curve. 








Y¥=%N1> 


For since the curvature in the same circle is uniform, 
while it varies inversely as the radius in different circles, and 
that curves are geometrically said to have the same curvature, 
when at a common point, they have the same tangent, and 
ultimately the same deflexion from the tangent, which con- 
ditions are both fulfilled by the circle that has a contact 
of the second order; this circle is assumed to be the proper 
measure of curvature, and curves are said to have the same 
or different curvature, according as the radii of these circles 
are the same or different, and the curvature in general 


1 


oc - c 
radius of curvature 





The circle of curvature is also called the osculating circle. 


217. To find the radius of curvature, and co-ordinates 
of the centre of the osculating circle to any proposed curve. 


Let y =f (x) be the equation to the given curve, 
R’ = (wv, — a)? + (y, — 8) the equation to the circle ; 


.. differentiating twice, we have 





d 
1. O= (t,-a)+(y, -f).- 7 BIE SAL Db 
dy, dy, 





and 0=1 YY, — % NE rea os 
an + dat. (Y B) da,” ( ) 


dy dy  ,dy dy 


But y = V=2,, ——= sree 
hash dae Wa abe dn’! ca,” * 
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‘. changing #, into x, and y, into y; 


Hie (aa) + (YB)? 





This expression has two signs; but if we call the radius 
positive, when the curve is concave to the axis, or when q 
is negative; and if, on the contrary, when the curve is con- 
vex, or when q is positive, the radius be reckoned negative, 


1+’)? 
we shall always have R = eaRe , 


The co-ordinates a and 6 may be found from the equations. 











dy’ 
Char ae lee p 
Sain tale galas. uh 
dx” 
dy 1+p° 
and a-a=-( Bea = F ps 


and the circle is thus completely determined. 


2930 THE EVOLUTE. 


218. In the annexed figure, let 
AP be the given curve, PO the 
radius of curvature, and O there- 
fore the centre of the osculating 
circle. 


Also let AN=a2; NP=¥y. 
Then An =a, nO=- 8; 





1 Q 
. PM =y-p=-S*P), 
1 2 
OM =a-w=-T*P) », 


PM and OM are respectively called the semi-chords perpen- 
dicular and parallel to the axis of #; for if we describe the 
circle, of which the radius is OP and centre O, PM is half the 
chord of an arc, since OM is perpendicular to it, and OM is 
equal to half the chord drawn from P parallel to AN. 


219. The point O changes its position with the change 
in the place of P, and traces out a curve, which is called 
the evolute of the original curve. Hence we may define the 
evolute to be the locus of the centre of the circle of curvature, 
and its co-ordinates are a and [3. 

And since from y = f(x); p and q may be found in terms 
of y or 2, 

2 


1 1+ p 
and .. from y—- B= — Lag G-a= uD 


q q 
and y =f(«); y and w may be eliminated; therefore there 
will arise an equation between a, (3 and constant quantities, 
which will be that of the evolute. 








-P> 


d 
220. Since e-a+ (yf). = =05 
Xv 


dv 
° Yi & rg Nees 2) 


but this is the equation to the normal of the original curve, 
drawn from a point, of which the co-ordinates are w, y, and 
passing through a point whose co-ordinates are a and [. 
Hence the normal passes through the centre of the circle of 
curvature, and therefore the radius is coincident with the 
normal. 
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221. The radius of curvature is a tangent to the evolute. 
| ; f 
Resuming the equation (# — a) + (y — B). = = 


aan it, considering y, (3 and a as functions of a ; 
? y _ dy _ ap dy 

















=o SAS 2 {61 i ea Goa palsorge = 
dy’ dy 
But 1 ay - erent a 
da 
EIS CLEA ieee Tle 
dx dx dx ede a dls Fe de 
da 


- (@-a)-(y- B). 54-0: or (B - y= (a-2), 


which is the equation to a tangent drawn to a point, ((, a), 
and passing through a point, (y, 2). 


But (B -y)= Le (a — #) is identical with 
a 


dx 
(y -P)= ty ae 

or with the equation to the normal of the original curve. 

Hence the normal to the curve, i.e. the radius of curva- 
ture, is the tangent to the evolute. 

222. To find the length (s) of the evolute. 

Since R° = (a — a)’ + (y — B)’. 
Differentiate, Sa ae R, y, v, B as functions of a, 
nee dy f{ dp 

Ena e = + y- Bye - wat yy Br 


bie cen apie 
a: (wa) \1 a 
But R? = (a aye ‘ (= ay, 


lI 


il 
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Divide (2) by (1); 
dR? dp ds* 
ee hs 1+ pagent ay geek: 
da da da 
“. R=s-+c, c being some constant length. 
Hence, if the equation to the curve be algebraical, A may 


be found in finite terms, and the length of the evolute found ; 
or the evolutes of algebraic curves are rectifiable. 


Cor. Let s,, s,, be two arcs of the evolute, from its com- 
mencement to the points where the radii are R, and R, ; 
. R,-s,=c3; R,-s,=c; .«. R,-h, = —8,: 
lett s,-s,=a; ©. a= R,-h,; 
or the difference between two radii of curvature equals the 
length of the are of the evolute intercepted by them. 


223. From this property it is, 
that the curve has derived the name 
of evolute. 

For if we take a string of con- 
stant length, one end of which is 
fastened at B, and the remainder is 
made to coincide with the curve 
COO,B, then if the string be un- 
wrapped or evolved from COO, B, it 
will describe the curve APP,. 


COB is called the evolute, and 
APP ae eS involute. 
From this construction it is obvious, 
(1) That the arc OO, is equal to P,O, — PO. 


(2) That O is the centre of a circle of which the radius 
OP is the radius of curvature to the point P. 


(3) That PO is a tangent to the evolute. 
(4) That PO is a normal to the involute. 





224. Another, geometrical, method of finding the radius 
of curvature and the co-ordinates of the centre of the osculat- 
ing circle is to assume that centre to be the limit of the inter- 
sections of two consecutive normals. 
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The truth i this assumption may be thus shewn : 


(y- B)=-— a8 Te —a) is the equation to the normal, 
dy 

dy 

da 


Now at the point of intersection, a and 8 remain the same 


= 0. 


or (w—a) +(y- B). 


d i 
for the two normals, while a, y and = vary, since at a con- 
v 


secutive point, # and y become w+ da and y + dy; therefore 
differentiating, considering a and (3 as constant, 
2 


dy’ dy 
baat YS Bas 


The same equation has been before obtained to find the co- 
ordinate (3 of the centre, and a is then known from 


d 
w-a=-(y-p)— 
And R may be found from the equation 
R’ = (@ — a) + (y - By’. 
225. Hence to find the radius of curvature in spirals. 
AP the spiral, § the pole. PO a 
normal, and O the point of ultimate inter- 


section of two consecutive normals. OO is 
the centre of the circle of curvature. 


SP =r, PO=R 
SY =p, SO=",f” 
Now SO* ='\8P’ + PO’ —2P0.PN, 
or 7, =7° + R?-2R.p; for PN= SY. 


SN L on PO =p). 





Then since SO and OP remain constant, while 


SP and SY vary, and since p = f(r) ; 
dip 
“Ge ORR. spe a 
O=r-R Ae 7 


If OM be drawn | to PS, or PS' produced, then PM = 4 
the chord of curvature through S, 


S’ 
and PM = PO x —=r.— .- = 
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226. To find R in terms of r and @. 





’ 1 ee hi wed are 
Since por rt de’ Art. (186) ; 
ap A Te Tagen ler ae 
dr pr Pde re Be 
heuer ges es fee dr’ a r 
a. SS Wore TAIT, wi EB ale ot hie eee l 
rdr p* sr i d 0 a () 
1 ii /e 3 Gas 
But 5 -5 (+53) 
Phew dr’\% 
a cult ag) winelt esis clola slelolevelelolcte rete (2) 
therefore dividing (2) by (1), 
dr’\# 
2 —_—— 
rdr R- (r si cel 
LF i kiabal Bot ee nai 
7 ae de 


an expression for the radius of curvature, when r = f (6). 


d 
Cor. Hence also to find a in terms of r and @. 
Pp 


dv? ar 
2 _ — ee 
( +? 6? rage) ol 


For TA ae OS 3 = 





( e: 4 

ee, Yr 

d 2 

P ~ = 1 chord = adi — . 

ie r+ 2 a r vit 
dQ? “dQ? 


227. Evolutes to spirals. 

The point O will trace out the evolute, and PO is always 
a tangent to it, and S'N is perpendicular to PO, we must 
therefore find the relation between SO and S'N. — 
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Now r= 7° + R?-2Rp......... (1), 
and p,= PY = Jr - (Dee (2), 
d 
ah Cn of ad Gg Peper (8), and R =r. Fo weseeeeee(A)s 
P 


between these equations p, r and R may be eliminated, and 
the resulting equation will involve r,, p,, and constant 
quantities, which will be the equation required. 


Ex. Let the spiral be the equiangular. 


Here p=mr; .«. R=——= 


One Pi = mM?» 
or the evolute is a spiral similar to the original, and described 
round the same pole S. 


228. When two curves intersect, we have seen that the 
distance between them, measured along the ordinate is, (when 
wv becomes # + h) expressed by the equation 


AN =A\h+ Ah? + Ash? + Ah + Ah? + &e. 


If therefore we put (— A) for h, we shall have an expression 
for the distance between them at a point where the abscissa is 
aw—h: let A, be this distance ; 
v A, = —- Ah + Ah? — Ash’ + Akt — Ah? + &e. 
Now since h may be taken so small that any one term ‘shall 
exceed the sum of all that follow it; we observe First, that if 
A,=0, A and A, have the same sign, or that in a contact of 
the first order, the curves touch, but do not intersect. 
Thus the tangent does not cut the curve, unless A, = 0, or 
at a point of contrary flexure. 
Secondly. Let both 4A, = 0 and A, = 0, or the contact be 
of the second order. 'Then 
| A= A;h? + Ayh* + &e. 
A, = — Ash® +Aph* ~&e., 
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which have different signs, and therefore if the osculating 
curve be below the given curve at a point where the abscissa 
is x + h, it will be above it at a point where x becomes wv — h. 
Hence the circle of curvature both cuts and touches the curve. 

There is however an exception to this, when the radius of 
curvature is a maximum or minimum; for then (as. we shall 
see in the next article) 4; = 0, and the expressions for A and 
A, have the same sign. 


For if the contact be of the third order, 
A= Ah‘ + Ash + &c. A, = A,h’ — Ah? + &e.; 
that is, A and A, have the same sign, and therefore the oscu- 
lating curve does not cut the given curve. 


Hence it appears that, when the contact is of an even order, 
the osculating curve both touches and cuts the given curve, but 
when the contact is of an odd order, it merely touches it. 


229. Prop. When the radius of curvature is a maximum 
or minimum, the contact is of the third order, or A, = 0. 


dy dy d’y 
Let Lamiaae wide and oe aes 
14 p’)é 
Theat eee ee 
apes 


But 1+ p?+(y —8)q=0, and if there be a contact of 
the third order, we must differentiate this equation, and put 
the co-ordinates of the curve for those of the circle ; 


2 
r=; 





1 
2pq + pqt (y—B)r = 3pq - 


Spqy 
Sify ip ts 
The same result as before, and therefore when 4;, or the 
difference between the third differential coefficient of y = f(x), 
and of R? = (v — a)’ + (y — B)’, equals 0, or when the contact. 
is of the third order, the radius of curvature is either a maxi- 
mum or minimum. 
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230. If qg=0, while p is not infinite, R =o; this is 
the case at a point of contrary flexure; for then the curve 
changes from convex to concave; the circle of curvature be- 
comes a straight line, namely the tangent, and before and 
after the point the radius of curvature is measured in opposite 
directions. 


EXAMPLES. 


(1) Find the radius of curvature and evolute of the 
common parabola. 





k 2a d*y 2ady = 4a" 
Yi 2 AOS Se Fa eS =--—; 
dw. y  da# y’ da y 


40° 40° +y = 4a(a4+2) 
Meehan a Ee hs 


y y 
2 q ug Doki {4a. (a+ a)}t _ 2(a+ a)t e) 








Bee a Ya Bye a as mei 48) 5 


a-—2a 
. 3e@=a—-2a,. or o=( ? iF 





: 4a 
But -. y= 4an; .. (40°B)3 = z — 2a); 
4 4; : 
ove Bim os (a 28) oe iy if a—-2a=a, 


the equation to the semi-cubical parabola. 
(2) In the Conic Sections, the radius of curvature oc 


(normal)’. 


Normal =N=yV1+p?3 «- /1+p'= 





ele 
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(1+ p*)? = 
Sgn Eaytge 
Now if the vertex be the origin, and the axis the axis of a, 


- R= 


y=2mMe+ne; ©. Yp=M+na; 


~ygtpon; -. Yq=ny-py 


=n (2me + nv’) —- (m+ ne)’ = — m’; 
N°? 
*. fe a 


(3) Find the radius of curvature of the ellipse. 








b b x 
me le a — @&@ = 
a J a aes. ti 
ba 
7 (a° a5 ays ‘ 
b? x” a—(a@—-BP)e a@—eax’ 
Dt PN age ay reer Re 
a” (a — x”) a’ (a” — a”) a” — x” 
(a? — e’x”)3 
R= 
ba 


Cor. Let &, be the radius at the vertex, and R, the 
radius at the extremity of the minor axis; 


a7, alii b? a ae 
haan 
ba a 


therefore, the length of the evolute of the elliptic quadrant 


ss pa 


4 
and .*. the length of the whole evolute = ae (a> — b*). 
a 


If R be a maximum or minimum, ep oe 0; 
# 


= 8/2 —-eCa.ex = 03 
2 


© a a ° e e 
. @=0, and #=—; but # = —- or >ais impossible, 
e e 


a’R ; 
and — aa Tn eae ex” + 3éa Ja — ea" 


=-— 3ea, if x= 
therefore R isa maximum, when # = 0, or y= +b. 


EXAMPLES. 239 


Hence, at the extremities of the minor axis the circle of 
curvature touches the ellipse. 


(4) To find the equation to the evolute. 


aki 2 eer) ye Nya ea), 
Re Rs Niba k= We ON Te 








(2) EGR (= (>) 
° ( * 6 (ae) 

; a’ — ex’ dy a —ea\ bx 
SC el or ay Pres aaa 




















a ae a ases (ae)s 
; 3 (b3)s 
Bute aareen kt ei: ogy i ERY eg 
at (ae)s (ae)3 


. (aa) + (bB)i = (ae) = (a — Bs. 


(5) Radius of curvature and evolute of cycloid. 


NP=y Sa ere Ape eae 
AB=2a Vy 
d 2 
1 + Us yaa a 
du’ y 
dy dy —ady 
dv dx y da’ 
dy ae 
ais ge 





2 


‘ 2a 
-R=(—).2-— Ben say eRe. 
Gey y a 


NotrE—AOD in the figure should be a curve. 
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To find the evolute. 


2 
UF ae a os eh ee 
y- B y a y B Y> 


dy VY 2ay-y 
2-a=—(y-B)ge=-29-—— = 2/2ay — 43 
v y 
- &y wa 29/2ny oi 5 
da 2(a-—y) dy 2(a-y) 2a-y 
——=1+ — = : 
dx /2ay—y dev y y 
d d se 
and PASI Sa / 24 y. 





Take Am=a,=-(, and mO=a=y,; 


da dy _ a [2a te Vem = my 


| J dpwda Dv, 











Dy 
The equation to a cycloid, of which the vertex is 4, and 
the diameter of the generating circle = 2a. 


(6) Find the chords of curvature drawn through the 
centre and focus of an ellipse. 
Since if CP =r, and CY, 1 to tangent = p, 
pe a” b” 


Gi bea 


-, 2log p = log a’b’ — log (a + b — 17°); 


+. chord through centre = ob Aide = pub be eer 9) = Ade 
dp r Cie 
ro 2 2 ‘ 
diameter = 27 ae = ala +b = 9) = acy : 
dp ey PF 
(7) To find the chord through the focus. 
br 


> 
29a-7r 





Here if SP = 7,97) =p: p* — 
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*. 2 log p = log b* + log r — log Qa - r); 
2dp, 1 1 2a 
oo. ——— = + ee Seer Se a Se 
pdr r 20-47 tT. (2a —r)’ 
dr * 2r(2a sca a 2d Le _ 2CD* 
dp AG 1) WLAGR 
(8) Find the form of the parabola y=a+ bx + ca’, 


which has a contact of the second order, with a given curve at 
a given point. 
Make the given point the ongin: then the equation to the 


parabola becomes y = bw + cu”; and let y =f («) be the equa- 
tion to the given curve, from which find p and q. 


dy 2 
But from above —~=b+2ecw#; and ay = 2c; 
da da” 


. p=b+2cwH; and g= 2e: 


But at the origin w=0; .«. b= p, and c= 


on 


Q : ; 
ph ee te ae 


2q 
2 2 
(yt ED) =F (oP). 
2q/ 2 q 
The equation to a parabola, of which the axis is per- 
pendicular to the axis of w, the co-ordinates of the vertex 
2 
2 
of. and ax and the latus rectum = -. 
2q q 
Cor. The general equation to the second degree, or 


y + (av+b)y+ ca’ +exr+f=0O, 


containing five constants, may have a contact of the fourth 
order, with a curve. And should there be a point at which 
a — 4c =0, the osculating curve is a parabola. Immediately 
before and after this point, a must be greater or less than 4c; 
and therefore the osculating parabola is intermediate between 
an osculating ellipse and hyperbola. 


16 R 
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EXAMPLES. 


(1) If y? + #& =ax—-—ay; an equation to the circle, 


(2) In the cubical parabola where a*y = a’; 


(at + 9a!) 


? 


6a a 
and in the semicubical parabola where ay’ = 2’; 


pple Ge 292) 
6a 


2 
(3) ‘The equation to the hyperbola being y’ = > (a? — a’); 
(ea? — a’)! 


deere MA 


R= 


; and the equation to the evolute is 


(aa)> — (bB)é = (a? + 0°)3. 


(4) In the parabola the chord of curvature through the 
focus = 48'P; and the length of the evolute 


_ 2(SPH- SAI) 
/ SA 

(a +a')2 
20° x 

(a + 8)? - (a - 8) = (44)}. 


@ @ 
(6) The equation to the catenary is 2y = a (a +€ ) 


shew that the radius of curvature is equal, but opposite, to 
2 


(5) Ilyana, R=- 


, and equation to evolute is 


the normal. R = — 


e|S 


2n/2ar 


(7) Ifr=a(1+cos6@); the radius of curvature = ant 





and chord = ota 
3s). 
(8) In the spiral of Archimedes, the radius = the chord 


ea 


of curvature, when 7 = 
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(9) The evolute of the epicycloid, of which the equation 
is p’ =e’. a , 18 another epicycloid, 
Vite et ii ae and ps po ia 
e 


e—a 


(10) Find the chords of curvature drawn through the 
centre and focus of an hyperbola. 


i 2 2 2 
(1°) If r=CP; Shooter Alaa 
(1°) 


y 


2r (2a4+ 7) 


a 


eel FS Poe chord = 


, da* 
Gi) Wy NA + aa be the equation to a curve 
dB V/ 3? ae 


(the Tractrix) ; the equation to the evolute is ke 
a c 


(the Catenary). 


(12) In the focal distance SP of a parabola, take SQ 
= PN; find the equation to the locus of Q, and the radius of 
curvature. 


SQ=r, SA=a, 2ASQ=80; r= eatan’. 


R (r* + 24077? + 16a*)? 
32.43 (4a? + 37°) 


(13) Determine that point in a cubical parabola, where 
the curvature is the greatest: and the point in the common 
parabola where it is 4" of the greatest curvature. 


(Qe ri on: 


a 
1 ah ere 
Q) «# aa 
(14) If a@é = 4/7? — a? — a sec”! (“), (the involute of 


the circle), shew that p = / 7 — a; and find the equation to 
the evolute. 


(15) In the parabola if D be the point where the axis 
intersects the directrix, and PN, QM be ordinates of cor- 
responding points in the parabola and evolute, prove that 
DM = 3DN. 

R2 
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(16) If d be the angle which the normal makes with the 
axis of w in the ellipse, then 
' a ¢ a e°) * 


a (1 — e* sin®))? 


e 


(17) In the curve (hypocycloid) of which the equation 
is v3 + y8 = a3; the equation to the evolute is 


(a + B)i+ (a - B)t=2a8. 


(18) Let R and R, be the radii of curvature of the 
extremities of two conjugate diameters of an ellipse, then 


(R? + R,2) (ab)3 = a? + 8. 
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ENVELOPES TO CURVES. CAUSTICS. 
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231. WhuEN a curve touches a series of curves, all de- 
scribed after a given law, the former is said to be an envelope 
of the latter; these latter are of a given form, and the pro- 
blem is to find the touching curve or envelope. 

For the better explanation of this application of the Differ- 
ential Calculus, let us suppose that it was required to find the 
equation to the curve, touching any number of equal circles, 
whose centres are in a known curve. 


Then if y and & be the co-ordinates of the touching curve, 
a and (3 those of the centre of one of the circles 


(y— SB)? + (w-a)?= 9". 
But 3 and a are the co-ordinates of the known curve ; 
“ B= (a); 
sy — fp (a)}? + (@ — a)? = ae)... ... (1): 

Now if we suppose a to receive an indefinitely small 
increment, the equation (1) will belong to an equal circle, 
the centre of which is indefinitely near to that denoted by 
equation (1); and the two circles will intersect at a point 
of which the co-ordinates are ultimately # and y; and simi- 
larly proceeding with a third and other circles, we may con- 
ceive the touching curve to be formed by the continual inter- 
sections of these circles: and to determine its equation, which 
must be independent of a, a must be eliminated between the 
equations $y— @ (a)}* + (w — a)’ = 7°, and the equation which 
indicates that we have passed from the consideration of one 
circle to the other, that is, the differential of the equation (1), 
taken with respect to a. 

Hence we may conclude, that if V = f(«ya) = 0 represent 
the equation of one of the given curves, the touching curve 
may be found by eliminating a between the equations 


dV 
V=0, and — =0 
da 


dV 
232. ‘That V=0, and qa nate simultaneous equa- 
a 
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tions, may be also thus shewn. Resuming the equation to the 
circle, 
Let a+da, and B + 08 be the values of a and (6 in the 
consecutive circle ; 
. fu-(at da)? + fy-(B + Oy} = ae 

therefore by subtraction, 
(w - a)’ — {x — (a + da)}* + (y - BY - fy— (B+ dB)}P=0, 

or da {2.(#- a) — dat +58 {2.(y — B) - dBi =0, 


6 
or 2(@- a) +2.(y- B)se- {8BE + da} =0. 


Now make da=0, and 68=0, in which case the point 
of intersection of the two circles becomes a point in the touch- 


6 ; 
ing curve, and ai becomes the differential coefficient of 3 with 


oa 
d d 
respect to a, or = a ».and we have 2(w-—a)+2(y es = 05 
a - a 


which is the differential coefficient of (# — a)? + (y — B) =7" 
with respect to a, between which two equations a may be 
eliminated. 

Pros. I. Find the curve which shall touch all the straight 
lines defined by the equation y=av+r/a?+1, 7 being a 
perpendicular of constant length from the origin upon the lines. 

Differentiating with respect to a@; # and y being constant, 








Ta VR / a+ 
@ + Fa = 05 1  - ; 
V/a+i v a 
1 a ' yr — x @ 
Ta, = > a 
a xv a VS/r — av ; 
— 7, Y 
Mars Hi Aria ty ae hee eek Sh) 
v ree ue 


 y +2°=7°, the equation to a circle. 


Pros. II. A given straight line slides between two reet- 
angular axes, find the curve to which it is always a tangent. 

Let ¢ be the length of the line, @ and 6 the parts of the 
axes cut off in any given position of the line ; 
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ah i 
gible ropeaicr g and a? +B =c’; 
ad ~b 
v ydb db db a 
ahs 0.) and @+b—= 03) eS Eee 
Ge OG af , da da b? 
Dy 3 r- 2 2 
> (a a ys 3 
 iglagpcaman a Se poy Yi Ge ba ee a 2 
ae tsb! v vs i 
av 5 
a=eC ; b=e J 





y®)? = c, and x + y3 = ci. 


Pros. III. If the equation of condition be a” + b” = c”, 
then the equation to the touching curve will be 
Pros. IV. Find the curve which touches all the lines 
defined by y = ma + \/m*a’+ b?; a and b being constant. 
ay” + ba” ce ab’. 
Pros. V. Find the curve which touches all the ellipses 


described round the same centre and with coincident axes, 
the rectangle of the axes being a constant area (m”). 


2 y" 
Here — + re DE co, Bok (1), 
ania bii9 i303. 45.-469% (2); 


“. 2@y =m’, the equation to the rectangular hyperbola. 


Pros. VI. Find the equation to the curve whose tangent 
cuts off from the axes two lines the sum of which = ec. 


VarSy=Ve. 


Pros. VII. Find the curve which touches all the curves 


r 


included under the equation y = # tan @ — 4h cos? 


, 9 being 


‘supposed variable. 
a’ = 4h(h—-y). 


Pros. VIII. Find the curve when AD” = a""!. AT. 
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Pros. IX. Find the curve, when the rectangle con- 
tained by two lines, drawn perpendicular to the axis of #, one 
from the origin, the other from a given point in the axis, to 
meet the tangent, is = 8°. 

Pros. X. Find the curve whose tangent cuts off from 
the axes a constant area; the axes being first rectangular, 
secondly oblique. 

Pros. XI. Find the same as in problem 7, when h and 0 
both vary; but m? = h’sin’@.cos@; m* being a constant area. 

64m? 
27 

Pros. XII. ‘Two diameters of a circle intersect at right 

angles, find the locus of the intersections of the chords joining 


the extremities of the diameters, while the diameters perform a 
2 





VY = 


complete revolution. Ans. w+ y= air 





CAUSTICS. 

233. By the same method as that used in the preceding 
‘article, the equations to the curves formed by the intersection 
of rays reflected by a surface, or refracted through a medium 
may be found. ‘These curves are called Caustics. Some of 
them may be practically exhibited by means of a ring of metal, 
placed on a sheet of paper and held towards the rays of the 
sun: the curved part of the sugar tongs may be used for the 
same purpose. 

234. Pros. Rays of light fall perpendicularly to the 
axis of aw, find the equation to one of the reflected rays, and 
the equation to the curve of their intersection, or the Caustic. 
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QP one of the incident rays, 
Pq a reflected ray, making with the normal PG, 
Z2OLG=ESGEN, 
AN=a, 0= Z2NPG, 
NP=y, Y and X the co-ordinates of Pq; 
. Y-y=m(X— 2) is the equation to Pq. 
But m= tan Pqe = tan (90 + 20) = — cot 20 








] — 
; lf aeiea ares 


the equation to the reflected ray. 


Now differentiating, Y and X being constant, and q = ae 
@ 














je 2p 9 ‘ a{a+ 9 
] 1 1 
. (X -@ a(= +1) =-(p+-)=-p(1 +5); 
1p p pr 
Boats De le eA Mt (1), 
q q 
1-p° 1-p 
Y-y=- ESXi aan 
Y = eseev@eteevecoe2eeogeee 2 9 
J uoreys (2) 
and from the equation to the curve AP, y=f(«): p and q 
d d’ 
which are = and pa may be. found in terms of y and «a: 
xv aw 


and then between (1), (2), and y= f(x), y and w may be eli- 
minated, and the equation between Y and X which is the 
required equation to the Caustic, may be found. 

Cor. 1. If the incident rays proceed from J, the origin of 
co-ordinates, we shall find by a similar method that the equa- 
tion to the reflected ray is 


2pe—y(1 — p’) Caen 
2py +u(1 - p*) 





Y-y= 
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Cor. 2. To find the length Pp of the reflected ray. 
Pp’ =(X - a) + (¥-y)’ | 
yp it a p’)* (i ae py 
Si ae es Ga eae 
7 4q aq 
1 2 
. Pp= sea or, (Art. 218), 
the length of the reflected ray = +" the chord of curvature 
perpendicular to the axis of a. 
Hence, we may construct the caustic: take OP the radius 
of curvature, draw Pq = 4 the chord | to #, and making 
with OP the same angle that NP does, then p will be a point 


in the caustic. 


Ex. 1. Let the rays fall perpendicularly to the axis of 
the parabola. 


























amet 2a ; 2a 4a? 
y y’ 3 
2 
Wie gf BENG Eee v= Ly. 
q 2a oa 
3 a* a w-a 
L-p=l1-—y=1--= . 
: x wv 
3 —8a -8a° —2a 
ey yy savy wy 
— p* v—a 8a-—@a 
Y= + = — = ( ); 
J 2q y 2a J 2a 


whence the caustic cuts the axis at the origin and at a dis- 
tance 9a from the origin. 

Ex. 2. Reflecting curve a cycloid; rays parallel to the 
diameter of the generating circle. 


AN = oN Pay 5 DC 24, 
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At (ot eee a, 
eee OV an/ ony (o4/0 Sa 
dX / Y Y 


the equation to a cycloid of which the radius of the generating 
circle is a, and therefore the base = AB. 


Ex. 3. Let the rays fall parallel to the diameter of a 
circle, find the caustic. The Epicycloid. 


235. When the pole S of a spiral is the focus of incidence, 
to find the length Pq of the reflected ray, and the Caustic. 
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PO the radius of curvature = R, 

ce aan pl di oh ad bist ehh Oy ean 

SY =p, Loa =p.3 
q being the point of intersection of two consecutive reflected 
rays, and therefore a point in the caustic. 


Now S, O, q may be supposed to be fixed while P moves 
through an indefinitely small arc. 


Also SO’ = 7° + R? —~2Rr cos @.......... (iyi 
Og? = p? + BR? —2Rpcos6......... (2)3 

d d 

7 ~ Ros + Rr sind = 0, 
dp dp : 

Pag Hoos, + Kpsind=0; 

ua R cos 0) = — Rrsin@ 

36 = 7 sin 0, 


dp : 
79 — Rceos@) = — Rosin O. 


But r + p, for a very small variation of P is constant ; 


te “ == se; hence by division, we have 
Pa FR cos 8 — p- 
r r-Rcos@’ 
Rr cos 9 


F Car — Reos0 


d . 
But #cos@ = 4 chord through S = p wads 


dp 
dr 
| a7, 
‘ae: le 
ie emp 
DMD, \ Teds 


whence p the length of the reflected ray may be found. 


} 
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236. To find the equation to the locus of gq. 
Join Sq; draw Sy 1 to Pq. 
Let Sq=r,; Sy=p,; 
cep, =f sin satrenny/ BBP = ap - pt nee lye 
rr 
ry = 1° + p* — 2rp cos 20 
= (r + p)’ — 4rp cos’é 


aan? 
=(r+ py - OF SAE de ane Daler rer rap: (2); 


whence from the given equation p =f(r); and from p= (r), 
p and p may be found in terms of r; and from (1) and (2) 


yr may be eliminated, and the equation found between p, 
and 7,, which is the equation to the caustic. 


Ex. 4. An indefinitely small reflector is placed in a cir- 


cular ring. Every other point of the ring is luminous, find 
the caustic. 


2 


Y e e 
Here p= rae 2a =diameter of ring; 
a 


9) 
< 


Beye 3 
_ i, ake - eae log ey = 3 log r nia log (40”) ; 
Mk 





Aa r 


BOE cis (2) -2: Cie ih 
iy dra i: ne Aa Tham! gi 


: : : 20 
Hence the caustic will be a circle, the diameter —. 
Ex. 5. Let the reflecting curve be the equiangular spiral. 


2 


2 
p= mr; <= mir; log (*) = log r + log m’ ; 


=p sn Ol Ps 


> | 
_ 


a = 2mJ/r — mr = amr r/1 -m’, 
rr? = 49" — 4p? = 47° (1 — m’) ; 


“. Py = MP3 


or the spiral is a similar equiangular spiral. 


Ex. 6. Let the radiating point be the extremity of a 
diameter of a circle, find the caustic. The Cardioid. 
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237. When rays of light fall upon a plane refracting 
surface, find the equation to the caustic. 





QR an Saad 
RS a refracted ; 


QA 1 to BAC the surface ; 
Q the origin of co-ordinates ; 
AQ=a; LRQA=0; LRqA=$9; 
. y=-—avtangd+C is equation to Rq. 
But 7=0; y= AR=atanO=C; 
. y=—atangd + atané,............. (1), 
also sin @ = 9 SIN Qo... 602. ss on vecerennne seh 2)s 


since the sines of the angles of incidence and refraction are in 
a constant ratio. 


If now @ and @ be supposed to vary slightly, while y 
and # remain constant, the intersection p, of two of the re- 
fracted rays will be found, and p will be a point.in the caustic. 


From (1) epee 


cos” @ -<5 


(2) cos0d@ = mcos odd; 








1 
cos’ p 


ma* 
= (1 + tan’ 6) auf i 





t 1 
os* p 
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-: [me 1 Ny °° 
. tan ik a =1- P? 


*, tand = 











z= 
V3 
<3; 
ae —1 (may! 
VEE, a 
ae) f 
m°” Ss 
ma aan vs : 
“id J/ m di, J m —1 (m (mays 


ma oN $ 
= ayaa 
s/m? —1(\ma 


ma 
a ~ =f, and ma =a; 
Wt — 


9) i= 


the evolute of the hyperbola, of which the centre is dA and 
focus Q. 





. tang = Fa 











If m be <1, the caustic will be the evolute of an ellipse. 


CHAPTER XVI. 
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238. In the preceding pages, we have in general as- 
sumed, that w is the independent variable, and have derived 
the differential coefficients, from the equation y = f (z). 

We shall now proceed to find what values must be put for 
dy dy dy 
da’ da?’ dx” 
able; and afterwards, find what must be substituted for the 
same quantities, when both y and »# are functions of a new 
variable @. 


&c. when y becomes the independent vari- 


d I 
We have already proved that scare —, and that 


av. da 

dy 
dy dy do 
dz dO da’ 


in the following propositions the same results will be obtained, 
but in a different manner. 
939. Prov. If y=f(z); and... # =f~'(y); find 
2 > 2 
dy aus &c. in terms of ony ae 
de dz dy dy 
Let y become y + k, when w becomes « +h; 


dy ay h?- dy h° 
on k =—h ee ee ay Te Fae See eeee ] e 
dav °F PE Ty tt AR to (1) 


But since a +h=f-'(y+h); 
\ Avie dx " aa k? ax k? 
acy dy?1.2 dy’ 2.3 


therefore substituting for h in equation (1), we have 








_ dy iz , Ga k* ‘ da ke te 
~daldy ' dy#1.2. Gy2.3° ef 
d°y (da’ dz aa 1 
_~{__. k? + —. ke > 
of Te lay * dy dy’ +e} We 
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d’y da’ 1 
fA tech ipree 
+e % of 


+ &c. 
dy da dy du dy dx k 
~ da dy Gr ieee vali Af. 
(roa ao ag a? x oe 1S 
dy’ dx dy da® dy? 

















+ &c. 
equating coefficients, 
dy dx dy 1 
de dy °' da da 
dy 
dy @a dy, da Pa dy da’ 
ae : FoF + ee dy salfease.¢ dy dx : dy? e's 
aa 
gape 
dx dx ° 
dy 


or putting 
p, q, *, &c. for the differential coefficients when y = f(2), 
ened CL. ede ious ead ieee. Rh. oe. a when = filly); 


jee q= nau) 
p Py 


dy du @y da Hag Y dx® 


———— 


Sani dy da dy’ * da? dy? 








da 
Also, since —~ 
dy” 





2 
rT; bq) 5 ’ 
p+ 3p,qn+7P, = 9, or —~-—> 4+ rp = 0; 
Pi Pi 
3q7 - Y Pi 
is / i = 5 3 
Pi 


and similarly may other coefficients be found. 
240. Take the expression for the radius of curvature. 
dy’\# | 
TS et ie 
js DRL NE ER re 
d’y —qg 
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(1+) 
+ — 
LENS per (pce 








pasa 
N qi 
Pr’ 
Ex. Let yw=4me; «©. Ue es 5 
dx y dv 1 
dy) am’ ay” on 
y \3 
Pini a (4m* + y')? _ 2. (m+ a) 
a 1 ¥ 4m iy /m 
2m 


; Brly.. dy 
241. Again, ify= (0), and vw = (8), to express op 


dy dy dx dy da 
quit? &e. in terms of 7» 1° de? de 





&c. 


Let y+hk, @+m, and x +h, be corresponding values of 
y, 9, and w; therefore, by ‘Vaylor’s Theorem, 


dy Py m dy m 








k= — —, —,.—— + &¢. 
s6g ae Ce Ce ican pe 
* dx oe m dx m* : 
= —m Rea. GaA3° Cc 
do 1 a6 1.8) eehomae: 
also, since y + & is a function of 7 +h, 
d ay h* d'y h® 
iat Aas A meh Sorat oe 








da da®” da 
therefore, substituting for & and h, 
dy dy m’ 





dOc le are 
dy (es aa mM’ nee 
~— daw’ \d@ d@?°1.2 c.} 


i (= a dx dea er & 
(louie bie lued Blidaras waka) ae 
_ dy eee ie ae dy 4 m 


du MCL Le Lute 
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dy dy dx d’y dx 
eee CT obil 4 
Shade | datae’ da ab? 





ay dy @e 

dy d@ da d& 
dis da” 
de 


de dy dy du 


SS Seer SEE TS 


ay d’y 
and similarly may dat be found. 
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242. The expression for the radius of curvature being 








we have, when w =  (@) and y = f(0), 


dia” 


da\> 
aa) 


TU OR AY 


dy dod dd de 








dx’ a3) 
(a 


duv\* (se) 3 
+ os 
mentale 
dy &a dx &y 
do de do de 





day fda 
fae (a) * (o 
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Let « = —rcos@ and y=rsin@, find R,. r being 





243. 
a function of 0. 
| iy 
aaa rsin 8 — cos 0 597 70088 + sin 8. 
a Ep AAO d? 
cage 7038 + 28in 8 5 — cose, 
& I 
Tu = — sind +2608 05 79 80 8- dor’ 
ste ay, eal 
NT a de?” 
dg? d& de 


dyd@«w dxrdy , dr’ dr 
—~—__ — —__,_~=yf7 —~ Tr. 
dd de). dO ae ae aioe 


Ex.1. Let r=asin@, the equation to the circle from 
a point in the circumference, @ being the angle between the 
tangent at origin and r, and a the diameter ; 


d Sie 3 
cs 797 10a Va =, a= ~asing = —7; 
(+a -7')2 ce 


Let 7’ = a’ cos 20, the equation to the Lemniscata ; 








Ex. 2. 
dr ne a” Re) yr! 
x Tico Soke eC Lita 
i Nai iar 9 _@ 
dQ” yr yr?’ 
a arto dr 2a’ 
Ae oe 3 . sin 20. = mee . cos 20 
at o* 2a" 
toe ees 
Gr a—+7 a’ + 7 
"16 5 + 27" = a > 
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dr° ar a. a—r at+rt fat 
r+2-—~ ira 42 Ben — 
dé dé i " 
a 
” a’ $ 
te R — coon ———— 
3a Satr 3r 
ee 


Ex. 3. Let-the equation 
Ge wi aye gy 


cE es ye -, af - 
da’ 1-2 de 1-2? 








= 0, 


be transformed into one where @ = cos~'w shall be the inde- 
pendent variable. 


dz 








e=cos@; .. qo7 7 09s ia —cos@= — w, 

dy dy dO 1 dy 

de d@dxe  sin@ d@’ 

2 2 2 

Ck le Bag Ca i en es 
a ty Coe edad do sind de 
oH dv da? x sin’ @ : 

de? 


1 dy cos@ dy cosO dy y 


oS : ; + 5 fe ee ae OLS 
sin? @ d@ sin®@ d@ sin®@ dd sin’ O 








dy 
a = 0, 
de? an! 


which is satisfied by making y = 4 cos (6 + B). 


244. Find the radius of curvature, when the arc is the 
independent variable. 














dy * 
( si a ds* dy’ 
ie= aa and FECT qa 
da’ 
But if v and y be functions of s, 
dy\° 
ds @] ds\*{jde\* _ (dy\*\ 
dat Abr) ta.) + (a) } 
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dx\* dy\* 
ae ——| =1, 
(=) 4 G 
se) 
- (&) 








er marred 
dy dw dx d’y 


———S is  —— 


ds ds ds ds*’ 


whence by multiplying the numerator and denominator by ds’, 
ds° 
— dyd'x —dad’y’ 
where dy, dw, d’y, and d’w are the first and second differ- 
entials of y and x with respect to s. 











Q45 Again, ae Were As a ua ie 
1. dy (ant Bie dv da PA da? jd’y\’ 
RR ds?’ \ds? ds ds ds ds sea) 
day * een de @a dy ay\? 
Ve ~ eC agree 
A Ora) Nara gate 
da’ dy  , da. Pa dy ay | 


° 
9 


Sa ik ROMA Ms NI OO aie ae LED 
Bn ay ds dennian ds 











(=) 2 d’y a a 
ds® : & 


Cor. If da, and d*y be put for the second differentials 
of & and y, and we multiply the numerator and denominator 


by ds*, 
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ds° ' 
Vea Ey 


Ex. Find the radius of curvature to the catenary. 


Se g 44/5 + 0 
Here & = / Ce +a" Y= log (eedeee : 
c 


dav Ss ad’ xv C 
or Cfo. oe ee 
ds. / ce +g ds? (c’+s*)8 
dy C d°y — cs 





ds Sor se AO (c’ + 8’)i’ 


ae es} c+ 8° C 
" \ds? ds?) — Ce SY YER 7) 


C4 Sa 
C 





Sided Fee 





Cc 


246. Next, let wu =f(a, y), to find ag » and ii in terms 
dy dy 
of r, and 0, when w and y are functions of r and @, so that 
v=p(r, 0); y= (7, 8). 
du dudz« du dy 
dr de dr dy’ dr’ 





9 


du dv du dx du (dw dy dy 4 
dr dO dO dr ae ie a dr d@ 
du dy du dy 


Oe ee ee 


du dx du dua 


du dr dQ d@dr 
dy dxe dy dy da 


dr d@ dr d@ 


204 CHANGE OF THE 


247. ‘These values are much simplified, when 


e=rcos@; and y=rsin@. 


d d 
For inked ot cos 0; ae sin 0, 
dr 


d 
=—rsing; sp 7 7008 0 


dx dy _ dy da y ; 
a —= ) "=a. 
FETS PEIN Sh ae 








d d 
a 74a r cos 9 — — sin 8 
dew r\dr 

du du sin @ 

= be tie tne 7 on ie ee 1 > 

d ae d@ +r (1) 
du du cos 6 
eee e ] 0 a ee ie @eove 2 ° 
Fars sin eye (2) 


du 
he 


Ex. 1. Transform os —¥ to variables @ and 7: 
Yy 


when w=rcos0; y=rsin@. 
d 


du 
(2 in w= 1. cos. sin +=, . cos'd ; 


d t du. .¢ 
(1) iy ely oe fobs Bein 8 ein 











dr dé 
d d du du 
e teat dé . (sin® COR) i a 
ad? d? E 
pepe abe ate ak ale RS transform it when a2 = rcosé, 
da’ dy’ 
and y = 1 cos @. 
d d 6 
From (2), ae sin @ + Lyla noneet 
ye, dV dV, ene cos @ 
AGEN kar are 
GVA 2 : 
re eel lad oy @u cos? du cosé 








dry idan d@dr' r dO rr’ 
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dV & eu a Ne du wey du cos@ du sin@ 
d@ drd@° “ dr- a ae pe dG et 
| d’u = sin’d d’u  cos’°@ d’u cos’@ du 
vem 7 ee “ae” r dr 





, 2sin @ . cos 0 du 1 du 
" '(d0dr dol 
Similarly, or by changing 6 into : — @. 
a7) — cost du sin?@ d?u_ sin®O du 
da’ SRP ge oC r ‘dr 


2sin@.cos@ laa 1 wate 











r dodr + dol’ 
Gu @u au 1 du idu 


a = —— + —,—— +. -, — = 0. 
dae” dy? dn der dr 





248. ‘Transform the double integral {f{Vdwady into one 


where 7 and @ are the variables, # and y being the same as 
before. 


Se =rcos@; y= rsing; 
.. dx =cos@.dr—rsin@.dé, 
dy =sin@.dr + rcos@. dé. 


Now since in integrating, one of the quantities y or « is 
supposed to vary, while the other is constant, let dx =0; 


- 0=cos0.dr—rsin@. dd, 
dy =sin@.dr +rcos@.d6; 

+, sn@.dy=dr; eliminating dé; 

if dy=0; dr=0; «. dw=—rsin0.dé; 


 dady = —rsin@.dé x 





d 
c= irdrdé; 
sin 0 


a. f[[Vdaedy = — f{Virdrdé. 


Thus if V=e"*"; fet” dady = — ffe"rdr dé. 


266 CHANGE OF THE INDEPENDENT VARIABLE. — 
due du 
Ex. 3. If Pura dy? = 0, and v’ +y’= 7’, transform to 


an equation in which r is the independent variable. 














w®=rcos0; y=rsin@.singd; x= rsin@.cos @; 
transform into a function of r, 0, d; 


assume p=rsind; and use Ex. 2; 

d’ (ru) 1 ite ed 0 ct) re 
———— —— , -————— Tee ee 1m ° ae = ° 
dr” sin'@' dg sin dd (s do 


See Camb. Math. Journai, Vol. 1, p. 121; and O’Brien’s 
T'racts. 


ae r 


Ex. 6. Transform f{/f/Vdadydz, to a function of r, 0, d, 


[[[Vdedydz = f[[Vr'dr sin 8.d0.d@. 
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249. Let w=f(y), where y=x+v@(y), and » is in- 
dependent of #; required w or f(y) in terms of «. 

By Maclaurin, 
vy x 


u=U,+ U,« + Uz 








é U,, 00" 
Ue + &c. + ——*—— _ + &e. 
ies Bio Diver oeerth 
du du 
where U,, U., Uz, &c. are the values of u, —-, — 3, &c.; 
da da 
when # = 0. 


First, if a -+\0, y = 
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du du dy ie wale oe ae 
Now = ie shan ~ dy dz 
dx a div Sa aes 
rs dp(y) 
But Y= 2 gy). + ow), sipaak co borners * 
dy _ py) 
“de 1-a#¢'(y)’ 
dy ay 
Taise. py. os dz 1-a@y)’ 
dy dy 
: fa dz? 
du du Gig 
“da dy’ TOR Seb): dy eo “90-7, 
TARO REN at a9 £10 a 


du du du du 
Next, let CN oe ‘$; Raises, 


med AAPA a.(32) a fow-(E alk 


= -_— ed 








i da® duds dzdx dz ds 
adspry-Sf 
tt ae ae 
: atx a 


And so may U, be found; but to find U,, 
du 
d’-? bese elie 

TBAT: COE al 








; ne du dt. d’-'u Z 7 Aa i 
et Sp (y) 5 Te ay dz ? a dat-! oe dz"7! : 
g’-} (es 
du d"u Uy aU, | dav / 


= = 





dx cee dz"! dz"-1dwa az"! 
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1 iow Fe nae ch 


= ces: 
be) 


an. toy SF 
de 








5 2 


Hence if the assumption be true for »— 1, it is true 
and it is true for m =1 and m=2; therefore it is uni- 


4-£@) 


for n; 
, we have 





versally true, and writing Z for 


wo eras #) |? ar 
w= f(z) + \o(s)- 2.7 + her 1.2 
! dz 2).8 ds) "1.2.3.n 


Seca erase. (Le P 
which is the theorem required. 


Cor. If f(y) =y or y be required, then 
ats) 





° 


f(s) =2; oz 


aw 
UR Pe) ray Nptd swe ee 
FIPS ee 
ids whee oe ae @) 
Ex.1. y°—ay+b=0; find y or the root of the cubic 
equation. 


Wie e 
Here y = tae 2 and taking series (2), 


b 1 
ee Ui tees oiyy=ys 


» Calne loos COME ION 
ee 
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>) 3 
‘ v Z 2 Hie v 
+ P= 2p 46s xh, + 8.92". 
I 1.2 Dees 
UG tala 
+ Se AO OC. 
pat Rah ate! 
b 5* b* b° b§ 


eo be te a S ct. 
a eg ane —p + &eu§ 


Ex. 2. In the same example, find y”. 
Here Z=ns"~', o(x) =#°, and using series (1); 


-. (3). Z =n", 
mp ie Z = 1. 3; 





=n.(m + 5).2°"* 
dz ( ) ? 


$o(2) RZ = Te BAS ee +: NORA AL aes asks reat nde 





ds? 

f Pein ca 5 Sig eich 2) ttt x? 
j fi hey: 

nm.(m+ 8). (a + 

+ ( 5 es OD ee gS 4 &e. 

1 Hae Teams (4o ee) oe al 

=— NM... —.— 

aka a 1.2 > a 


n.(n+8)(n+7) 6 1 
[eons ‘aS a 


Ex. 3. Find logy, when 1 -— y + a’ = 0. 


y=1+a%, and u= logy; 


—2@=1, w=1,, P(y) =a, flea logs; .Z 


1 , -t 
-. f (8) =0; pz). Z=@.- =a; 1p) PZ=a*—; 
2 (hee 
ey SA OOR ERE, jb: AMM ee. pt. 
dz C5 RS 2 


z 3" 


and {@(x)}°.Z=a*. 





9 


3 3z 
CAO Zh agate 
dz 
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d’ . eyo Z, At EMG iin 2a 
iP @)i 1s 9A ot, = a ; fe ; 
dz z z z 


=9A4’a—-6Aa>+2a°;3; x=1, 
= a?(9A* -64A +2); 


2 
of logy =a + (2A -1)— + (94-6442). ——— + Be. 








Ex. 4. Let y=m+esiny, find y. 
e, p(y) =siny, and f(z) =s, Z=1; 


dIGLOIN #5 SISO goad 


yar + ole)7 PC Tse) Loe ede ae 


Here z =m, v= 





d(x) =sins =sinm if e=0; .. {p(s)}? = sin’z; 


d e)t? ‘ F 2 : 
Ei GONG sraias 2 ie silica as ler angen if v =0, 


ds 
{P(s)}* = sin’s 3 -: ee GH = 3 sin’ cos 2, 


ad’ pee 
aN NGL = 6sin  cos’s — 3 sin’ 
Be 


= 6 sins — 9 sin’s = 3 (3 sin 32 — sin 2) ; 


Ca. e : ; e 
o Y=m+sinm.—+sin2Qm. —— + 2(3 sin 3m — sinm) —— 
] Lee yes 
+ &e. 
Ex. 5. Let v, = ay + by + cy’ + ey’ + &ec., find y in 
term of a. 
eae aD 
Here eae Sal ye +r yte “y' + &e.) ; 


pee a ve b. (y) = ees ToS ean 
3% ai NPA 47 5” yecd 


aD 
a) AD eb —ar Sb Sabet me 
‘ y coat ee —s Xv + ee RDA vy, — ae ch oe ke Vv; + &C., 
a a a a 


a general formula for the inversion of series. 
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du uh Cuil’ 
x. 6. 0 Let. ¢.4+——A+ =--—+—, —— + ke. = 0; 
dw Ga ie? aa 25 


find A in terms of w, and its differential coefficients. 


Ub Ue Ou 
ay OCs 


| hal 1 ORI? Pa td CHS 0) oe Te Cr 


h=-—-- 
p fe ee 2 
u 1 gh? rh’ 
e=--; v=--; p)=— + —+&e; 
p P ? 2 
2 8q° — 3 
baer 4 Pr + ke} 
Pp Pp 9 Pp Zales 


if a be a root of an equation w= 0; and @# an approxi- 
mate value of a, so that 2 +h =a; the preceding series may 
be used to find a near value of the root; and it has been thus 
used by Lagrange. Thus if wu = 2° — 20° + 4a — 8, 
2 


U 8a*.— 1 U 


ae 2!.(a@®— @ +1)* 2 


21a! —~12e2°-6e +3 uv 





+ >? + &C.?; 
oP, (Gr ta)) omens S | 
: 3 20 
whence if v= Sie sie ee 76? a= 2.+h=1.61 nearly; 
and if 1.61 be put for #, a more correct value may be obtained 


END OF THE DIFFERENTIAL CALCULUS. 


THE 


INTEGRAL CALCULUS. . 


CHAPTER I. 


1. ‘Tue Integral Calculus is the inverse of the Differ- 
ential, its object being to discover the original function from 
a given relation between the differential coefficients and func- 
tions of a and wu. At present we shall only consider the case 


in which the first differential coefficient ape oe explicit func- 
x 


tion of v, as d(x), and wu = d(2) is required. 


2. The process by which w is found from me is called 
av 


integration, and when to be performed is expressed by pre- 
fixing the symbol /.. 


_, aU : 
Thus if aoe p(w), w=f,- p(2) +C. 


du 
Also si if — = o{2); 
SOR IEC ss p(2) 


“. du= (a). dx, 
uw is found by prefixing the symbol /, thus wu =/@(a)-da+C, 


or since { is the initial letter of swmma, the integral has been 
said to be the sum of the differentials of the function. 

Hence {p(v).da, and f,d (v) mean the same thing; also 
since. [dw =, we see that / and d indicate inverse opera- 
tions. | 3 

The letter C, representing a constant quantity, is added, 
since constant quantities connected with the original function 
by the sign + disappear in differentiation: and _ therefore, 
when we return to the original value w, an arbitrary quan- 
tity as C must be added, the value of which will be determined 
by the nature of the Problem. 


: r du 
3. The simplest case 1s when ai, = an". 
wv 
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| du 
‘ Let w= Aa" +C; — =nAv" = ax"; 
dav 
a=nA, and m=n-1; m=m+1; 
a a a 
and 4 =- = 3 peut ort ag: 
nm m+i m+i 


or to integrate a monomial, add unity to the index, divide by 
the index so increased, and add a constant. 





d 
Cor. 1. Thus also ipod eee SRS: Sees Prac C, 
da a" m—-1 a} 
which is derived from the preceding by writing — m for m. 
Cor. 2. The general formula fails when m = —1, for then 
aaa 
ia Ne asia teed a YO 
1 —1 O 
d 
But if m = —1, kg ayy eget 
1 * 
RPM ee oe Lita Sie. ag On 2) 
v du x“ dv 


1 
and at =a.lorv+C; 


ok 
du : 2 
however, the true value of qq may be derived from the 
wv 


general expression, if C be first determined. 


For, suppose w= 0 when 7 =); 


ab™t} ab@t} 
+ m 
anti stl p@t} 


: O 
iss Os , a fraction of the form -, 
m+i1 O 


°° O= 








re) 





when m = —1, and of which the real value is 
alog = = aloga —alogb=aloge +C; 
the same value as that which has been just obtained. 


4. Since if w= log }f(«)} = log (x), where z = f(a), 


dz dz 
Tiled « |e 
—_—- = = 5 Ae — = ] Oo C. 
dx z 2 °8 (*) mf 


18 ip 
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Hence, if there be a fractional expression, in which the 
numerator is the differential coefficient of the denominator, — 
the integral is the logarithm of the denominator. 





dp dq dr d 
ep TE SERB e ermal FP td Get Gr SSS) 


dp dq dr d 
P+ e+ + bof = [Eo tat + be) 
=pt+qirt+ &e. 


or the integral of the sum of any number of differential 


coefficients = sum of the integrals of each differential coefficient 
taken separately. 


d 
Ex. 3. Let 1 = Av" + Bu’ + Cx? + &e.; 
x 


. u=Afia” + Bsa + Cha? + &e. 


= if mth ado + pclae + &e. 
m+1 n+1 pti 
du dz : ; 
Onr Li, ae ie de? where z is a function of «a, find w. 
av v 





d d 
Since if w= 2"t' + C, + = (m + 1)”. ae 


° 





or to integrate a function of this description, imerease the 
index by unity, divide by the indew so increased, and by the 
differential coefficient of the quantity under the index. 





eee 


aie ie ” 
_ EXAMPLES OF SIMPLE INTEGRATION. 


Let ae = 


aie — 
Let 


Let = ud uu = ——_ 
m+n 


eta 
Let — = (aa" + b)"a"". 
dx 


— 3”; 
Na 


(a2” fe ee 


~ na.(m +1)" 


(am + b)”*? 
* lad $1)" 


———_- == 
— 


vL 
Expand (aa + 6)” by the binomial, and after having mul- 
t iplied each term by «’, integrate them separately. 


gu (av" + b)”. x", m being a whole number. 


(7) . = ara , mand n being whole numbers. 
| ve (a+be 


Let a+ba=28; 


(z — a)”. 
pm gn 7 
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Expand (xz — a)” by the binomial, and integrate cach term 
separately, first dividing by x". 


du 1 ed 
(8) eye waa bay , mand n being integers. 


r ‘ 1 dx 1 
OF wt, DU LRa ee Oe e 
P z dz se” 
du du dex 1 du is ae 


“ds dw dz Te Bdb aw 4b) 
gntn—2 
= tao ane 


which resolves itself into the preceding case. 








du 1 1 1 
(9) TE yet Reyer ae ate 
dv a+bxe a ee es 
1+-w@ 
a 
b b d b 
Ueths? =. 275 Se — .2, and =~ he 
a dx a 
du duda« 1 1 Re Lye 1 
‘dz dwds a1+# b* Jab Lae 
1 


or were fe 





, du 
But if w=tan-'s, — = 
dz 





2 
du 1 
11) —= ; .. w=log(at+2). 
Oh) i al ee g (a + 2) 
du aX? 3/7) ean 
12) — -  .*, 4 = lo 1 
Se ine 1+2 gv 


(at+ba+ca®)™t! 
b= —_—______—_-... 


du 2m ° 
(13) pia (a+ba+ca*)”. (b+2cm); eC 





EXAMPLES, sckls ony 





when the index of w in the numerator is not less than that 
in the denominator, divide by the denominator, thus 


6 








a , ih 
p= UV -k&+1-— : 
1+a@ 1+ a’ 
¥ a oe : 
i a oe ales 
5 3 


7. Integrate the following differential coefficients. 


(1) aa. (2) ax + ba" + cx’, (3) (aa> + b)*. a”. 


ie 2 
(4) (2an+2*)’. (ata). (5 Ses MN 7 VR Se ho 
) (a+bx) ( ) UP 4-2? + 042° 


1 1 a Oc taee 
i se 8) ——_——___. aM Os sis Py 
(7) 1452 (8) xv’ (a+ba2) (9) (i+ 3tS+5) : 











(10) (ae + ba’)’. (11) (« + bx + \. 
x 
b 2 

(12) (ac" op ) ; (13) (1+ 2") (1 +2)’. a’. 

(1 + 2)". (i — @) a a 
14 ee , 15 ‘ 16) ———_—- 
(04) ¥ (8) ae 08) Gr. 

x” 5 

1 — 18) —{——_,. . 
os Ose Naps 
any, eee ey) 

1 + a/v 1+@ 


In (19) and (20) for J put x; the accuracy of the 
results may be tested by differentiation, 


8. These integrals being found, it will be convenient to 
classify the remaining functions in the following order. 


(1) Rational fractions of the form 


Aa + RBa® Car + &e. 
A,” + Bix", + Cya?, + &e. 





i Exponential and logarithmic functions whic 
the forms | 


a’ f(a’), log (x), log (p), p™ log (q). 


(4) Circular functions which are of the form 


sin p, f(sinp), (tan a)”. 


The methods for the integration of such functions will 
be given in the four succeeding chapters, and the integrals 
thus found, will be then applied to find the areas and lengths 
of curves, and the volumes and surfaces of solids of revolution. 





CHAPTER II. 


RATIONAL FRACTIONS. 


9. Every rational fraction may be represented by 
Eee eC te et ce 
A,” + Bya-) + Ca" + &e. ’ 
for it is manifest that the index of w in the numerator can by 
division be made less by unity at least, than that of w in 
the denominator. 
To integrate this fraction we first separate it into others of 
a more simple form. Now the denominator may be composed 
Ist of simple factors all different. 2nd. Some of the factors 
may be equal. 3rd. It may contain quadratic factors, the 
roots of which are impossible. 4th. It may be an assem- 


blage of all these. 


10. First let a be a fraction where V is the product of 


m factors all different, so that 
V = (w—a,) (w - @) (w - @)...(@ = 4). 
U Ay A, A; n 
== + a ONC 
Vo (#@-a) («#-a) (#- 4s) (a — a,) 
, U=A,(a—-az). (a as)...(@—a,) + Ag. (w— a). (w— a3). (@—G) 
+ &c. + A,. (@ — a,) (@ — Gy)... (@ — Ay_1).00 ee. 


Assume 





Successively make w = a, a, a3, &c.; and let U,,, Ui, 
U.,,, &c. be the corresponding values of U; 
. U4, = Ay (Gq - &) (4 - As) ..+(@, — Gn); 
U,, 
Un U, 


= —___“*______., and 4;= = : 
: (d.—a,)(d,—az), &e. : (a;—a,)(@3;— 4)... 


or A, = 





Similarly, 4 


J 


x 











U 1 1 1 
=| = A A + &e. 
(=) EVA Lascoahe pape i eels ‘ 


= A, log (w — a) + A, log (w - az) + A; log (w — as) + &e. 


= log (w - a,)") (a - i )42 (@ — ds)*2...(@ — Ga). 


— > ~ 
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11. Let some of the roots be equal, viz. m of them = a, 
or let (vw — a)” be a factor of V. 
Let V = (# —a)"Q. 
Assume Lge A Bee 
Vo (#-a)” (#-a)"" (#-a)"” Q’ 
» U=AQ+ 3B. (@-a)+C.(w—a)?+ &e.3 Q4+ P(w —a)". 
Let w =a, and let U,, Q, be the values of U and Q; 


.. U,= AQ, and A= a 


U. : 
zs Tg Se @ tL Bt Coe aa) eee ee 


Q+ P(x -a)”*}. 

Hence, as the right-hand side of the equation is divisible 
by (w-a), the left-hand side is also, let the division be 
effected, and let U' be the quotient; 

o W=$B+C.(e@-a)+D(e-a)’+ & 1 Q4+P.(@ - a)". 
UY 
Again, make # =a, and we have B = —“, and proceed- 


a 
ing in the same manner we at length arrive at P, which is 


either constant, or a function of w; if the latter, the case 
is reduced to that of the preceding article. 
To illustrate these methods, we will take two examples*. 





du a — Ta +1 
Ex. 1. Integrate Ch eb eu a 
av —Tae+1 
~ @—1)@-2) (8) 
v— TH+) A ! S 





Let 








: ~ ay EEN af : 
ri Oe°s Lin =O) ie = Dy a = 2 ees 


“. @ 7H +1=A(e —2) (w-3)+B(a—-1) (e-3) +C. (# -1) (e@-2). 


5 
Let w=1; .. 1-741=-5=A(1-2) (1-3) =24; «. A 
v=23 ..4-1441=-9=B(2-1)(2-3)=-B; .. B=9; 

11 

w=3; ..9-2141=-11=C(3—1)(8—-2)=2C;3 «. = itoa 











U 5 1 9 f 1 11 1 
—=—-, + -—. 
Vi oo) if hears aim 2 2 Ja -3 


* In these and the following examples the constant will be omitted. 


hh a 
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. 5) 1] 
mi ee 0g (w — 1) + 9 log (w — 2) — — log (a — 3) 








1 (w — 2)° 
= 102 a See ee re ee 
° \/ (@ — 1)° (@ — 3)4 
d < 
Ex. 2. Integrate mee = Ls Ser : 
de (#+8)(#+1) 
Qu -—5 A B P 


i fs) ave J Maa ae pte ee RO eg er : 
(@ + 3) (w +1) (v+ipaw+ila43 
“ 2@0-5=A4.(~4+3)+ B(wt+1) (w+ 3) + P.(v +1)” 


Let e=-1; »«. —-7=A(3-1)=24; dant; 





7 llv+11 11 
- Se eS mae ge tht) 


= B(w#+1)(e+ 3)+P(#+1)’; 


11 
2 Bw +8) + P(e +2). 














11 al 
Let v+1=0; — = 2B; B=—; 
2 4, 
11 11 
V+3=0; —=-2P; P=-— —; 
2 4 
U Da 1 Hie 1 11 1 
lee 2/,(@ +1) 4J4,@4+1 44,043 
yi 1 11 11 
oe + — loge (a +1) — — log (# £3 
cr er A g ( ) A g ( ) 
7 1 11 e+ 
= —, + — log é 
2 e+1 4 a+ 3s 


12. Next, let V contain quadratic factors having impos- 


sible roots. 
(1) Let V contain two impossible roots only, and let 


(w — a)? + PB” be the quadratic factor ; 
zs V= Q.{(w-a)t+ PB}. 
re ia Mae+N WA 
eee a We, CVS peecy Eras 


. Us (Ma+N)Q+P S(w - a)? + BR. 
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Put w=a+ B/—1; -. («@ —a)’+ B= 0. 
Then U becomes U,+ U,\/—1, and Q becomes Q,+ Q, vA 
Substituting and making the sum of the possible quan- 
tities = 0, and also the coefficient of ./—1=0, M and N 


may be found. Or if P be first found, subtract P }(# — a)’ 
+ 3°} from each side of the equation ; 


.U- P§(a- a)? +B} =(Ma + N).Q; 


. Me+Ne= BE POT OPO a aR ki ve ay + BS 


M N id 
[Fr eenewe 15 
Meae+N 


du 
dx (x—a) +’ 
du du Ms+Ma+N _ Ms Ma+ WN 


is known; 


To integrate let v7 -a=2; 


ee ——_____ + 





de dx 2? + 3? 8 + cert 
1 
ueM fame +B + (Ma+N) | oe 
Ma+lN g 
= Mlog 32% + Cs tan-! (5) 
Z B B 
= Mlog /(@— a +B 4 == tan-1(2 =), 
) B p 
du ~Ma+wN | 


Cor. Ifa=0 — = ———_,| 
sft A Sh shined a a + BP? 
—— WN 
u= Mog \/a? + B? + —tan-!5. 
p p 
d — 3 be. 
ES et ily ec Ae 
de @ +1 (@+1)(#’-2#+1) 
v—8 A Mex+N 
MEL tk se Be ;. 
e+. v+1l #& -@+1 
. @-3=A(e’-a2+1)4+(@+1)(Ma+ QN), 


Let 








4A 
G=—l; . ~4= 34, or A =—-; 
3 


A 
et a) Pelee eli (2 ental a) ee 
$+ (@ e741) : 


4a — 5 
= (Ma +N); 


40 = Nehe Se 
etl +1 aS ah Oe 


. du Av — 5 Av — 
To integrate apes Nees Ve Cie 


CG —-x“24+1 ( “y 30 
: Werk ras 
2 4 
du 
—; and 47 -5=42 - 3; 
z 


vV- 3s A 2 2 24-1 
ef = — glog(w +1) +, log (@’ — w +1) ——- tan — 


20 +1 /3 /3 


~ (@ 41) @ +29 (@ +1)" 
B C Maz+wN 
Voa+i* @+2f o+2" wa 
12 A.(w 42) (a+ 1) + {B+ C.(w+2)} (+1) (e+ 1) 
+ (Ma + N).(@ +41) (@ + 2)’, 
w= —-2: « 1=8.5.(11-2)=—-5B, ie. B= -—-=,” 


Fe — eae Gs - 1=A4.2=24; A= 


eee) oe CG. (ar aye syeery a 
Pi ganas Bt ae ME 
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5a + 18a + 234° +1847 4+ 8 
or cB ED eg 1) 


SC. (a+ 1) + (Ma + N) (7 + 2). 
Divide both sides by (# + 2).(w@+1), or a + 3xu + 2; 


5a’ + 3a+4 
= Bec ie tamiew ae = C (#’ + 1) + (We + N) (@ +2). 
Let vw=-23 .. Ns Ve. a. pine 
oo eo 
a+ 5a" +30+4 @’4+15742 
«Ds Ene rE) (Mx+N)(w+2), 


25 10 50 


(7@ + 1).(# + 2) 
se ee 





= (Mx + N) (w +2); 


7e+1 
* MriN=- ; 
50 


U 1 veces 
e-3-/oa- sihewa= = 25 J,0 +2 50 J,a° +1 


1 
2 ae | 2g 
208 Ca BE wee ry: og (# + 2) 











ll 


rae 





7 —— 1 
at aes Fi pa i an a 
50 gv 50 


13. If there be m quadratic factors, each = (vw — a)’+ (3, 
assume 





SLM Miike GES RONST Raa 

Vii @iay + BA" {Gacy 4 Bite ie ane 

. U=}Ma+N+(Mo+N)[(@ - a)? + B'] + &e.? 
Q+P }(#-a)’+ BY” 


and after determining (/a@ + N), by putting (w — a)? + 6’=0, 
and subtracting (Ma+ N).Q from U; divide both sides by 
the factor (w — a)” + (3, and then proceed in a similar manner 
to find M, and N,. 
1 
Ex. 5. Let. — = -——_—_——_—_. , resolve it into it 2 
x ae (a py @ £1) resolve it into its par 


tial fractions. 
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pee ea eB 
Ven Lye aL Wa! Ts 
: U=1= }(Ma+N)+(M,0+N,) (0+ 1)} (w41) + P(a? +1)? 
Petuan.// 2 1: 
* 1=(Mi/-14.N).(\/-141)=- M4 M\/ 14. N\/ a1 NN: 


.N-Me=1, igueaiaenee -, N=i=-M; - M=-4, 





14+3.(@+1)(a- yy ee (Mf, @+N),). (2? +1).(@+1)+P(a? +1)’; 
* $= (Me + NM) (@ +1) + P(e? +1). 


Mote = 4/ its) ae es (Me \/ —i1 £N,) (ee 
=-M,+M,/-14+N,/-14N;; 





sas N,-M,=+4, and N,+M,=0; sae N,=4, and M.=— i=-4, 
Dae lah eet on tix 2 + a Pie dt 
‘ Cp ily ae ee £ 
V NC neat ata age Th A on oT 


; : “a—tl as al 
14. To integrate the fraction (aa 1 divide it into 
v 

—] 


ve q 
SS ae an FT aaT Pe Re 
(a? + 1) a (v” + 1)’ 


two others, From the former we 


have, 


& ‘ 
eats. ee ten ics te ha ee 
hen Je ) 9 


but lear 1 which is a particular case’ of Pe i 1" must 
be deduced from that integral, which has not yet been found. 
1 


se U 
15. Now to integrate — = —_=—— 
da (# + 1)" 


» we may assume 


Ax 1 
1 A(a? +1) — Qn — 1) Ax’ B 
A+B+4{B-(an- 3) Ata’ 
ke) LC ee 

















ays — 2. Me) 
7 
i 


1 & 2n—3 


1 : 'S 
A thao A Heh DA ac BN Sh ha pnt pa 
a +1)” 2n-2 (a +1)""" 2n-2 ale + vt ; 


be oi 


e ey this process leo eet — is made to depend upon Ike bers 
mereand by sees ee eS —1, n-—2, and n—(n—1) for n, it 


<4 





will be reduced to 








a 


& 1 : 
Ex. 6. Let2 = 4, or let i (@ +1) be required. 


1 
6 
1 xv 3 1 
uk 
2 
1 
2 





x ten 1 
Wi 2 oe Ce Sa + 
x 1 











+ 5 tan 


8 
Soe 
fat 


1 Lv xv Fe 3.5 v 
6 (a +1) 4.6 (4 1)? 214.6 aw 41 


—_ 





1 
lor 





si tan—)z. 


2.4.6 
1 

e T REE MES hh SS 
16 o the for 


may also be referred the 


1)” 
‘{@-aF+ By 
. | dams nny du _ du. 
For, let r-—a=3; re: athe ea 
ona ee Tae a Ee 
ai? he a)’ + Bs (x? 4 (3°) 
7 Tes oy oe BP 


M. il 
d WM mbites sa NEE ISS 
2 forme e BE ime EB 


J la . “i ii 
A . BN ie roe a ae 
iN ur < hy s f 











i f va y 


"i 
& Pig ge ePaN 

h As 4 ee 

ba PAO Nae? © eet) PP 


rie r 
Cyst Z Ai, ; Aire 


lille ae ee: 
j 
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| 1 Ma+N 1 
and (Ma + N) f[ (e+ By" = ie [ 
_Ma+N Ma+N 

pm erway a roL lay a Loe Satoh 





by putting ae y, or = (3y, which can be integrated by 
the preceding method. 





INTEGRATION BY PARTS. 
17. The ae which has been given for the inte- 


gration of lax @ay 


called the ee ee by parts, which is very general in 
its application, and which we now proceed to explain. 


is commonly superseded by another, 


d dq dp. 
S ae =p — 
ince 7 PD | ge EA bret 
q_@ ap 
ras (PD) q- 4 
dq dp 
ts fie ni aoe 


or if any differential coefficient can be divided into two 
parts, one of which is a function of & as p, and the other 
is the differential coefficient of a known function q, then w, 
the required function, is equal to the product of p and 


d | | 
q, minus the integral of q multiplied by “i . The utility 
ot 
dp . 
of this method depends upon = being less complicated 
x 


d 
then the original function p=. 


du 
Ex. 1. Let aa o(1+a°)= a a(1 +2’); 
a 


dp dq : (1 + a°)° 
Me eh Saga (At). gh eee 
p = x; CW ae wv ( ya. eT 
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) a (Bhs oa IE 
riage (dor en)” : fea wy? 
[ea +e STE eee 
arg ary (iia): 
Aaa 84. 
_fi+2" aoe, ce 1+ #) 
12 7a 
(1 + a’)? (= - ) 
Py ore ey te) 
du 1 
Ex. 2. Integrate — = ————_.. 
dx (a*+1)” 
1 ieee av x 1 
(a 1) (a1) (az)? Ge +1)? 
Pees (ears i rasa a bp 
a 
But { 2 => fa 2 tt 
gO) (ea A) 
d d v 1 
Dm etm Lg oe ca a ig ee 
dx dev (a#+1) (2 — 2) (@ + 1)""! 
f x — 2 1 uf 1 
°. ee ee . + Se 5 SS = 
a(@? +1)" (Qn —-—2) (a? 41)?" 2n-2 Y,(a’ +1)" 
f 1 xv (3 1 \f 1 
| = + (1 ————] | ——_._|{ 
(@?+1)"  (2n—2)(a+1)""! 2n -2)//,(1 +a°*)" 
av pac pady dk I 
~ (Qn — 2) (a? +1)" * 271-2, hay fe 


the formula of reduction which was obtained in Art. 15. 


rig 
CLES aye: 


Fee m—1 
fe 
x” 


ih eater 


To integrate = 
8 da 


Xv 


(1 + a)” ? 


aout 





C= 


pn 





(Qn —2)(1 + 2’)")’ 


an? 





See + ary! * 2n — 2 


earner es 


= ce . 
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a formula of reduction by which the original integral may be 
made to depend upon 


Saray Td ae 

(1 + x) (1 +a?) ’ 
| s e ° 

_ according as m is an odd or even integer. 


du 5 
Ex. 4, Integrate eas a 


de (1+ 2°)! 


ij x = a 4, a 
One NESE k lates e Sameer + — ai ree te Nien CU 
mf we x”)4 8(1 is a’) 8 - a + 2°)’ 
f x — ar 2 f & 
i+ay 6(1+a*? "6 (14+ a)? 
— x lapel 


611+")? 6142?’ 


ff xv at 40" 4 
oe eee a ae NS lars i ne nn ee ee 
, (1 + a’)? 81+)? 6.8(1 +a’). 6.8.(14+ 2°’) 
1 at 2a” Q 
TT Ey gE) Ye eee 
8(1+a*) (Q+2’)P 311 +24’) 3 
A+ 6a? + 5ax' 
NT ae 


18. Next, to integrate functions of the form 
a” 1 
——__—_———,, and ——____—_. . 
(a + bx + e2’)" wv" (a+ bx + cx’) 
In these cases the trinomial a + b& + cx* must be reduced 
to a binomial; and then the integration may be effected by 


methods already given: we will first however shew how the 
function may be integrated when m= 0 and n = 1. 


Tor otntegratese so 
eee da a+ ba + ca?” 





1 1 1 
be+euv c/a b 
act + ; (f+ = 242°) 
€le 
b da 
Let r+ —=28; a Fee 
2¢ dz 


19 U 
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eG a Thi! 
and. a4 —— ob — = s? bie 
c Ac? 
du du 1 
ds da (= ay 
c Ae 


a 
(1) Get er, 4ac cba 
c Ac’ 


1 if 1 
aa (PR) SP eS 
Cc % og 4ac — b? 





& 
4 ¢ 
1 1 
But ai = —,tan~! 
2 a a 
1 2¢€ 208 
o's =-, ——————.. tan“! (eae se 
Cc /4ac — B /4ac — 
Q eer: 2cxu +b 
S se, Call a 
V/ 4ac — 6? / sac —b? 
Cane De b? — 4ac 
2) Let -<—, make a’? = ——__;; 
(2) e | Ac?’ 4c? 











1 1 1 1 1 
Pye pea a 2 : 
C ¥z23°—a 2ca “¥z\S—a S+a 


1 1 (=—*) 
<r 
2ca Bie 


1 2cH +b —+/B? — 4ac 
= ss LO STENT Tt a 0 bp eae 
Jb — 4ac S2cut+b+./h _ aac 





Ex. (het; qienb = ¢ = 1 er. J/4ac — 8 = /3, 
fi 1 i 2 Pe wages 
plta+a 4/3 af aii 
Ex. 2. Let c=b=1, anda=-1; .. SP 4ac=1/5; 
1 1 20 +1—/5 
f sos los (SF), 
2P4+@—1 WA/s 20 4144/5 


m 





20. To int te ———_______.. 
oO 1n egrate (a + bw + ca) 
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a 1 a” 
(a +ba+ca’)” cr DOP eaves 
re 
c 


b b 
Let «+—= 28, or GC+a=2, ifa=—;3 
2€ 2€ 


b a Oger nls 
0 + Oo a eee = (x & 2\). 
Cc e Cc Ae ( By: 
1 -(s-a)” 


Heaths atery ~ on 2(2% = 0*)"" 


Here are two cases: 


b? ad 
(1) Let > i then {oy may be found by 


the method used in Art. 15, or Art. 17, 
ery Ae ich He %—a)” 
2) Let -<—3 ~-. 
a Wane eA: @ - By" Skew are p)" 
must be integrated by the cae of partial fractions. 


] 


91. Again, to integrate —————————___.. 
£ 2 $ a” (a+ ba + ca’) 


dx 1 
Let C=-35 es = 2° 
du 1 du 1 gm ten 


Se a ee a eee o 


“Ge sda x (as*+be40)"° 
gm+on—2 
=o Grater ey’ 
which is a case of the preceding article: 


du 1 du 1 
92. To integrate — = ——; and — = ‘ 
8 dx  a—1° dav  a+1 





Since when 7 is an even number, 


2 4 
a —1l= (w —1) (w +1) (a? -2".cos — +1)(2’—- 2m cos —~ +1)... 
n 


nm —2 





continued to the factor 7? — 2a cos ( r+; 


and when m7 is odd, 
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2 4. 
wv” —1= (a — 1) (a - 2a cos — + 1) (@ - 2ucos— + Ij). 8. 
n n 


n—l 
r+i1; 





continued to the factor w* — 2a cos 


and :.: the factors of #” + 1 = 0 are contained in 
| a) 





xv” — 24 cos r+, 


we may integrate these differential coefficients by resolving 
them into partial fractions, having simple and quadratic 
factors for their denominators: to effect this the following 
process may be used. 


CasE 1. Let 2 be even, then since 
Mo. 





2 
a” —1=(e — 1)(# + 1) (a - 2a0c0s +1), 


2m 





where a” — 2a cos +1 represents all the quadratic factors; 























2m 7 
. log (a#” —1)= log (w@—1)+ log (# +1) + log (#’-2 2 cos +1); 
2m 
Aa 2@—2COS 
NL 1 1 
: a tf: 1 
e—-1 #@-1 we+1 . 2m 17 
&” — 2H COS — et 
n 
“ 2m 
i 2Xu° — 2H COS 
NX & v n 
= + 














" ot] 2-1 a+] v 
+1 





u” — 22 cos 


Now subtract 2 from the left-hand side of the equation, 
and on the right side, wnity from each simple factor, and 
two from each quadratic factor ; 





























M 1 
2 — 2x cos 
Vf) ] 1] 7) 
4 - a 4 e 
uv — 2x08 eal. 
n 
1 — © cos ust 
1 1 2 .Z 0 is 
» fotze thee -1-5 is 
rv —] nr vn 7 
i v — 2x cos a0) 
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The last integral is of the form if ie i, i A and is, 
a’ — 23a 


a 


if we make e —-B=2, 1-3?=& 
% eS . 2M 
= dtan“'z — Blog V/s" + &, or since 6 = sin : 
n 


























2m 
: @ — COS 
: n 
"i ——— = — log (#*- 1) - alr tan7' 
pu —l 2m 1 
in 
2m 1 mi 2mar 
— cos log x” — 2a C08 +1}. 
n n 
The method is the same when m is odd. 
‘ du 1 
The same method applies to — = — ; and m odd, 
de wa +1 


2m+1 
a2” +1 = (a# + 1) (a — 2a cos ——— 7 + 1)5 
n 


m even, a” +1 = (a — 2x 0s 


2m +1 
———7+1); 
n 


whence giving proper values to m, uw may be found. 


r 





23. To integrate the functions — and : 
ui — wv” + 1 





a” Ma+N 


Deel : 2m a1 
a” — 2x2 C08 +1 
Nn 











2m 
. @ =(Mar+ N).Q+ P {a — 20 cos ( 





b) 


2m a1 ee eT 
Le ohadieaCORmimess.bay al sin 
n 


let Q, and x be corresponding values of Q and @ ; 


+ x = (Mx + N)Q,. 


T 
+1); 





2m 
But w” — 1 = Q (a — 2a cos 
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2m 7 2m 1. aQ 
sf na*"= Q(20 2008 ) + (a - 20 cos #1). 3 
de 
v. 2m 1 
nal = Q, (29 — 200s : 
\ n 
‘ 2m x 
=4 nat = n = Q, (20* — 28-608 )=@@-05 
n 
Wr= 3 5 and v= (Mz+WN). zs 5 
x — 1 x — 1 
: 1 
or n(Ms+ N) =2'(2" - y= at.(e— 2); 
x 
whence substituting for z, 
2m —__ , @mr 
Mn .cos LOM pa onan + Nn 
n n 
Q2m.(r+l1 — , (2m(r+1)7\ , 2mr 
= {eos 4 te =1.sin( =D) boy —1.sin 
n n n 


9 


— Q2m.(r+1 . 2nr . 2m(r4+1)rn ., 2m 
=2\/ — 10s bie (itrh) Map ea ee Ae ee cane yy 
n n n 














4 Qm.(r+1)7 
ae 2 ag eae 
n n 
2 , Qm.(r+1)7 . 2mr 
No= ——. sin) tS In 
n n n 
2 2m(r+1)7 2m 
Ss * 
n n 
2 Q2mr .7 
n n 
Q2m.(r+1)7 2Mr .71 
@.Cco — cos 
Ma+N ) n n 
; 9 Qmr 7 n & ImTr : 
a” ~— 22.COS +] av” —20-COSs +1 








Case 1. Let m be odd; .«. Q=xz-—1, and P=4; 


“a —1 





also w =f(Ma+WN).(@-1) +4. 


n 
e-—l 
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Let w=1; =N, and 4=-; 
aL n 
2m.(r+1)a7 2mYr.1¢ 
“cos ———_———- — cos 
a 1 1 2 n n 
al = =f oy Be : 
Cee Ln oli mn A 2m a1 
a —22cos +] 
n 
Ma+N 
the latter integral is of the form lies oy 
a’ — 2ax+1 
———————E wes ec—-a 
= Mlog 2” = A pry oaakchanils ; tan" (2), 
Ti —a’ V/1 — a’ 
2mar , 2mr 
but Se Lesa caat oe RAN isin A 
n 


2 ‘ 
Rca Ma+wN cain ahorade RUS Dec 


Valen n n 


+ ={eos. 2m(r +1) 








n 


Fr (2oSe one 


2 % _ 2m(r+1)7r 
log 2” —2x2 C08 - 1 — sin 
n 



































n 
2mT 
&@ — cos 
n 
tan! 
, 2mr 
sin 
n 
nm-—-1 
where m must be taken from m=1 to m= , 
1 

Gone. Vitti=.0, Gwe have [ ~ 

ze —1 
au LEG xf ie eth, . 
= er - e.. O x” — 2% COS 
= log (wv — 1) + g % 

2m 
& — COS 
SESE Tr, ay nN 
sin a 
2m1r 





sin 
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24. If we add to the integral the constant quantity 


T 
- cos( 
— 2-7) ar n 


n 





. 2mr 
sin 





A-B 
Since tan-! 4 —tan-! B= tan™( ; 


1+ AB) 








aut af a Shoe (x - +. cos peo 
f n 








v—1 m 
Q 2m 7 2 . 2m(r+1)7r 
log wv”? — 2H cos Se ene, SIN eee oe 
n n n 
‘ _ 2m 
@ sin 
£4 n 














I 2 
B5e Ang 67 hs ia acne | 
ay n 








20 2a 
log a ease +1——.sin 
n n 


. 2mr ms 
# sin 
n 
NE ben cant ee correc : 
2m 
1 — #cos 
n 


1 1 2 27 
Ex. { 5 Sp AO8 ea ae COS iy 


wit 





tan 











Ne eT 
rn & sin — 
yi 20 Qnty, WF. a4 5 
log v Riki cine. rere 


ae 
1 — #cos — 
5 


Z Aar Mi ' Aq ; 
+ — cos —— log av’ — 24 cos — + 1 
5 5 5 
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| . A 
+ C. 


2 . Ar 
—-— sin — tan~! 
2 5 Aor 
1 — w# cos — 
5 





26. If be even, there will be two terms of the form 





A B 
and ot and 4A and B may be found by putting 


ae E C+ 
+1 and —1 for win the equation 








wo’ = f(Me + N)(#-1)+4— —, 
ce=> 
i uh (8. Aca aD M Cae eo Foe 
n C= ; j > 
a (Ma + N) (a +1) + et 


1 1 
.' A=-, and B=+-. 
n 


S 


27. Also the function may hance the quadratic fac- 
a” + 


tors of the denominator are included in the general formula, 


a 2m+1 ; : ea" 
v* — 2@ 0s )w+ 1, may be integrated in a similar 
n 





manner, and will be found to depend upon the terms 


2 n—-r—1)§(2m+41 Peery en) 
“feos Jalen Aiea RY w+l 
n n 











DTG. ‘ 


2m+1 i 
1 — # COs Tt: 
n 


(= nie 2! 

v sin 7 

. ((~-r—-1)(2m41)7 n 
See tan ok C, 


nm 





n 
If 2 be even, m must be taken from m = 0 tom = Pt 


n—-1 
MEP IPIC OUAt tee a liie ese cede tens cotesk the) 1OMc Bp 





there will be a simple factor (w+ 1), and a fraction saat 


(- 1)" 


n~ 


where A = 
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1 
Cor. Hence a war will depend upon 


@ 


+ 
—1).(2 13) eee 
ih oA need - eee *— 200s (— HES )m aia | 
nr 
1 \ 
| Nek lalate t 7 
oa n 


(Ge: 1 )| 
1 — cos Tv 

4 n 

2n 


ve” —2H2" cosat+ 1 j 





2 , (n-1).(2mM+1). 
es Mt AER ate aa 
nr nN 








r 


28. To integrate 4 


The quadratic factors of the denominator will be all com- 


: : ; Q2mar +a 
rised in the term a — 2a4cos9 + 1, where 0 = ————. 
p 


a Max+wN P 
ve" — 2H".cosa +l ~ @— @e@cos+1. Q’ 
*, a’ = (vw —- 24c0os8+1)P + (Max+N).Q. 
Let cos0 +4/—1 sin @ = g, and Q, be the value of Q; 
= (Mz+ N).Q. 


Now 2” —2x#"cosa+1= (a — 24 cos8+1).Q; 


Let 





dQ 


* 2n.0"-'—2n.2x""'cosa = (2a —cos0)Q+ (a"— 2acos6+ 1) 
x 
2nz°"-1_ 2nz""! cosa = (22 — 2cos 8). Q,, 


or 2n38" — 2nz" cosa =n (2*"— 1) = (22" — 2x c0s8).Q, 








= (v* -1).Q;5 
mn (2°” — 1) 
° Qs ia nating 
2n— 1 
pepe ey & Ms 
= (Mx + N).n— =n1.(Me + N). ; 
sme 
B 


* vith ein Ge + iN). 
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or cos {(r-—n+1)}04+7%-1 sin (r — 7 + 1)0 














BOM (como cin OYee Nts 
sin @ 
=n (ap EO a1 sind +N.) 
sin 9 sin 0 
. {(r7—-n+1).2mz + a) 
sin ¢ ————____7~________+ 
1 sn(v—n+1)0 1 n 
me M=-. = => = p) 
n sin 2@ n sina 
and v7 inn sina 1 10 M .cos @sina 
SoG = — _ pry Ee ean oot gee 
sin@ 7” sin @ oe Came neat) sin @ 


i | ; Tighe. bd. 
= {7 cos(r—m +1)0. sin — =. sin(@r—m + 1) 8 cos ah 


1 sin(r—m)@ 1 sin(n—r)0_ 


bd] 











n sin 0 n sin 0 
n—r)(2m 
: sin Ui 5) Aeuia ¥'¢) ae 
Isn(zn—r)@0 1 n 
o VV = — ee ; ) 
nm sinn@ Nn sina 


and the integral is reduced to that of 





9 


1 (fea ae ae 
nsina J, a —2xc08s0 +1 


the form of which is known. 


EXAMPLES. 











1 x 
Oa et Sy amar 











. wv 1 (a + b)’ 
(8) fexserh alert 
nee ah pecidlon y  oa a lo a 
(4) th aSEN Cea CPS (b —a)(c -a) ge (a + ) 
b? c* 
og (a __—_—__—_——— log (x +c). 
ass (ah PA Nyala comin 
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(5) 


(6) 


(7) 


(8) 


(9) 


(10) 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 


ie + 60° + 8a 


Pacrony 


INTEGRAL CALCULUS. 


5x -— 2 





802 +1 





ip + 3a + 2x? 
f av 
(2 +2) (7 +3) — 


ie — 2) ve + 3)? 


lip id 
Yb Bae tp) 
e+e — 20 3 


2 


= -lo 
4 


1 





(2 +2)” 


Se (w@ +4)" 


ae aioe 
ari POS hay ae Se 





wy <=) 
O ; 
g(—— 


le 


+1). (a + 3) 


2 


i] (a +1). (a + 4) 


iF 


[enya 





3 














1 12 1 
= 2 tan™ Pa Minit a, 4 ; 


f- Eber + 2) 
9 =—10 v 
Us, 1) Gee 2) Gt) ee 
1 Rees 
+ — jlog + 3tan7'a#;. 
10 e+ 
1 1a 7 ( a+) 
——_———— = — —-——— + - lo pie ily ne 
M+ 4a + 3 DEG AO : / «? — 2a +3 
i 1 : (25) 
=s\tans, ane 
18/2 \/2 
3° +a -—2 1 ] 2 1 
1PM) oe @eayenaeg El 
3 “+1 
+ sae Aad — tan7* wa. 
2 v-l 


Binley (=) 
ery as 
“o+3 8 v+2 
Sal Q- v—2 

ag + — log : 
5a +3 25 eo+3 
5x + 12 v+4\? 

i. APA log ( : 
eo +6274 8 “+2 
(w —1) 

OD ee 
2 / aha eat 
an a 

= 10 ra ag 

8 “+3 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 


(24) 


(25) 


(26) 


(27) 


(28) 


(29) 


EXAMPLES.’ 
l-2#+2° 1 
= —{lo 
2 


f (1 + a)? 
el &@ tre ae 


1 


le (1 + x)? 





1 het (=) 
V3 Vee 


ip 1] 
Se Hod 


(1 + 2”) 2 





v 1 i 
te tah (2): 
,a+u 2a* a” 


4 ° 
x & a“ 


ioueR aes 





f a (= + =) 1 oy. 
——$—$<—$<———_ = FY has ——— oat 
2it+ay 2/1+27 2 


lheaae teal heaters 


av hig A 
(eka aaa ou 





| 

SI + x? 
= — +10 

(l+ev4+a) 142 


2—-2xH—-—5a° 
4 (1 + 2) a 


ye 9 
+ log /@=)@+y! a) ~ “tan 
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— tana 


JS a + vw + ot 
(1 + a)? 


1 fd. Sot ee 
Sng mage te Alea 


+log/1 + 2X. 


Hid 
1 5 : 
pan eel Vv 
1+ 2 


log /a + bv + cx 


b? a 1 
+{—- =| Uae 
2¢ Cc rat+tbrice 


= — OC 


erers, 


5 
eC a Sie 
fine = — —log»/ a +1. 
2@ tl 38 
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is i a 1 ' v-—a vr 2 
) +2 4d hey p) a 





a 1 wv —ar/2+1 1 ar 2 
(32) fa>- —>= log ———_—— + —= tan - 
2U'41 44/2 w+ars/2+1 24/2 P= 











(33) if 1 no eV Pw 41 1 tan 1? V3 


ao — 1 = 51° (7 +1)/a?+o+1 2/3 1-a 





a 
(34) ie Paes being = 0, when 2 =0, is when « =1 
ol +e 








pepe ete 
3 34/3 
‘clay le Poll Vea 
) ero se 1 a) 
1 at 
Cn LOO —— 
oy, less eV 





1 1 b a+ bx 
3 COE eri ( ) e 
(37) ae bx’) Sau’ 3a® > ao 


1 ] Dy feta Be, 
Say fogerty te VF. 


3(1 + a”) 





CHAPTER III. 


IRRATIONAL QUANTITIES. 


29. Tue functions of this class will be treated of in the 
following order : 
(1) Those which are the differential cofficients of known 


functions. 


(2) Those which may be reduced to rational functions 
by means of obvious substitutions. 
(3) Those which must be referred by means of Formulas 
of Reduction to known integrals. 


30. 


Cor. 








Crass I. Since if uw = sin-‘a, = : 
ew V/1—# 
du 1 
and if w= cos'#, —=~——_, 
da 1-2 
: Uu ] 
este as u=Vsin-e, — = 
5, du 1 
Asean, u=sec1#7, —= : 
de w/a —j 

















(pz - V sin-!a, 
fl = sec"! a 
2ar/ v1 
1 
2 a 1 
ince { F= i a lige — 3 
: 1-— 





i at ee A 
ae ice ame (z) = sin ml 
2\/ a — & 


- 
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31. Crass II. Next, to integrate: 





1 1 1 1 
J a + a Jv + 200 ar/v+ a e/a 
du 1 
@) dx Jv + ae 
Ra) Abul a’ 
Let fet+a@=%2%; ©. = = ) 
=a 


2 log w = log a? — log (s" — 1); 








dx LS 

Hee st S47 
du du dea 1 dv 1 
dz dwds «az ota green Uh 














1 p 1 
and w= — f= =4.] = =4log 
zs - 1 e441) g-—1 die 





24 pt by Hoy BAP Bie 
wlog VO *® og (oe 4a) + C. 


1 


: ] 
(2) Since ——_— = ————— 3 
J/ar+2axn /(e+aP—a’ 


= log (@+a+ J a+ 2ax). 


1 
a Bye +. 2ax 


(3) 1p oe eee 


da fata 


Let /ar+@=e; o. P=2- a’; 
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“. 2log w = log (x? — a’); 


dx US 

















1 1 1 oo! 1 2 — G4 
Bl ara =o: [ — = —.log 
2% — 20 ¥,\S—@ BFA 2a S++ a 











oo a 
2 (/a + a + a)” 


























1 ! $i 
4) Hence, a een) @ 
(4) wJaam 4 Va a+a 
d 1 
32. Integrate a 
pee as 
: ] 
eta ea a b 
/a+ ba +ca Fi Ay sant Mae Sines 
Cc Cc 











1 
Raw at 
1 , ( b a bw 2) 2C 
. uU= —=.-lo Ce arene fag URE 
/c 8 2¢ C /4a0c — 0 Vaart 


1 1 UU 
of 
o 








WC a / sac — b 
33; Al ahr : : 
- } SO SS —=F QS 
" Sa+rba—-ca® Ve RY aN Ve 
eC 
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1 13 


ot a b° b\? vad Nf Bash ay 
—- + —.-{|v7-— WR ie Fe ee eee 
. ( sa : 2 ) d 





AC 





a ; 1 a 
which is of the form ——— = ————— ; 
J/ a — 2 dz 
b 
em 
1 1 Aye» 2€ 
on {ah SCR TIA 
a Ge ae Cae nse Af sae +B 
4c 


ei 2ca — b 
A an / aac +B) 


1 





du 
34. Integrate — = a 
8 dav wr /a+tbe +ex 











Let 1 da 1 
vet Wess le =-—-—; 
f dz 3? 
du du dx 1 1 —1 
—S| = —S >~,_—_ = X—_—— = 
dz dwdz 1 b x 2 bs 
BAA RM /avtbs +e 
or w= — | ——————. (Art. 31. 
la +bs+e ( 





du 1 
35. Integrate — = ee Se 
de a°\/a+ ba + ca’ 








1 du _ du da 3 1 
Let w=-3; .. ice 

& dz dx dz are pee & 

‘abet s 

8 2 
uUu= — egy 2 ee 3 eee ey aT 
apicrm yr a aca 

b 


as + — 
Hh b 1 
a? |. /aersbete 2 az? bs + ¢} 


= -= Vas" porte+—. laa 
az’ +bs+e 


the integral of which Mpende d upon a preceding example. 
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36. Integrate ia = 2 tal Ry 
dav (a + be) /ot+rex 





—— . 2° —C ae — bec + bz? 
Let s=/o+en: wv @ ==; a +be= —_—_—__; 
e e 
du e 22 Q 
Rds (age be Bhs\a o ” ae — be,’ 


(1) Let ae>be; 





eee ane “ve Vere). 


Ph Ane Be / ae — be 


ba = 
(2) Let ae<be, and let = B°; 





2 1 1 J 
MP ANA ser = A ——<—<—$<<—$ 
oJ. 6 Bb /.\e-B s+ 8 


1, s—( Ly Verev—B 
= — log ——~ = — log ——————.. 
Bb Ps + B Bb Hav ipa 





du 1 
3]. Integrate = . 
dv (a+bx)\/c+ ea? 














Let fe Ze ;(- ' AE a toy! 
CU GA+-O* =] =35 & > =(-—- ahs i, 
x b\z ami bes 
. Cas ae e€ 
C+ ex” =e + — —- — + > 
b* I coe aie a 
pote. ; Paar ole 
ee Whe (0° — 2az + 3°) by substitution ; 
du bes —J 
dz 4/be + ean/ 3’ —2ax+2° bs" 


—1 


~ / be + ea®y/ BR — 208 +8” 














me: : (Art. 31) 
Lf saa = ook = 4 Lf e e 
/ cb? + ea? [re RITe 


x2 
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d 1 
38. Integrate eet = 


© (a+ ba’) \/c4+ ex’: 





Y aaa cs nts c 
Let YVcet+ev=a2; *. va 5 : 
3° -—e 
da g Cc 
RR a een Tee te re ee 
dz w (2 —e)? 
AP eh — ae be 
atbe’= 3 9 
eee 
du eer 1 de 
dz dz*—ae+be wz dz 
3° —e 1 Cc 





az*—ae+be a (x*-e)’ 


1 1 1 
ax*—-ae+be a + 3"’ 





which will be an angle or logarithm, according as the positive 
or negative sign is taken. 


39. Integrate i asad cob eal 
6 dv (a+ ba) /ca® + ea+f 














ret 1 Pre | dav jhe) 
et v= 9 ee I a ei) io) seo eee 
a+be (= > dz bs? 
ae: 
zu Sa led iy tes 5+ (2° -2B2%+); 
TO 


du 1 


= - SE (Art. 37). 
dz a\/x?—2Bsty ( 





d 
40. Integrate —=X(a+ be)t, X being a rational 
aw 


function of 2. 





Let b = oD i . v= a See q-1 
St hie f Bia ae sien 
du q q 
» eae Zia? tie Hi get ent 
dz b 


ie 
where Z is the value of X, when i: 





a e 
is put for w. 
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du oP | 
41. Integrate rts Ae Ale xv)?, where X is 
: 5 ob 
either a rational function of a, or of # and 4/1 + 2°. 


Let +/1+e=et; wo lta axl — Qa3l 42"; 





| ada ¢ i+ 
SSE TT. ong eigen my eet Ay Seca) minnie 
waders 2 Tal forty gry LEED 
and J 1+ a = 914+ wah (ol + 2-9); 
du v14+ 1 BPTI 4. oP 
ee a tarts BE (ee a 
dz Bi see ae 2 sie 


Z being the value of X, when $(%! — s~‘) is put for a. 


d 
42. Integrate — when it is either 


v 
1 a”) 
ne a eo. or Se ha eS 
(1 —a")\/2a"-1 0 (1-a")n/20"-1 


In the former, make 2a" —1 = 2°"a""; 


oe — 20" 1 hae (le si) 





ee Br 
=a | 
Ore al yas ease (2); 
a dz 


therefore by dividing (2) by (1), 


1 dx oe 
(1. — a)ax dz. 1—x%-*” 
2m—2 


du dex du z 


tae, ° Oe a Sen a 
da dz a ne ll 
dx 
In the latter, let 2a” -— 1 = 2°"; hs — genet 
x 


and 1- a” = 1-—43(2°"+ 1) =401 - 2”); 


a"-! dx du 23°m-? 


These formulas were rationalized by Lexell. 
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d 
43. To integrate —— =a" "(a+ ba")¢ 
we 


It may be rationalized when — or — + P is an integer. 
Penne Yam May 














dz nb 


= 3? ax ga ae ee moet 


. du _du dw n 102 q ees) 
dz dx ds ds nb 
which is rational if — be an integer, and easily integrable, 
n 


by expanding the binomial. 


m 
(2) If — be a fraction. Let a+ ba" =a"2'; 
n 








na a m an 
C= =f i b C= m? 
; (37 — b)* 
™m 
da qan hae at 
vo aad 5 (a + bx")4 = 3 
ds n eri | P 
(37 — b)” (37 — bj! 
Pp ee 
du ui ad sP ass da tae i aeat gptq-} 
© Pp ca e e P 


which is rational when — + — is an integer, and easily inte- 
n 


grable if — + P bea negative integer. 
a ay 3 


Cor. We have assumed that m and m are integers, but 


r 3 £ 
if they be fractions as - and —. Make ov =sa; .. a =v", 
S T; 
1 
and #i=v", Also 7 is assumed positive, for if not, let 
] 
PS a ea 
u 








Here m-—1=3, and n=2; «. —=-=2. 





S ) Eet Baha ==>. se =— = — 1, at = (x*- 1); 


. d 
x -. eo = (# -— 1)z; 







dx 
ed ne Ee 
3 1 241) 
a ----c— + eel +1) C. 





SS eS SS ESS — EES 


iG IVY1+2 +e 
a = 3 3x3 







Let - 1-x=2'2"; « =——;3 





» 


, on mlops=—logGQ +2"); <. —-—-=—-——_;3 
b- | a 


' € 
’ 
> 
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oe SS ee 


“dz as dz 1+3"° 





which may be integrated by partial fractions. 


44, ‘This method of substitution is seldom adopted, the 
integration by parts being more generally useful, we shall 
henceforth confine our attention chiefly to it. 


d f 
45. Let —— = #—'.(a+be2")’; r being a fraction and 
a 


m and m positive integers. 
Now we must diminish either m or 7; first to diminish the 
index ™; 
OG baie a ee obey. 


dq 
da 


(a + baryt*? 


— prot bar)’; oe : 
ne ane nb(r +1) 





x2"-" (a 4. bat) mn 
nb (r +1) nb(r +1)" 
nb (r +1) mb (x + 1) 
(OH DAY = (0+ 50 (04 509); 


m—-n De ah er) ae 
+ ———tu = 
n(r +1) nb (r +1) 


. Uv= 





erie (a + ba")"*} 


Safa” "(a + ba”) + but; 





(m—~n).a 
nb(r +1) 
a" (a+ba)"** a(m—n) 


b(nr +m) ~ b.(nr-+m) 


AD ih ieee Gat fa ee 


iis U = 





fa"—""* (a + bar)’ (A), 


in which the integral depends upon one in which the index of 
« without the parenthesis is less by than in the original 
function; after s reductions we shall come to f{a”"~*""". (a+ ba)’, 

a(m— sn) 
b(vrm +m) — (s —1)n 
nishes when m isa multiple of n. 


the coefficient of which is — 





; which va- 


46. Next to diminish the index 7; 
Lan (a 452) = aferh (a+ bays ba "(a4 bay ae 


but from (A), by putting m+m for m, and r—1 for 1, 
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fara V ba") id a” (a ao bx")’ —am Gary (a + ba") 
x me 





b(rn +m) i 
substituting this in the preceding equation, we have 
xv” (a + ba)’ rna | 
mr ka Bim) fa" (a+ bay? (B). 
rn +m rn +m 


By this formula successive unities may be taken from 1, 
and thus f,#""'(a+b.z")" may be made to depend upon 
fa" "7 (a + ba")"*; sn being the greatest multiple of 2 
contained in m — 1, and ¢ the greatest whole number in +. 


47. When m and ¢ are negative the formulas (A) and (B) 
will not apply, for the exponent of «, as also that of a + bx” 
would be increased by them. Suitable formulas may how- 
ever be deduced from them. For from (A) we have 


ear te} (a 4 ba)’ 

a”-" (a + ba")! —b(m+nr) fra’ (a + ba") 
* a(m— n) 
For m putm+n; ©. m-n-1l=m-1; 


wo™(a + ba")*' —b(m+ n+ nr) fom*"—'(a + ba”) 


u = (C); 


ma 





a formula which decreases m, if it be negative. 
Also from (B), 


we” (a + ba")) —(m+nr) fa" "(a + bax")! 


9 








m—1 y\yr—1 
¢ b: a => 
Lar osbey a 


-, writing r +1 for r, we have 


a™(a + ba*)t*'— (m+n+nr) fv" (a+ bar)" 


oc, (r+1)na Oe 





which diminishes (r), (7) being negative. 








du au 
48. Ex. — =——= ==; here formula (A) applies: 
da /1 a ( PP 
a=1, b=-1, r=—4, n=2, m-1l=m; 
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But in practice we proceed thus: 
av v ore x 


= "pee = 
1 — # Pee > dex Jl —~ e 











d 
* oP = (m —1)a""*; q=-V1-a’; 























dx 
“a — S/o + (m1) fa ae 
gt? 

=o VT nats (m1) fF ;— (m- 1)u*; 
a an 

. ba abies —1 [ 3 
alhebanaar: shea Si a 

i av” am y/1—- ar ml EGF 

hie, 4 ie 

my Liar m m Ay Are 


and by putting m—2, m—4, &c. for m, the integral may be 
reduced either to 








Hh 1 
lepers Ry yadiars 


or, to — 4/1 — a, or sin~! w, according as m is odd or even. 





Ex. Let [> be required. Here m= 4. 


ihe a as ala [> 
Ay aoa = 
wv eats 
tear he) ier 
ar/ 1 — 2 


= — —____ + fsin“'# +C; 


’ a 5 (2 3a 1.8! 
ee es ee — +——; + sin-'e@ + C. 
en/, A 


1-2 2.4 2.» & 


























49. To find the general value of the integral. 
(1) Let m be even = 2n, 


‘iia Syl 


* Since fe’ [awh saat 
—2 —wv 
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1 2n —1 
12g Se Toy et Pon—29 
2n — 3 
Paes Sion IRAE Ta To Pen 
Qn — 5 
ee D gpus gente 5 47 2-8 
P, = -4Q4+4P,, where P, = sin7'a; 





Qen—1 | 2n —1 
Ha > SR ER Rr 
29n 2n.(2n —2) 





(Qn —1).(2n — 3) 
2n.(2n — 2)(2n — 4) Qua + &e-f 
(2m — 1) (2n ~ 3) (Qn — 5) yetee Bul 
an. (2n — 2) (2n —4)...... Pe le wa 


If the integral = 0, when a =0, Then C=0, for Q.,-3, 
rote ss &e. each == 0; 


z T 

Tf Sails, Qs 4s, Ques, &e. each =.0;jandisingy v= hes 

i oo - from de (2m —1).(2n—38).(2n—5)...3. 
anf -g@ tonal 2n. (2n—2).(2n—4)...4.2 


(2) Let m be odd and =2n +1; 





Ww 
"2 





1 2n 
Me cack ae eons Pack 
2n4+1 on +1 2n Oph 2n—19 
1 29n —2 
1 als yA a Nene a 








oe 
and P, =f eee a ee 





uae 1 Q Qn @ 
: nee 2» * (om +1) (2n —1) seu 
2n.(2n — 2) 
n_4 + &C. 
CEST CIENCY mene cf 


2Q2n.(2n — 2) (2n — 4)...4.2 
~ (Qn +1) (2n —1)(2n —3)...5. ph ae a 
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* 
If P.,4;=0 when #=0, since then Q,, = 0; 
on. (2m — 2) (2n — 4)... 4.2 


fr Det en BT) Gane Cae : oe 





whence by subtraction, 


2n.(2n — 2) (2n — 4)...4 








1 Qn 
“{iea7* Ganj ws Sot Se}. 
Let v=1; 
wks from a = .0 2n.(2n — 2)...6.4. 
» [F== mia (2n +1)(2n-1)...7.5. 
Cor. If be infinite, we may make P,, = P,.41, 
op 7 1825+ % &e. 2) 4, 6.8; Se. 
2''2 A Bi By Cow NSN 5 TOR OLCN 
Rea de Pe Rios eas oi ah &c. 
CTRL es CIR re I ihiaw koe Mined ous 


which is Wallis’s Theorem for the length of the circle. 


| d m 
50. Let anal (a? — x)’. 
dx 


n ae n—2 
(a2? —- «*)? =a.(a— &)*® —a*. (a? a”)? ; 

n-2 n~2 

u = NC eT vo (a” — x”)? 

“a x 
n 

2 a(a—2’*yP? wu 
= a° [ (a? — 2") : ( ) Mess 

” v2 nN 





2 
3 


IRRATIONAL FUNCTIONS. 
* 


If the integral be required between # = 0 and w= a; 








Un 3.5 Gee. (ne 2) 5 7 wa"*! 
On AG 8h) ae 1) ee 


and [@ = x)? = 


d 1 
51. Integrate — ee os & 








1 
ler, + x i 








& 
Here p = and —= = : 
aa de /1+a’ 

dp m+1 
ao is ar» and qeV1+a"; 








1 ! (2 1 2 
e | eee ee oe eet 
v av 


a wt + x ager 





aie 





(w= / 1+ x’ Mm +1 i antl 


For m+2 put m; 


Pw se noe | 1 


1 Aad a m ofl ey 
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Ke +(m+1). ‘1 ryaeae s+ (m+). f avie 








| Sa eee an} rn 2a" / tpg 


and therefore the integral ne be reduced either to 








1 
>? 9? 
| ae ad ly Sayan. We + Xv 
even, 
1 


] 
—_— = log —_=—=> 
7 + 2° eB Lea = a” 


also 





according as m is odd or 
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1 1 ——— a? 
and (een ee 
oa J 1 +a w w/a? + 1 v 


du 1 
52.) Integrates = t-—— =, 
: dx w/a —1 


d vn 
ere rer WIS a4 - lone" [ome m+" —_~_— 


Baa ek (m +1). eee pnt? 


amt 











ae 





1 
+ (m +1). Where ~(m +1) Wigeveny sss 
ij 1 eae 6 ae ade m j 
site a pps Se . | —— =; 
mtr, / ae 1 m =F ]+ git Mm FR J pe — 1 


Le 








therefore, writing m for (m + 2), 


and therefore w may be reduced, m odd, to 





1 
= sec”'w, and m even, to f Ps 
v / v l 


1 
eres 1 
1 


ra V/ x — 1 . 








ExameLe. Find 











— 
ig 
S 
| 
pened, 
| 
wo 
&, 
+ 
ris) 











d 
53. Integrate - = 
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am! 


(4 — @) + aa ; 


pe EI ag 
" fe ner ‘(a - 2) meal 
Re eee 0. (as 
Rane” ria / 240 a? PRIS et vy? 


2axr—xv 








lye 








=a" 9/20 -a?—2.(m—I1)a. [ ~—— s+ (m—1). | 
ore av wa pa 


therefore, substituting 
m—1 





i a” Da aa, eh 

moO = -Q"" 2ac—-xH°+(2m—1 a. { F—; 

2/240 — a" ( ) oV 200-2” 
ae a /2ae— a 210 A ae 














| eapmente m 0. fF a” 


] d 
by which w may be reduced to [ ip — += V sin7! ie 
Lv aw ae wv 


G 








(2m —1)(2m—38)(2m—5)...5.1, . @ 
Vsin-+-. 

m.(m—1).(m— 2)...2.1 a 
Cor. If «=0, when «=0, and its value be required 
when vw =2a. Then, since all the terms vanish when v = 0; 


.. C=0: and when w= 2a, all the terms of the form 





The last term =a”. 


_ Se ' Sit 
aw" ,/2a0 -~ wv vanish; but V sin ae Gi 


~ 


”” 


seni 


1.3.5...(2m — 3). (2m — 1) 





- from @= 0 to w=2a, 


m 











ST 
1.2.3..3(m — 1) m 
du 1 1 
Pi aLItCor aCe = Let w= -; 
de «"/2an — a’ ® 
du i 1 eit 
si — = ee, xX —_—-— = 5 
dz \/2a%—1 ve \/2az—-1 
oe 1 





Sg Gla 8.—==; if PRE. 
= Ve ag p 24 


which may be integrated by parts, or rationalized by putting 


V/x— B=. 
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m 














v 
55. eee 
v aa 
m 
I Jastaren~ f P, j 
Ven “a+ a 
b etal a Pat! r ; 
Let e+—=8; «. a+ -et+— =X 4+--— =e? + 0; 
Zc c Cc ce. AC 
(s —a)” 





b 
ifs ae 
oie 


m 


—=— alg + 8? 


which may be made to depend upon WN peor a Ge 











Il 


56. Integrat a 
. Integrate = 
| 8 dw w"\/a+ba+ ca 
m+ } 


1 du 1 du zB 


Let m=-3 3. —=-5.— = - 7 : 
@ dz s da Sr/as+be+re’ 


m—) 


waco f : =; 
Vax+bs+e 


which may be integrated by the preceding method. 

















57. Integrat ne : 
. integrate — = ———— 
‘ da /e—2/2au — x 


Caner) 
Ges 
1 ] Cc 

/e— avr/2au — x J/0\/ 240 — x? 
1 ] Lar 1 280 a 


Re ae 


and thus w depends upon ay 











——=; this integral is met 
2ax — x e 
with in mechanics. 
58. Lastly to prove Bernouilli’s series for [,2. 
S; du 
ince f[,wa — pt 


d © 
and fara = ny 
mts He 2 
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a 
&ec.... = &c 
f a du #& dy «wt Bu . du =" 
ee eth ct f etl ts 
U.2-d2 2.38 da**2.3'4 Tia ax" 15 2°3% 
Ex. Let «= av*® + bat + ex + e; 
du 
’, — = 8a2° + 2b@r+4+e, 
dex 
a’ u 
Bu *u 
pe 6a, and ——=0; 
; ahs Sau'+2ba*4+ ca’ ; oo aat 
eu aero ca + en ig gt pa 
S 3 A 
Cen OL pacar 
3 + —— 4+— + e@ 
3 
EXAMPLES. 
at+be) 2a(a+be) a*)2(a+ba)i 
(1) fer aba {Or es 3 Vaan 5 








(3) pees Vatbe db 18 bean 


2S ee ee = 
erate v a\/a vA atbat+ /a 


(3) [= ee - ~a(a+bo)? +a", (a+ba)- ath 


2/a+ bu 

bt ' 
ea 
{4) {Sees - i ER 
eUrfatbe /a /atbatrr a 

















(5 SO at Sh =—=.sin7! 
@) (oupror Sa rah a VV a i bax 
21 
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pL Wereane cea 
( | ya ees HTS ae a6 Va ages 


a 2) 
(7) Legh era wes 


(8) NOI a vee 
- aa bait ~ ofa ba) we tl Jarier 





(9) ies rin es reat 


Sean 




















(10) ii : aura ON ik , ARSE 
PORE mT bs ips nine, aL 
sw(l+2a)? 3 (1420)! reer 

ae Pre: 

OM f pon (#4 set SP.) st 

a ‘eege ; 
(12) foarte ee | 
wl ak) 

13 — ee ( 4a — 18a ora = 

09 [bay toe ne ney LE 

fe 3) Reg A a® ry 

(14) fia/1 + v= (at +=) Ql = 

5 15 7 

J/1l+a ey 21) (Ga 

oe [aes THU Roti etc a El meant ee 
oad ue ~ 3a 5 


5a — 
(16) f,a°(1 +)? = - hit 


(1 + #3. 





(17) fat + a”) = eon + ys 

a” ( a" An 8 abe 
FS) fp) Acasa ean Sis pci ecg ed UY AEE 
cs 1-2 statu!) a 


3 


an Ae 5a 52 fb teehee 5 
1 a YH To D) hee =lp 
(19) bia f a fanart 
1 
20 ee, he ; 
, errr ie ee 152° + aly 1h 


(21 cf : oh : Z fF 
» (a + ba’): ~ (Sa(a + 62") ut sca 





EXAMPLES. 8923 























a 1 
(22) {——=—=5 et gk Ve 
2(1 + 2°)! ( rea 
aot eG +3x 1 3 
ey) engl OE Es eee. aa 
o(1 + @°)8 Mi ane g(w+V 142’). 
3 
(24) [ec +=) aa : a 
(140%) 3} + a) 
(25) hae ae (2 + Aan? + | : 
(+a) Gsat 
if 5 3 
(6) f—"_ = (= 4 ea) 
2(1 + a) LOSE AS FLD de a’): 
1 px 3 
(27) f = tan-!. har) 
2(l -2#)\/1 — 24 & 





, 1 == 

(28) ae = log (2¥+4 1 $ 25/1 + @ + a"). 
; e-—] 

4 =P Siihie 

) Iwas lyre 

















(30) if ——_ = Fz “log ( ‘ 
ECL een ag A 72 1+2@ 
I 24m -W/ltata 
x a/y + Ut x & ; 





1 @—-2 
32 pee eee oo SITE ( =). 
= Ns erro af 5 
Laan 4/20/14 0 
ene 


1+w@ 





aAleed tay 
DU ays ween 


: Wala" 
= cos}. us 


1 
34 (i 
( ) x qi + xv”) JI ae 1+ &@ 




















I 1 ae + x? + EO 
E : = ——|— 100 
(35) Ie i wy /4 A v 4/2 oO Ava eae 





36 Si? ( MAZEL) 
a) wet == Nan/1 +0 — a 


y 2 
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1 . ih a eae 
(37) {> (Stoceeaae 2/1 R “). 


(i 4a)/1- 0-2 1+@ 
1 fl—@ 
388 {oS cos~!. —) 4 
i, V/1+20 -# \V 
v 1 oe 
Caan «eS ae = a Ae 1 Tet pe e 
(39) sf eet he in (=) 


fe 72 ae 
(40) = sin O/ oe 


ihe: (a — a’) (0° — x”) b’ — a’ 








wv 


1 
Al a eS | ee 
oy he + bx) an/at bx 


1+@ : 
(42) liv = sine —4/1— a. 











V 


1 1+2@ , : 
(43) ft = sin~!a + log (—) : 
sf l1-« l+/1-2# 


1+” 1. 1 ee 
(44) for/ = ssinw —5 (2+ 2) V1 — a". 

















v 1—@& 
x 2 pe a | 
(45) (eles ee 
a A/ Gane a 


7 (242 + 2°)? 0 /2an +a 


(46) 








1 1 2 x 
dp fo ee Aa 
« (2ax + x°)3 S8(art+a’) 30°) a\/2an4n2? 

1 é 
Pay Saat NE a 
2(1+@+ a°)8 B\/ Lea t+ & 


7 J 1 8) 2(2%4+1 
e(ta+ar) 1+@+a° 3K/1 444 4° 


1 V/ wv Ais 
(50) it GNIS a © ae i tan“ "(\/ 2). 


(51) (ae a (2 2\/m +2 tan-/z. 


—--—1 
1+” 33 
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(52) [ MeneVar ci “(Stee - tan At 


1 / 240-2" 
(53) i el pe 
20/248 — 2 30° a" ( ) 


a ee OO SU 
(54) | J = Vt ht ca 
a \/a+ bat cx } Ac* 
4ac— 3b") (eee 
8° /e i 2€ . 


(55) Rationalize the integrals 


1 


vY+ 208 + H3 at 
@) Sarre ane ra tJ (1 +0)” 


@ f(s). 


in (1) make # =", and in (2) make (1 + #) = 


Fi 3 © 
tet ae een 

56 [# wh = —'tann. Ny, 
( ) p 1 Ee, n* 9 1 2 


ty 














1 : eT aes 
— a + a)/1 Ee. at 


1 a — Ca” / (Y= y+e\° 
on) f AV) aT = log VV (27) (S) 


y+l/ \y-—e 


y aint 
where y = ap 
2 2 
Ona 


58) weal 1 1 ‘ (= <—*) 
58 Vee fear ae Be = COS | — > 
( ot —1 ee /a-2 av —1 


] 
make wz--—= 
aX 











2 | = 


CHAPTER IV. 


INTEGRALS OF LOGARITHMIC AND EXPONENTIAL 
FUNCTIONS. 





59. 'Twese functions are of the form X (log 2)", X. a’, 
where X is a function of «. 


60. Integrate {,.X . (log #)’. 


Let A=, LP.-=@ and [,Q. 2 
# 
Then f,.X (log x)" = P (log a)"—n. [,P.. (log v)""! -, 


P 1 
and ie . (log x)’"'= Q(log x)""'— (n —1). f,Q. (log #)"~’. zs 


Q i’ . 
Ah — . (log #)"-* = R (log #)"* — (m - 2). (.R.(log a)". -; 
*. [,X (log x)= P (log x)"-n. Q (log #)""! 
+n.(n—-1).R. (log a)? - 
1x1.) oa (log ar)® 











1 
x” ** (log x)” n 1 
™ (log: 2 - fav.” Dona 
fa (logayr= C282 Ff gat dog aye. 4 
ati (log a)" 
se — ey et Cog a)", 
at lowe)" 2 1 
eee (LOS a) a= cae Es pee” (logan yee: 


and in this manner may the integral be reduced to 


fait” = 


m +1 
a“ 





-, if m be a whole number, 
m+ti 


m -+- 1 





- {log ay - "(log a)" 


(log nyt? be} 429 oo 2a 


Every term of the integral vanishes both when « = 0 and 
# = 1, except the last, which vanishes only when wv = 0; 


Carian Loman yi = 
: mal 
Heed Gon) 


(m +1)” 


ont), 
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2) [0 {log x)*, 


from # =0 _1-2-3...(u-I.n 
to v=1 


(m fis by 
A 
61. Integrate Waser n a whole number. 


d.log wx 
A § 











A.2. 
f Ae ay da res aoe e _ Lae 
(log a)" fi (log x)” j : aa. a 4 aa 
d (Xx) 
— X.wv 1 dw 
(m7 — 1) (log #)"~! n-1 (loge)! 
re d. (Xa) _P: 
dx 
m4 rm — Xx 1 
hoe aw)" (nm — 1) (log w)"! tayiyl 1s Wega ‘ 
P —-P.2 1 Q 
FE ee ee Ne cane nt Oi fe Ee 
a Wabe wy’! (mn — 2) (log x)"-* ne len 
Oe ( Ba 
where Q = CURES), 
dx 
XA el — XX Pex 
| Wee av)” has (x —1)(loga)*"'  (n—1)(m - 2). (log a)? 
Cae 


(n= 1) (n - 2) (m= 38) (log ay"? et 


in this manner the integral may be reduced to fe »)” 
sé 


which cannot be integrated except by a series. 


; a™ 
Ex. fe Find cea 


m+1 I 


@ 
a” | v Bah ant 
ee See oe ee +(m+1 
i} (log a)* " (log x)” log a wv EU dice log w 


MZ . 
b>] 


Let logz=2; .. «=e, and a” =e 


a™ em d wv ene 
i ——$—— _ = — >. = —— @" il aes 
i he: : Ee dz Is 
(m +1)?  (m + 1)°" 
toy an rea gs 


elm +l)e 





9: 


=fj1+(m+1)x+ 
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(m+1)?s? (m+ 1)?x3 
Res ADs? aca ee 
| m-+1)*(log a)? +1)3(1 3 
= log (logs) +(m-+1)loga + Ct) Coss) EE 


Cor. If m=0, we have 

1 _ (log x)* 
line oe log (log v) + (log wv) + ADS + &e. 
Integrate f,a*..X, X being a function of w. 








62. 


1 PS na 
=a’ lo a= “as ove rh = —; 
8 fi A 


v 





Since 








dX dP 
Let 

Ba) FES age oe 
a 1 

ve 7 a Ree ime ae er a v; 

Chachi ce Wied Shia 





Ex. 3. Let fa". a be required. 
a" .a" om 


A AS 





a a= hae ; a. 


Wr. Ce pee ; 
L—' ier, 
sf eer ee 


Eiger hei hee ee 
ea A 








) ae mae" m.(m —1)a"-? 
e Boe e a* = a” = — — ad m . (am — 1) a"~* ce & 
A A A ° ° 
Ex, 4 {= S wis 4 4 if a 
et A 1) ey an ae Sapo ke 





: if a” — Co A a’ 
‘ Ta eee nies eure] S| fe eee 
rl ] (n en Ripe? n—-? lhe 9 


; ye etal Aa’ 
"ea" (n= 1). a"? (1). (n= 8) a 





— 
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A’ a’ i 
~ (n= 1) Ge Bye (ee 8a at e 
A} a’ 
pease me EPI 
(n — L). (—)2) 2.1 a 
Axe Ax 

















Ve Age + Cc. 
a® 1 ge MEE +& 
Also f-= 
ot v 
1 A’ x 3 x” 
nf (5 + 4+ $e ee] 
PANG Ue 2ad 
A’ x’ A a? A‘ x 
=logx+ Aw + ee eee C. 
SiR 1.24 2 Soe oe. oe 


1 
Ex. 5. Find J -log (a + ba). 


b b 
log (a + bx) = loga (1+ -— Fae NE Ee wv) 








b ba? ba’ = bt a" ) 
= 102 a —- 2 — — + a y < 
etoeas (- 83a° 4a‘ 
1 
HY J — log (a + bx) = log a .loga 
b ba? =? ®t" 
¥ le AEE RR Me 


Pome binds sn. 


+ &e.). 


(nx log w)? : (nx log a)’ 
ie 2 st! 


=l+mnwvloga+ + &¢. 3 


n® p 
fer =a+n. fw log «+ ATE . [,? (log x)? 
a f,v* (log w)” + &e. 
Hence, the integration depends upon fx” (log vw)”, Art. 60; 


an 
ofa log a= =» (log # - 4), 


| ; 2 g Vibes Al 
{,2? (log x)’ = 3 {(log w)* — loge + wy ; 





f, (wlog w)? = — = {og a) — 2 (log x)’ + —> * dog «) a “=|, 
&e. 
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and arranging the terms according to the powers of log a, 
nor  nra® nat nto? 


Biull iat wy lat oe 


ip v= - 





— - ke.) n log a 








ze net nea? n* (log x)” 
i ( iv we.) : . 








4 o 2 6 3 5) 
Bul Weare hw n° (log 2 
Lee 
+ &e. 
Cor. Since w” (log 2)" = 0; both when w = 0, and # = 1; 
from # =0 eae sy th aes e 
far =1-34+4-4t+5-&e 
fa, to w=1 2. 8). as ase d 
and if m=1, f,#" between the same values 
] 1 o As 1 1 Je 
Sais PEs eee te c. 
1) ge git 
This last integral gives the area of a curve, defined by y = a”, 
included between two ordinates, each = 1, one drawn through 
the origin, and the other at a distance = 1 from it. 


ony fe rye 


f v ‘ 1 1 d eae 
rib entey a ie 45 - aayh}cae Ge) 
; dice sitae Lena 
3 v 1+ 
63. Find ‘pens between ¢ = — © and t= 


Now by Art. 49, between w = 0 and w = 1, we have 


(f vy” 4 (/ —) 1 pl 
URE) e/1—a#) ani) 2” 





x 
Letw = ex" e el erent —taeie Hh ER eo: 
; di q 
f | fe ~1en +P eat e7 Wen +1) i HA 
e q” J aoe 2 a*S5 
J lee Ie aay tae ee on +1°2” 
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the limits of ¢ being — e and 0; now let g = | ‘ 
Qn +1 


e7Pt+9 


| a aa ia A ea pas rin 


1 Bele ire le 
Now making q = 0, in which case ET i: 
| q 


2 1 sy 
A Momeni = =3 Bere fer — 58: 


but as the value of the integral is the same for ¢ positive as 


hy 
2 


1 
¢t negative; .. the integral, fom ¢=0 tot=o, = 5 Veer 


*. from t=—o tof=+0; fier? =V/ a. 





EXAMPLES. 


»? 1 
ii w* (log #) = ~ (10g.« - -); 


ve 


(1 


—_ 


(2 


— 


fa? (log a)? = — {log uy — - = loga + a 


(3 


— 


[,e (log #)P= Ges uyp—— ~ (log x)? ne — * log oY — | : 











(4) fz teen 5 (logay Sis og 
4 
Vaqaeay ee 


(7) [,@°.@ =a j)— - 


COR Fae, 
(8) fe’at =e" Sa* — 40° + 124° — 249 + 24h. 


: sft 32° 6a a 


(9) Wath Pe Hee 4.347 +648 + 6%. 
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3a O38 i Oe Se 


a >. 1 y 3.5 


(0 [7a" a Jal! * ted * @ady* Gedy 
fet ed (8) 00d? rd) 





+ &e.}, 














1 1.3 BOB PT ey Rie 








log x av 
= loge « — log »). 
(12) Ieee TAP og vw — log (1 + a) 


naay ~ailoge = V/1+0" log (*) —log(——— a) 


1+\/1l+e 
1 \ ( 7 
= 10 : 
wee al 8 e +1 




















210) : L+a 
(16) bemarsw eter ean ne 


(17) ne I € 1 ; v 
LS A ee SL ieee Re Ahn ap eee Ce 
l@ay Pe 1 eH] 2 (e* - 1) 


18) [aa from wv = 0 1 n 
ao” Ps PEE OE BN Mi 
( : tov =1 m+1 (m+2)? 


mn? 3 
+ ———,, - ——_ + ke. 
(m+ 3)° (m+ 4)! 





CHAPTER V. 


CIRCULAR FUNCTIONS. 


64, THesr are of the form sin" 0, cos” 0, (sin 0)" (cos Qe 


1 , : : 
23 > and X.sin~'v, where X is a function of x; these 
(sin 0) 
may be integrated by parts, and be reduced either to known 
or more simple functions such as, 


1 1 1 1 
ming cos. 2» tan @: cot @; ——~.. == sand ——__—. , 
; ’ cos? 9’ ‘ ’ sin @” cos @’ cos@ sin 0 


Also (t) f,sin@ = — cos@. 
(2). {cos @ = sin 0. 











Comal ntcersta ee 
‘ ntecrate ——— SS oh CUNO ere ic 
8 sin@’ cos@’ sin 0 cos @ 


1 sin @ sin 8 sin @ 
He We Lae fot ale tins 1D Yh fenti (@ae oe D ee 
() ees rose Sk eerste peeen 


1 — cos@ 
i eee ee een | 
log (; + cos A 2008 





cos’ — 


1 cos 0 - cos 7 cos 0 
OU ar ted inpaerser tt WR peor er Rin er 


1 + sin @ ar 6 
eee | (io eS ee = é == ==> Nis 
eae (; — sin a) eee . as ;) 


1 sin’ @ + cos’ @ sin 0 cos 0 
(3) eam I sin 0. cos 0 reat , sin 0 


= — log cos@ + log sin @ = log (tan @). 
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66. Find {,X.sin~1v, where X is a function of a. 
Make jf, X = P, and then integrating by parts, 








i Pere: sin-!w = Psin-'e — f{ 


P 
t/a — 


ji 
and Lycee has been meer 





sin-'w. Here P= Banh — au"; 





if v 
An — a 
wv sin~te see ee ue i 
tt eau ALA —2’.sin “le + |, V Le By Waglod 


= —\/1—«a*. sin-'a + ov. 











Similarly may f{,.X cos~'w be integrated. 
d 
67. To integrate - = AX tan7! 
Leta Ps 
*. £X tana = Ptan-le — [= 





1 + Pa 
d 
68. Integrate = sin’ @. 


Integrating by parts, since sin"@ = sin”~'@. sin 0; 
*, fsin"@ = fsin®-'@. sin @ 
= — sin’"'@.cos @ + (m — 1). f,sin”~°@ cos’ @; 
and putting 1 — sin’@ for cos°@ 
= —sin"-0 cos 0 + (n — 1). fsin"-*6 — (n — 1) fsin”@; 
sin”-!@.cos9 n-—-1 


2 f= sin? 8 = Stu oat ary. fo sin"-*6, 


a formula by which f,sin"@ may be reduced to — cos @, or 6, 
according as 7” is odd or even. ! 
Suppose m to be even or =2m, to find the value of 


jf, (sin 0)" between 6 = 0, and 06 = _ 


Let {, (sin 0)?" = P,, 3  sin’’-1@cos@ = Qyn_13 


1 2m —1 
" I ea ———. Qon 21 + 


2m 2m 


~ 





Pin tid 
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But Q,,-1= 0 both for @=0 and @ = = 





2m — 1 2m — 3 
. Pom = ae Domus “4 oe ea ps 
(2m — 1).(2m —3) 
Pom = 
2m .(2m — 2) 
(2m — 1).(2m — 3)...3.1 
* am.(2m —2).4.2° ° 
1.3.5...2m-—-1) « 
b Ban 6e som bor 


~ 





F 
0 Pond y) 





Pomn-43 hence .*. 


d 
69. Integrate - = cos’@. 


fo cos” @ = f{, cos”-'@. cos @ 
+ cos"~' sin 0 + (m — 1) . f,cos”~* @ sin’ 6 
s""!@ sin @ + (m — 1) f,cos"-? 8 — (n — Dees 


Se 'O sin O ie | 
Pa PUT A SN RG eos?" 8; 


n 





a formula by which ee may be reduced to sin@ or 9, 
according as ” is odd or even. 


du 1 
De Lae rin eet 
eS aes (ain): 


sin? 9 + cos’ @ 1 cos’ @ 
; oS eee oe Slr oye Ge 
ik 1 sin @ 


cos 9 


1 
ie 9 G1) Gin Cys! C if aa) Len 


Since sin®@ + cos*@ = 1; 





cos 0 
F (nm — 1) (sin @)”"! eT ear aly 
a formula by which » may be diminished. 


d 
leo als, ee then, as in last article, 





r sin?@ 


1 
eas {Nearer 0)"-? + J. (cos 6)’ 
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sin’ @ er sin @ ts 0 
Lemay” =) Low nT es 


sin @ Rye 


ii (7% — 1) (cos @)"~! Hepa: aera pyre 
d 
72. Let = = (sin 8)” (cos 9)”, m and m both integers, 


(sin 6)” (cos 0)” = (sin 8)” cos 6 (cos 0)”"' ; 
(sin 8)"*'(cos0)"~! 


A 7 m 21 28e n—1 = m+2 n— 

.. (sin 8)"(cos6)"= ent + oe Jolsiny) **(cos 0)? 
(sin 0)"*'(cos@)"~' 2-1 F ig : 

= eee + ay woesin 0)"(cos @)"~*— f,(sin8)”"(cos@)"3 ; 





= 1 m+) n— 
(: n ae BER, ORE) (cos 0) 


+ 
m+-i1 m+i1 m+ i 


(cos 0)” *; 





s Qyr ti Q@)"-1 
_ (sin y eelcos ‘ wee 


m+n 


~ . fy(sin 0)” (cos Oy cae 2 
a formula by which the integral may be reduced to 
fo(sin 0)”, or f,(sin 0)” cos 0. 


d in” 
73. Let i hen gh e 





d@  cos"@’ 
i sin”~'@ sinO (sin 0)”"~" m—1 (sin @)"~? 
u= i (cos 0)” os (n ay; 1) j (cos @)""? op ar spes g)"-? ? 


a formula by which the integral is reducible to a known form. 
du : 
74. Let rhe 6”. sin 0. 

f,6" sin@ = — @cos8 +n ef a COS 0, 

f,0"-'cos 9 = + 6""'sin 8 — (m — 1) f6"-*sin 6, 

f,0"-? sin 0 = — 6"~*cos 0 + (nm — 2) f,0”~%cos 8, 
&e. = &c. SC. 

,0"sin 0 = — O"cos 0 + nO"~'sin 6 + nm (m — 1)0"~*cos 8 
—n(n —1) (n — 2) 0 *sin 0 — &e. 
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Cor. Similarly may {,6" cos @ be found and shewn to be 
= 6" sin @ + n6"-' cos 0 — n (n — 1) 6"~* sind 
— n(n — 1) (m — 2) 0"~* cos 8 + &e. 


du en 
5. Let ane ones. peta S=S= 
7 oa @-"sin@ 


6” 

a ee ee nf OO 

Pyals» (n= 1). (ania) J, 6°=? 

and (Paes _ ede — — aad : ene 

ao (2 —20)"* n-—2 J, @*-? 
sin@ _ sin@ cos 0 1 sin@ 
‘J, 0" (n-1)0""— (n—1)(n-2)6""*__ (n—1)(—2) J 6"? 

sin @ cos 0 sin 0 
~~ (n=1)6""!  (n—1)(n—2)6"-* *ta1)(n_2)(n—3)e 


sin @ 


e by which the integral may be reduced to f 9 
6 





, (if be an 


; os & 6° 
integer) =f 1——— + —_—.— &.p = 9 —- —_ + —&e. 
Age Sas 2S oAs o 2.3° 2.3.4.5 


cos 8 
@, Or 
76. Integrate sinm@.cosn@, sinm@.sinn@, and 
cos m@ . cos 6. 





a similar method applies to 











Since sin A .cos B= 4. }sin(4 + B) + sin (4 - B)}; 
-, sinm@.cosn@ = 4. {sin (m +n) 6 + sin (m —n) 6} ; 
”. {,(sin m@ . cos 2) = — 4.|— (edn )e fhe Us =") 
m+n m—n 
Also since cos m@.cos 20 = 4. Scos (m +) + cos(m —n) 6}, 
and sinm@.sinn@ =4. cos (m — 7)0 — cos(m + n)Ot; 
sin et sin (m — n)@ 
*. f,(cosm@.cosn@) = 4. ee meet \, 
Q@ sin(m—n)@ 
and f,(sinm@ sinn@) = —4. ee + at 


d 
Cor. Similarly if = = sin (a + m9).cos(b + n@), 


put for sin (a + m@).cos(b6 +0) its equivalent expression 
Lfsin fa + 6 + (m+ n)O} +sin fa — 6 + (m —n)8§ |. 
22 


4 
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77. Integrate (tan 0)”, and (tan 6)~”. 
(tan 0)" = (tan 6)"-* $1 + tan®?@ — 1} 
d.tan 0 


= (tan 0) e972 PET — (tan 0)”~* ; 
*, f (tan 0)” = es — f, (tan 0)"~*, 
fy (tan 6)"-? = cor — f, (tan 0)"~*, 
Ke. &e. 
m—1 m—3 m—5 
.. (tan 6)" = ue Q)"-* _ (tan 0) - (tan 6)”"~” _ RE 
=I m—3 m—5d 


by which w is ne either to 0, or {, tan 0 = — log cos @. 


ih 1 rl + tan’@ — tan’@ 
5 i! (tan 0)” — | (tan 0)” 


.d. (tan @) 
dé 
° (tan 0)” “a eaten ei % (m— SDE ih Ngee ci 
1 
4 lass G)* 4 ae (m — 3) (tan 0)"~* ¥ Pox Oy 
UR. oe a tek ek CL AE ee 
ines Aye. ~ (m — 1) (tan 6)""? 
] ] 


i (m — 3)(tan @)"—> m — 5 (tan@)"-* ae 


1 
and thus « may be reduced to 0, or Whee: = log (sin 6). 
6 


79. f,e“sin ka. 


t ec“sinka &k 
fe* sin ka = ———— - -. f,e“coska@......... (1); 
a a 
e“coskxvx &k ; 
and f.ecoskax = ——_—__ + -. few sin ka. 
a a 


k 
Multiplying by —, and transposing, 
a 


ke” coskx 
a’ 


° t k 
—=. fe" sinka = — +—. fe" cosku...... (2). 
a a 
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Adding (1) and (2), 
Fed $ : ‘ ax 
(: r. k fiesta pee (a.sinke di cos kaje é 


a” a 
(a.sinka —kcoskav)e” 


ar _° 
-. Ee sinke = 
ji k 4 a 


du 1 
80. To int VS OS ee ae ee 
alae oo dv a+t+b.cos# 
























































av 
1 — tan? — : 
Since cos 7 = — - Let w= tan 93 
1 + tan? - 
; 1-3 \ + ala A 
OS t= 9 SUNG LG a ES Seer 
1+ 2° ds (1+) 
. 1— 2*\2 22 da 2 
But sine = 4/1 - ( ] =—55 = a 
ile ge 1+2 dz 1+8 
du 1 p) 2 
Gods. l-f i¢2” aQite)+b0-2) 
a+b 5 
1+ 2 
du 2 2g 1 
1) Leta>d; -. — = ————__—__. = —. 
) dz atb+(a—b)x*? a+b a-b ,’ 
1 + 7 
at+b 
‘ J 28 tan (e 9/24) 
== ; 
b a—b a+b 
SE eae Ry flea tan 
= an~ ~ 
Sa — Bb a+b 2 
ret b du 2 1 
Q e (bh ce 3 hi —_—_—; 
(2) dz (b-a) b+a ’ 
b-—a 
cna 
a z 
1 al P= b—a 
u ‘ 
b-—a b+4 8 b+a 
: Wis 
b—a 


: Vb +a+/b— a. tan 


R= a PAROS I ee 
Vb +a-V/b-a. tan = 


Te 
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81. Similarly may fl isa be found, 
sin a 


d (6 cos #) 
in ¢ py ‘ 1 
Ako (7 | ='— 7 \.log (a + bcos 2), 


7a4t+bcos2’ b/,a+bcosae 


COS &@ a+bcos2-—a 
and Liriene = { | 


a+bcosx /,b(a+bcosex) 





Ne- ah a 1 
mis N S. b b J,a+bcosa 


du 1 
oZ. Integrate? — = -— _, 
erat dane + b (cos a)? 


f 1 / sec’x 
—Jia+b(cosa) J asec’a +b 


if sec’ v 1 dx 





“Ja+tb+atane a+b a 
1 + —— tan’ 
a+b 


WA 


stan" iach = -tan 2). 
"a + ab vas 


du 1 dz 1 
83. If — = ————_... Lét tanw=2s8; .«. — =——_; 
dx a+btane dz 1+2° 





‘ 1 1 
Ne +btane la Hee (ae be) 
which may be integrated by partial fractions. 
; ld b’ 
Ba, Ue netics eam 
dx (a+bcosx) 


ieee A sina “4 B i C cos x 
"(a a+bcosa)""' J,{a+bcosx)”""! 
-. differentiating and omitting the denominators, 
a’ + b’cosw = A cosa (a+ b cosa) + (m— 1) Ab sin’ 
+ (B + Ccos 2) (a + bcos @) ; 
*. (m —1) Ab + Ba - a+ (da + Bb+ Ca-0b') cosx 
— {(m ~ 2):'A — C} cos’a = 0, 
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whence by putting the coefficients of like terms = 0, 
ab’—ba- _ aa —b6b 
=) a6 
Lae — ba’) sin « 


C=(m-—2)A; 





mo) ee — bb’) + (m — 2) (ab’ — a'b) cos. x 
+f — 1) (a* — 6’) (a + 6 cos v)"~" 
, m3 
Cor. 1. If b =0 and a =1, A sacs 
1 —bsina 
Th (st) (a? — 0”) \(a +b cosz)”"} 


i i —1)a—(m—2)b not 


(a + bcosa)"~" 





COS # 


Cor. 2. If a =0 and b =1; sees 


b cos w)” 





1 a sin xv ¥ cee et 


~ (m~—1)(a?— 8’) (a+bcosx)""! (a + bcos x)"-' 


85. Integrate f,(@ +6 cos x)” by means of multiple ares. 


b 
(a + bcos x)” = a" (1 + co vw)" =a"(1+ nN cosx)"; n=-; 


nis ese ae 
but (1+ cosa)" = }l+- ney +e-*V=l)h 


m(m — 1 ? ye 
=1+ evs + Gaeta) 4+ — a 22 ” (e Val 4 7 ?V=1)? 





me (a SYR Ae (eva; Hien Val) +. Sc. 
| 8 


JERE es 
m(m — 
= 1+ mncos w+ se 5 pe  (eeos2e + 2) 
m(m — 1). (m — 2) n 


(2 cos 34 + 6cos x) 





e273 
_ m(m — 1).(m = 2). whe 
: eee 
= A, + A, cos a + A, cos 2a + A; cos 3a + A, cos ba + &e. 


Ae cos 4a” + 8 cosS2H@ + 6) + &e. 
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m(m—1) 3 m(m—1).(m—2).(m—3).n° 


where A, = 1 + &c. 
ei - 2.2.4.4 
m m(m—1).(m—2)n*> m...(m—4).n! 
A, =2n DAG SN DA: mM...(m—4),n' be. 
2 Me RY: ¢ 2.2.4.4.6 


to find A,, A;, &c., take the logarithms and differentiate ; - 
_ mn sina A,sinw + 2A, sin 2a” + 3.4, sin3a@ + &e. 
“1+mncosx A, + A, cos@ + A,cos2a+ &. 
Then -.* sina cosaw = 3 {sin (a + 1) v—-sin(a — 1)a} 
4 {sin (B+ 1) 2+ sin (B - 1)a}; 
therefore multiplying out and arranging the terms according to 
the sines of the multiple arc ; 


cos v sin 3a 


2A m ; 
0=(4,+ nh —m Aon Pe A,n) sin & 


1 3A. m m : 


+ (84; += Ayn Ayes a = dun +5 Ayn) sin 3a 

+ &c. ; 

2mn A, — 2.4; _ (m—1) Ain — 4.4, 

meen 7 ne ayn” 

_ (m = 2) Aun - 6.4, 
(m + 4)n 


4 A, = 


b 


A, 


> 


hence if A,, A, are known, the other coefficients are also 
known. 





1 
86. When m= -—1, or w= {——_ : 
zl+ncose 

ls 4 bisa ; 

ih ae +— n+ & MAT ye 
1.3 1 2 
Ay = Ba ae &c.) = — (1-5, —) ==(1-4), 
2 1 


1 
A, = ~ 7 (An +242); 
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similarly we may find the coefficients when m = — 4,m= — 3; 
the latter case is useful in Physical Astronomy. 


du 
87. Let —=1 
7 et —_ = log (1 + n cos wv) 


log(1+cosx)=n cosa—4n’ cos*a + 4n' cos*a—{n' cos'w + &e. 
22 2.4 4 2. 4.0.6 
Sit) BSS 
+ (m+ -— +— — + &.) cosw + &e. 
4 3 4.6 5 


= — A, + A, cosa—A,cos2# + A,cos3a@ + &c. (1); 











ey Ly pas pied ae Rs 
where =- — +— — + > + Cc. 
PE SIS SPO LA Noam Ga G 
Agee War le See we ali 2 5 anf 1 
=-.n°+ — .n + By (2 Cc. = —=> Sess 
dn 2 2.4 2.4.6 /1 — n® 
dA 1 & 1 
ee) ig ee ee WON. Ao A, = log! v1 at log Oe 
dn mna/i-n? mn 7 














= 1-n* 

Ay = log (* wh ), 
n 
TP 35g S 650 Nn” 

and A, =m + ——.— + — + &c.; 
2, As ee 4.6 5 

DAN 2 int ees nO 193 65 ins 

. =—\— + + — + &e 
dn n*\(2 : , 





and to find 4,, 43, &c. differentiate (1) ; 


N SIN & ( i ; 
ee Py A, sina —2 A,sin2a+3 A,sin3a — 44,cos4a + &e. 
1+ncoswx 
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‘Ay 37 4A4,—A 6A, —24, 
oF A, = 1 ay 9) Ny sate) taal Ay eee ee 
3n 4n 


2 ie 2 
, pe NE Al Naseem 2 WON ee Ne 
2 3 4: 5 
2 
”. flog (1+ ncosa) =f, flog(—-) +2 Neos — = N*cos20+&e.} 


= wlo eden Pie eT de eine 2p cin Su HEN ecin « aes 
mae 2N ie 3.8 


Cor. Ifn=1; ..N=1, and log (1 + cosw)= log (2 cos? =)s 


av : 
= log 2 + 2 log cos 33 hence putting 2a for a, 
log cos vw = log 4 + cos2wv — 4 cos4u+ 4 cos6w — &c. 
ae 
And n=—1; .. N =—1, and log (1 — cos z) = log 2 — 2 log sin 
a : 
= — log § - 2log sin 53 + putting 2a for «a, 
log sin # = log 5 - cos 2a — cos 4u — 4 cos 6a — &c.; 


ie th Dac: 
*. f, log cosa = «log + dsin2@ ie sin 4a + 77g sinde — &e. 





1 1 
log sinw = aw log - 4d sin 2x — — sin 4e2 ———sin 64 — &c. 
Js 8 52 2.4 3.6 
and {, log tan vw = — sin 2a — 1 sin 6 — &e. 
EXAMPLES. 


(1) f (sin 0)’ = —1. (sin 6)’. cos @ — 2 cos 0. 
(2) (cos 0)* =4. (cos 6)”. sin @ + 2 3. sin 0. 
Me es ((sinO@)* 4(sind)’ 8 
(3) f, (sin 0)? = 005.0 sie aaah eRe: fs Bele 
5 (cos 052 cos *f 56 
: + +—, 
24 16 16 


] 





(4). { (cos 0)°= sin eS 2 


(5) f, (sin @)*. (cos 0)? = Lei Caie 0)" — 4 (sin 6)’ - 3t. 


(6) 


(7) 


(8) 


(9) 


(10) 


(11) 


(12) 


(13) 


(14) 


(15) 
(16) 
(17) 
(18) 
(19) 


(20) 
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f, (sin 6)? (cos @)* = scree By 7 — sin’ @ cos G 


1 
LES ea pa faye 
16 16 


(cos a) 
9 





Ja (sin 0) (cos 9 = f° + Fh (sin oy 


ee iee. cos 8 a) 
Pee OLN ey ay 
J (indy 2 (indy 2 (tan 4 


m1 D 


Gat 
—10 an 
, log 


tr Q aly 3 
i aney* Sant weary vi 8(sin -) i 


eter ; 1 4 8 
i 9 (cos 0)* — " if (cos @)” sh 15 (cos@)? i ea ; 
(sin Den, 1 acpi hen 
f Pera) ae (55 DV 
(sin 6) | 1 we 6)* 4 (sin 6)? S | 


(cos@)? cos 8) 3 3 3h 


(cos@)* i 273 cos? ae 0 
9(sin@)> — gag hs 2 {(sin@)? 2 eras Q” 




















J es +t 1 
a 6)?. (cos 0)? — Nee Q) 1 2\isinte 


3 re Le! 
+-—. log tan (— + -). 
2 4, 2 


I 8 
i arccemied oaaeueies e 


f,(tan 0)* = 4 tan*@ — tand + 0. 


[eee Mg eens, bi ence + log (sin 8). 
‘(tan 0)’ 4(tan@)* —2(tan 6)? 


[,0° . cos 8 = 6 sin 8 + 36° cos — 66 sin 8 — 6 cos @. 

















5 ys (sin~!a)? w/a? , bated 
SF tf aa Ses sin Psat 
Aa ce hae sin~ 1a ; ‘e/il Mis 7 
Deaa\h we OR ita a 


(30) 


(31) 


EXAMPLES. 


wv? ee 
ib ; tan-'w =a tan-!w — 4(tan7!x)? —log/1 +x. 
ol + a | 


d 








A e” (acoskxv + ksinka) 
fe@.cos kx =- ad 





fe-**.sin ke e~™ (asin kaw + k cos ke) 
fe-™ sinka = — ————_.___. 


ie a 
a fs. yg Sina (a sina — 2 cos #) 2. e® 
eal a’ + 4 a (a? + 4) 





1 1 MP 
a a AOL Ay = £ 
| Taro eb ane Ver ( 7 tan). 


cos @ 1 sin 0 
ee —ecos?@)§ 1-e& /1 — e cos’?@ 








1 1 — bsina 1 
5 a x 
annoy a* — b° a+bcosx harem 
f, (cos 20)? cos @ = 1 sin 6 (3 + 2 cos 20) »/cos 20 


3 i 
+ We sin-! (1/2 sin 0). 








sin 0 cos a 
i apr seule cr meee (35 +/ sina — =a) 
from 9 = f 
to@=aJ 
f.e’4°°s*, (where A = log a), between @=0, and w=7 


A 2 AB 3 
mb ich 0 Nip 2a ae) Ba 


CHAPTER VI. 


APPLICATION OF THE INTEGRAL CALCULUS TO DETERMINE 
THE AREAS AND LENGTHS OF PLANE CURVES, AND THE 
VOLUMES AND SURFACES OF SOLIDS OF REVOLUTION. 


88. We have seen in the Differential Calculus, that if 
y =f («#) be the equation to a curve, and A the area of a 


dA 
portion ANP, that ee f(«). Hence, when the equa- 


tion to a curve is given, its area may be found by finding the 
value of {,f(#), and this integral may in general be found by 
means of the rules given in the preceding Chapters. If the 
equation to the curve be between polar co-ordinates, then 


dA r Yr 
Pym es A= fo. 


It is sometimes convenient to substitute x for d (x); but 
then, since y = f(z), 


dA _ dA dw da 
dz hide” dz AR 


. A= fy. = [pe .S. 


89. Again, if s represents the length of a curve, of which 


the bi is y minh 
d 4 
ve pepe 


since § — = Bia) te PM 


where < may be found from y = f(«). 
@ 


oe 


90. Also, if V and S' respectively represent the volume 
and surface of a solid of revolution, since 


dy” 
. Verfy’, ids UanNy WA eee 


91. A constant must be added to each of these integrals, 
the determination of which depends upon the nature of the 
particular problem. 


348 AREAS OF CURVES. 


As an illustration, let the 
area ABD be required, the na- 
ture of the curve ANP being 
known by the equation y=/(7), 
where AN = a, and NP = y. 


Let AB=a, and ANP=4; 





A 
we =y =f(); 4 
. A= ANP = f.f(e) = (a) + C....005. (1). 


To find C, we observe that if 2 = 0 the area=0; if there- 

fore at the same time @(z) =0; .. C =0, 

and ANP=q(#), and ABD = d(a); 

the same result as would have been obtained had we succes- 
sively put « =0 and w= 4 in equation (1), and subtracted 
the former result from the latter. This process is called 
integrating between the limits of «=0 and «=a, and is 
commonly represented by the symbol f “f(#); the first limit 
being placed below, the second above the sign of integration. 

To take a second instance, let the area DBCE be required 
where AC = b; putting a for xv in equation (1), 

area ABD = @ (a) + C, 
and area ACE = (b) + C; 
*, area BDEC = (6) — (a). 

Hence, if the value of an integral w = ¢ (a) be required 
between two values a and 6 of x, omit the constant, and having 
put @ and 6 successively for x in @ (x), subtract @ (a) from 
(5). This is called integrating between the limits or values 
a and b of a, and the integral so found is called a definite in- 
tegral, and is expressed by ['f(«). 

We have already found definite integrals in the preceding 
pages, and if we use the symbol mentioned above, 


1a 1.3.5...(2n —3).(2"-1) 
Uv guaptiae ery | ow ETa aT 
seme gs 1.3.5...(2m— 3) (2m—1) 

carat oe wuanea) ion hi 





Art. (49); 





Oe ATE OS). 


[ e-? =4/a. Art. (63), and some others 


oJ @ 


When C is not determined, the value, @ (w) + C, is called the 
general integral. 
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AREAS OF CURVES, 
92. ‘To find the areas of curves, or to integrate 


dA 








d Asin t 
aay np doUneS 
Ex. 1. To find the area of BK 
the circle. 
CN =a 
NP=yp; -- y=V/at-2: 
CA=a 


“ A=fy={/a' — a’; 
-, area CBPN= f.\/ a -2’. 








2 2 
aa ae av 
But [Vea = i 


/ a — x 
i : 
ash. a oN 
sos SINT TIA a va C, 
2 a ve 


C =0, 


since area = 0; if r=0; 


e v ° e e 
sin~'— can only be approximated to, by means of an infinite 
a * 


series, but if # = a, It 


he Gay 
quadrant ACB = f A, Ge = =a 
0 es 

-- area of the circle = 7a’. 


Cor.1. If AN=a, y=\/2ar-2°, 


« ANP = ['\/2a@ - 2’. 
and when «=a, ANP becomes a quadrant ; 


1 Piapagerecs  smmceces 7a” 
“ f /2a0 = at = 
@ 


4, 


The two definite integrals vA a? — v*, and iw 2av — 2, 
should be carefully remembered. 


Also LV a « being = CBPN, where CN is some- 
times called the cosine to radius CA; .*. fr\/ a® — &” is called 
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a circular area of which cosine = 2 and radius =a; and 
f/ 200 — x in which AN = a, is called a circular area, of 
which ver. sine = « and radius = a. 

If AN =the diameter, the area ANP is a semicircle ; 


2a ; Tra 
ae if /2an—-a2 = —. 
0 


2 


Also °.° [KA a> — x” = area of the second quadrant; 


Cor. 2. To find the area of the sector ACP. 
Let 4 =areadACP; @=2 ACP; 


d@ 2 2 ? 
a’@é | aQ@ radius x arc 
sat) ————— oy, we Se 
2 2 2 


Ex. 2. To find the area of an ellipse. 
The centre the orign; CN=a2; NP=y, 


abet OF0 peo aeoe 
ys Va Ones 


ee A= fy [Jaa a 





b a 
li ti d { ee 2 Sa, 2 en ; 
elliptic quadran = || / a @ Boj ie 


. area of ellipse = rab. 


Had the vertex been the origin, and AN = a, 
RO y euceane 

elliptic quadrant = af / 20x Pot oe St ah Se 
a Ho 

Ex. 3. To find the area of the common parabola. 


2- Ama; .. y=2+/me. 
A= fy =2 f.r/ma =2/m.2 a8 + C; 





x A m rs 
*, area = [ y = . wt=22\/me.v=Zyea 


0 
= 2 of circumscribing rectangle. 
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Ex. 4. To find the area of the Witch. 


= —/ 200 — x"; 





/ 2a — a 24-2 
: area = fy = 2a f = 2a {7 — 
: 2 V/V 248 — x 
} {{ — a- & f 1 
= a + a SSS Sree es 
/2av — x eV 208 — x 
-20{/ 200-2 + a ver-sin~!— “hao, 
And area=0, if w=0; .«. C=0; 


ee slemee ie ar ‘ av 
*, area = 2a {Vv 20% —v+a ver-sin™"| A 
a 


Let w=2a; .. area =2axa.7=270'. 
Ex. 5. Find the area of the hyperbolic sector CAP. 
Sector CAP = ACNP — area ANP. P 


Let CN=a oo 


c A dip: Sees Bees ey 
NP=y>; ya Va a. oe | 
CAz=a c A N 








a’ — a 


LV a 
b (« ~~ @& re 
a Ear at -S log (@ + VHA) 4 6 


a 


ANP = fy=— [Vea = - los 


and 0 = ~ 2 Noga + °-* ANP =0; if =a; 


+ oe 
- banged es S(gg ae Vida) 
2 2 a 


ba a+/v—@ 


/ 


pp oni se) 
-, sector C eS og (= 5) 
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Ex. 6. Find the area of the 
portion PNMQ, PQ being an 


are of the rectangular hyper- 


bola. 





Here yx =~. Let CN=a, 
and CM = £3, 

weorls) a ey 
fu=5]5 year es 4 a atte ~ 


2 2 
*. PQMN = ay, (log 8 — log a) = ale log (£). 
2 <4 a 
Also. ——=—; ©: ACNP= Aa CQM; 
a’ B 
-, sector CPQ = area PNMQ = Bs log () : 
a 
Ex. 7. Find the area of the cissoid. 


x ve 
Here igh rere rip ables 8 


od i / 2a anh 
i vt 
*, area = |, j= 
" o/ 2a — # 


~2r/2a-a2.08+ 3. fad /2a— a 





= — 24\/2ax — a +3 for/ 22 — a, 
2a 2 


a 3 
area = f yi Bh ee eee 
9 2 2 


Ex. 8. Find the area of the cycloid. 
dy / 200 — x 


Origin from the vertex, at ale 


+) 
i ve 


d ee eee ae 
area = Soy = yr — fa = Yt — fir/2ax = x’, 


also :.. if 2=0, y=0; if 7 =2a, y= 7a; 


3ara* 
3 





2a 
2 f y = semicycloid = 27a* - 37a’ = 
0 


-, cycloid = 37a” = 3 . area of generating circle. 
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Ex. 9. Area of the conchoid. 
Here vy = (a+ 2) SB? — a’, 





area = ablog. (reeset wy (« + 5) Sea 
+ bern sh (=) aC, 
Q b 
Ex. 10. In the common pa- 


rabola, to find the area ASP. 
SAz=a, 2ASP=0, SP=r; 














2a a 
aie cos) S200” 
os” — 
2 2 s 4 
Aatf[Paa. a =a’ a [1+ tan?) 
Q 9 2 
9 COS‘ — 9 COS — 


Ex. 11. Find the area of the lemniscata. 


Here r? = a’ cos 26; 


2 


4 


eared a 
pdr = 3 - foc0s 20 = — sin 20 + Cc 
2 


Catt 
Berea 20.001 0 =i eae C= O= and area = — sin 20. 


2 
e a e 5 
Let 9 = 45°; .. ith of lemniscata = iz lemniscata = a’. 


Ex. 12. Find the area of the spiral where r = a6”. 








dA y\n 
Here —=1 Pr"; e= (5) ; 
dQ * a 
dé Le 1 dA 1 14- 
— = $ 0. oe "GS 
dr le dr 1 
na" Ina” 
1 n 2n+1 
. A = 1 i =f G3 
- 2n+1 
2na" 


and C =0, if 4 =0, when r= 0. 
Aa 


23 
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Cor. Let »=1, or the spiral be that of Archimedes ; 


7° 

*, area = — = ——, 
Ga 3R 

if R=r when 0=27; 


2 


therefore area of spiral in first revolution Share 


The area after two revolutions of the radius vector is 
when @ = 47, or when r=2R. But before r =2R, it will 
have made two revolutions, and therefore have twice gene- 
rated the area from r =0 tor = R&R. 

Consequently we must subtract the area described in the 
first revolution from that in the second ; 


a.(2RP wR Weir tk 





-. area = ————_ . — 
38R 3 3 
And the space between the arcs of the first and second areas 
"aR? aR e 
Se ag. a ee ee Qn kh. 
3 3 


At the n revolution r= 7R, 
(7 —1)™ ...... r=(n—-1)R; 
1 (mR) -(n—1)°R° 


. area after m revolutions = 3 R 





ar Re” 
3 

a R’ 
3 


‘, space between the ares after » +1 and m revolutions 


seal (nm + 1)° + (nm —1)° -2n"t a 





Sn> — (n — 1)%t. 





Area after (n +1) revolutions = S(n+1)— n't; 


R? 
.6n =2nr7 R’ 








=n times the space between the first and second. 
Ex. 13. Find the area of the involute of the circle, 


where 7? — p’ =a’. 








Ee Ne aka a utd UN p 
dé x r ra/ rt — p? 
dA _ pr r/r—-@ 
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(7°? — a?)8 
6a 


If p=2ra; A =*7°a’, or subtracting wa’, the area of 
the involute exterior of the circle after one unwrapping of the 


e 4 : 
string = 7a’ (= _ 1). 


. As +C; and C=0. 


Ex. 14. Find the area of the curve of which the equa- 
tion is 
y —3aay +a =0. 
If the curve be traced there will be found a nodus as 
APMQ, to which the axes Ay and Aw are tangents. 





LE I 


of 8 — 3aa’s+ a=0; 
3az 3az" 
es io 3 
1+83 





4 


Rohrer 





3 


and since w is = 0, for each of the branches 4PM and AQM, 
this will happen if s = © or = 0. 





- da _ 3a.§1+2° — 32°} ‘eas ee 
dz (1 + 3°)? (1 + 3°)? 
da Pea laa ee) 
ES Pee an Ber RE 
s°[1-—2(8? +1) +2] 
lays? AUER RUNES Se dete er 
ate i (Chie): 


AAQ 
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II 
= 
pia 
E 
“- 
%., 
§ 
| 
eo 
o™ | 
+ | 
ras) 
ab 
4 
C*) 
ae ee 





tl 
ide) 
} 
wo 
| 
dol— 
o~ 
—" 
-b 
x4 
w 
— 
we 
+ 
Oo | 2% 
—_ 


+ 
3a" y 

Let w= '0:> 4". Oe ae and let z,=- at M; 
L 


*, area AQMm = NLT ga'|~ 3 eal on si lela Sale ee 

e 2 (18,1) eS Le 
Integrating x = © and x =, for the branch 4PM, 
area APMm = gat} 4 priest KEL gs ais 
(li s))) Saltese 


-- the nodus APMQ = area APMm — area AQMm = a. 


If the area of the nodus only be required, the following 
method is often useful ; 


: dé 
Since tani ee *.. —=cos’@; 
@ dz 
dA d@ x 
—=17—=1 7% cos? A = — 
ds 4 sae 2 
and A=t/fe x’. 
" Qa’*2” 
Here x 3 
(1 + 3°) 
9a’ 3 8a2— 
ae fe en 
2 ,(1 + 3°) 2 1438 
i : 38a? 
integrating from zx=0, to =o: area = aa 


Ex. 15. To find the area of the evolute of an ellipse. 


v\ 3 y\ 3 
me (+ (8) 
ere i + B 
We might put y=2sz; but better thus: 
x y ; daz 
Let - = ° 0; “ ==sin?f; —= — 1 . OR 
e 4 cos B sin 10 3a sin @ .cos’ 0; 
dd dAd@ dx 


pete NLR | NS 7 aN aiid 29. 
ES TE ET: 3a3 sin‘ @ cos’ 0; 


- 
J 
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\ .A=3af. fsin‘@cos’@; the limits of which are @= 5 and 0 =0, 
since those of & are, 0 and a. 


cos@sin®?@ 1 


Now f,sin* @ cos’ @ = + = fosin’; 





5 

cos @. sin’ @ ty 
but ——;— = 0, both when 6 = 0 and Ae see 
met la: ) fri t S84 x 
“ DNs eh ont ae Ceetig 2X ee 
= ed 5 O2479708 

3a 7 

A=3a Bes eats: 

rey ay 4 


Cor. For the evolute of the hyperbola, where (=) He (3) ‘ ie 
F ) 


x 
make - = sec’ @; 


ay 
=tan°@; .. — =3asec’@. tan Q@; 
a 


dé 
A = 3a[3. f,sec’@.tan’@ = 3a 8. faa ue, 


the limits of @ being 0, and some finite value 6”. 


WIS 


Ex. 16. The same substitution applies to find the area of 
2 


Y) sari =) arf 
(5) AG 
For making #=acos**'@9; .«. y= sin™**'@, 
. d 
a = — (22 + 1)acos” 6 sin@; 


. A= — (2n + 1)aB f; sin™*? @ cos” 0 
2 
=-—(2n+1)a fr {sin +29 (1 — sin?@)"} ; 
2 


(2n—1).(2n—-3)...3.1 ao 
2n.(2m—2)...4.2 2” 





whence expanding, °.- [? sin”"@ = — 
Be: 


1.3.5...(2n +1) 13. (27S) 
aula (Qcayiuis Wena, 
E (n- the 1.3...(2n+5) eS Met ote oat ' 
2 ...(22+6) 2is 2.4...(20+8) : 


“.area= 44 = (4n+2) raf. 
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3 3 Cie) 
y oe os Ces Say 
If n =1, (5) + (=) =1, and area =6z7af3 f AL. 4 


3 
= ma 3, the result obtained in the preceding example. 


THE LENGTHS OF CURVES. 
93. To find the lengths of curves, or to integrate 
d 2 
Tr a) when y = f (2). 
Ex. 17. Find the length of an arc of the parabola. 
dy 2m dy’ 4m" m 











de y da? ye wie 

a/ dy’ CY; /atm 

= ye Yee re ee 
A / Y daw P OF, i Sa 





m m 
C+ — _ 
=f “+m - |. 2 | 2 
a eed 
/ a + ma oV/ @ + mex a\/ e+ mea 
= fa + mn + — 5 og (@+ +/ x + mx) + C. 


And s=0, if v=0; «. 0=— log (S) +0: 


alr Ry ae et ips Qe +m + 2\/ a + ma 
2 Os He La! i a og UREN Ea F 


Ex. 18. Find when curves included under the general 


equation y = aw” are rectifiable. 


dy m eat Mihi, 27 ai erean: a’ 2m— 2m—a2n 
ay = ef n 3 ae § coe f 1 + e & L 
@ 


which is integrable, 





nv : ° 
(1) When ———— is an integer = 1, 
2m — 2n 





m 1 m 1 2r+1 
Ol a pe +1= 
n {Ning Sede 2 
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* 





n 
(2) When | ne ea 4 = an integer = q, 





m I 
or — —]= —-—_-, aa ad : 
n 2q-1 n 2q-1 
Tet r= 1, 2, 3, &. g=1, 2, 8, &c: 
LE ge Ey | LA eee ee ee 
a er ae Ce ANGI aes ee 
n ie Ae 6° n ie 3° Rae &c 
Le 8s) : : 
Ex. 19. Let Bars Seal the curve be the semi-cubical 


parabola ; 








3a 
x je 
ee [M142 = G+C= pe ane 
If s=0, r=0; .. PMR nD 
VAR 


phy —.=. {(e + 0)! - off. 


/c 
Ex. 20. Find the length of the cycloid. 
dy 2a-—2 dy? 24-8 2a 


— = 3; Le =14 
@ @ & 











v 
[eee a cmervercnts 
. §= —= 1 Ta ees ax + 
@ @ if Or ‘ 
and C = 0, since s=0 when #=0; 


therefore s = 2\/2ax#=twice the chord of the arc of the 
generating circle, corresponding to the arc of the cycloid. 


Hence the cycloid is rectifiable. 


If # = 2a, s=21/ 4a = 4a, or the length of the semi- 
cycloid = twice the diameter of the circle. 


Ex. 21. Find the length of the arc of an ellipse. 
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JS a@ — ea reer j 
“se f =a | Ga 9 (ll ess 2) 
2 \/ a? — a 3 
nearby Pres 
1 — Lie’s” — ——¢* x4 — .2 — &e.t, 


1 
Puloaaae 2 2.4 2.4.6 


2n 








@ 


the integration of which depends on ul Beas: 
“ —3 





If the quadrant be required, we must integrate from 
wv =0to#=a, or from z=0to gz =1, but then 


LES teecr sel 20 g—idy) 


i yen 
UAL IN ica hn Pace one 














: 2° ey Sera i 1 T 

lL pe ee (y= 

/1 — 2 202.470 Mapua 74 
therefore elliptic quadrant 

1 a 1 1.3 Mage Sei 

=o Urge age wat gt — kod 


a series rapidly convergent when e is a small fraction. 
(3) To find the same by circular functions. 
Let =acos@; «. y=bsind, -« wis<a; 
ds 


ee) ave sin’@ + 6° cos’@ 


=a’ - (a — 0’) cos’*0 =a/1 — & cos? 


3 
Ae cos’ — &c. i 





Lee 1.1 
= a}1— he*cos’9 — sae 0080 = 
e 9 


Now f,cos’@ = sin @ . cos”-"6 + (2m —1) . fy cos”"~?@. sin?@ 





sin@cos”-'9 2n-—-1 : 
swiss niga ACOs aus 


v1 3 


and sin 8 cos”-'9 = 0, when 9 = 0, and 9 = 


°, calling [? cos” @ = P,,, 
0 
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2n—1 2n—1 om 
Es Np Pe a ga) 





Qn 2n (2n — 2) i 
(Qn —1).(2n —8)...... Bo lear p.@ 
7) (oa Cy ee) Ae Beer Ot ear) 
T Vee oF ty So Ong 
od gee eae Pos .— P= — &C¢.; 
wit 4Aue Deheysr gs We aie wre, Opt 


Ta 1 Les Wes .5 le ip yg! 
casi Le : 5 Cr om ee Oe 
a OAR 2? 4° 6° 9? , A? . 6°. 8" j. 


Ex. 22. Find the length of a hyperbolic are. 


OP en ot 1) Lv 
= OF ak A ART Bae : 


_ ds Reni d Coe — a an /ffae 


a RE Ea WE Gf v2 = az), 
ep —-= 


es l Lal 1 Licikiad 1 
a = Nee = 2.4 (ex)! 2.4.6 (ex)? 





the limits being w=a; t=O, or F=15 B= &%; 


now every term, except the first, depends upon 


, m odd, 





1 
Wear a 1 





1 Vie lieodl m— 2 f 1 
ee ° 5. Seen ee 
aod ieee Ne 1s Se ey 1 tyssaPn/ a1? 





A cal 1 : : 
and ee vanishes both when x = 1, and s =@; 
ee 


mt 
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@ @ 
1 Ba/ ge? — 7] 1 ¢\/—1 ain 
ie 1 3 Sd I ) BAe rg 
1 4/z?—1 rr LV Ae | 4 2 


o) 1 ihe 1 1 + OT 
41 4/2? —1 1 go/e—1 2.4.6 2” 








[AVE NOt Pal Me 
- = A) aay [Ge e 
BARS GY oe si Ota iat eae 





Now the equation to the asymptote is y = —; 
a 


/ we ba? Vf wre 
Re length of asymptote = @ SaPe) = = =er=aez. 


< aS 
But ae {== aev/s" — 1 = aes from x =1 tox =. 
Zz 


NJ x al 


If therefore 7 be the length of the asymptote, 











Ex. 23. Find the length of an arc of the logarithmic 


curve. 


d 
Here y =a’, and eee A ateay, 
dx 
d ds d ———, 1 
anc ua Aa esd DL ALU LF) 
dy dx dy Ay 
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van (CEE | ae haere 
he EO Ee 
UB ESTERS lf ie Seat at hr 
A A 1+ J/1+ Ay? 
Ex. 24. Find the Jength of an are of the Lemniscata. 


ade” 
Yr = a’cos20, and s=f itt 
Lf 


d a 








[yeah ole 
= | ———— = a. | —=——.,, if r=az 
rfat — rt 4/1 — x8 





1 1 
Pd pee ee ee ee 
aS a 
1 Tess ioe 
= | oe ae ee 6 
af Ta Ni ron ange t bet: 








Integrate from 0 = 45° to 0 = 0; or from x =0 to xy =1: 
g ; 








ra Te MOWER ea ee ali A 
eof 2.8.6 7S. #.6.8) 





The whole length of the lemniscata = 4s. 


Ex. 25. ‘To find the length of the involute of a circle. 





Here 7’ p =a’; ie ee A RT: 
eae — mS aS 
: dr J p° a 
2 2 2 2 
r ar” — a a 
s=—+C= mck ae 
2a 2a g 


If @ =27, or the string be unwound once, s = Qa a. 


If 9=2n-z7, or the string be unwound times length 
= : (2n7)’. 


Ex. 26. If the radius of the circle be unity, and @ bea 
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circular arc, 0, the length of its involute, @, the length of the 
involute of 6,, &c., prove that 


0+ 6,+ 60.4 &c. =e%— 1. 





AQ = 0, QP =p, 
AP)= 6), 4 BPR 
AP,=0,, P,P.=p., 
Ahe=a Gs 








mG A ED Vaan 
Aen ZeP QZ, Pate QP = Pp’ 
dé, dé, dé, 
My oe ae — =——; but 
OP tea td vei 
002= euro 46°d0; 2 OG bid oy 
) Gate aie ees | 
0, dé, 1 é 
And dQ; = 0, d@, = 0,. 6 mrs eae 
1 
se 0, = @' ; 
2.3 wh 


Wey" 
a4 0+ 0+ 0+ &e. =-0+ 50+ —— O+ &e.= ef -1. 
Ae 


THE VOLUMES AND SURFACES OF SOLIDS OF REVOLUTION. 


94. To find the volumes and surfaces of solids, or to 
integrate the functions 


dV ds eae, ; 
ie ou and a etd 1+ ae 
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Ex. 27. To find the volume of a cone with a circular 
base. 


Let a= altitude, b= radius of base. 
Then if the vertex be the origin and the altitude the 


axis of w, y=- a; 
a 


ar b? rh? x 


Ven fy =— far=" +6. 


2 3s 
And V=0if w=0; .«.C#=0; ee! ae 


li 


arb?a 





Let «=a;  .. whole cone 


=tof a cylinder of 
the same altitude and on the same base. 
Ex. 28. Find the volume of the paraboloid. 
y’ = 4m is the equation to the generating curve ; 
Verfy=rf4ma=2rm.a*+C, and C=0; 


2 
eiphien pael TAML.C TY ® 


Ely Chale 
But wry’ =volume of a cylinder, base = wy’ and altitude = a; 
. paraboloid = 4 circumscribing cylinder. 
Ex. 29. Find the volume of a sphere. 
Here y’? = 2aa — 2”; 


av 


*. Ver f[,.(Qan — 2’) = n(aat- 5) 4 G 


3 


| x 
and V=o0 if t=0; «. C=0; “Vena fa- 7. 


2 4. 
Let «= 2a; .*. sphere = 47a* (a - 3%) = oie 
Since circumscribing cylinder = 2a. 7a’ = 27a’; 
-, sphere = 2 of circumscribing cylinder. 


Ex. 30. Find the volume of the prolate spheroid formed 
_ by the revolution of an ellipse round its major axis. 
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4 
te loriae from w@=-a, tov=+4+4a. 


If the solid content of the oblate spheroid, which is formed 
by revolution round the minor axis be required; take the 
minor axis for the axis of #, and the major for that of y. 


Then in equation (1) put y for # and x for y, we have 
b? 2 
a = = (a? — 9°); 2a y= — (Ba); 


., solid 


lI 
3 
— 
S| 
-_a~ 
& 
| 
8 
— 
ll 
oa 
S&S 
8 
| 
| 
See 


=57a'b; from v=-—b, tov=+); 


.. prolate spheroid : oblate spheroid PhD 30) 
Cor. Sphere on major axis : prolate spheroid :: a’ : b’, 
sphere on minor axis : oblate spheroid :: 6 : a’. 


Ex. 31. Find the solid generated by the conchoid round 
the asymptote. 


Here ay =(a+a)/B — a; 


and since the curve revolves round the axis of y; 


b? 3 
* dVi= cady = eee wi TN 
J bP x 


ab* a’ 
allot 

if SP aa SP x 
= C-a.jab? sin1 5 — o/b a? — 3 (0 — a), 


and w=b; V=0; .. 0= C= x {ane Z}, 





rab? 


wih ; 
2 








vw ab? ae agi Vox 9 
° V= — 7 sab’ sin- PR avrg (x? + 2b°)}. 
2b 
Let z=0; .. whole volume = cB? {= =f 
3 
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Ex. 32. Find the volume 
generated by the revolution of the 
cissoid round its asymptote. 


AB=2a, BM=2, MQ=y. 


AN? 
N NQ 
ow NQ?* = BN? si 
Aye 
or Pome id) ye , A 3 
y N 


. Verfy=rye — Qo frye. 
But ay =y(@a-y)®; .«. vy= V/y. (2a —-—y)!; 
[yey = f,(2a—y)V/2ay - ¥ 


=f,(a-y)V2ay-y +afr/2ay-¥ 
2ay—y’*)8 
=e +afi/2ay—-y; 
=m \(2ay — 9°)? — 2 (2ay — 9")? - 20 f, \/2ay — 9°; 


0 2 
. whole solid = f y*=a.2a."~ = 9°a°. 
2a 2 
Ex. 33. Find the solid generated by the revolution of 
the semi-cycloid round its base. 
dy V2ay-y 


Make the base the axis of a; 
da y 


a 
fry 7 | a. ; 
y" yf 2ay -y° 


5 EE Eh 
St VEE ae OR we ae 








3.5 ee ee : 
_ ~*~ a? /2ay —y’ + ee ver-siIn 


ee 
2.3 ae 


2a 3 2 3 

y 51a 

“5 V= SSS SS SSS 
wf J 2ay — ¥? 2 


Ex. 34. Find the solid generated by the revolution of 
the cycloid round its axis. 


da 
Varfyar hy 


and y =a(0+sin0); #=a(1 —cos@); 
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. Vera’ f(0 + sin @)?sin 0 
=7 a" [$6 sin 0 + 20 sin’ 6 + sin® 0}, 


whence integrating from 9=0 to @=7; 


Ex. 35. To find the volume of a conical figure, the base 
of which is bounded by a given curve. 


From A draw AD perpendicular to 
the base, and =a. In 4D take AN = a, 
N being a point in a section be, parallel 
and similar to the base BC. 

Let A =area of the base, 

iS = area of section bec; 


S b6N* AN? 


“2° BD! AD ae? 








2 adv 2 
S=4A-—, and —=S=4A/ otis 
dv a 
“A ' 3 
Vo ale NG. and C=0; 
= 
aA. 
», ABC = =" = base x 1 of the altitude. 
3a 3 


Cor. This proposition is manifestly true for a pyramid 
of any base. 

Ex. 36. To find the volume of a Groin; a solid of which 
in this instance, the sections parallel to the base are squares, 
and those perpendicular, bounded by a given curve. 


Let the given curve AD be a quadrant 
AN =w, NP 2y; AB = BD ea, 
therefore generating area = (2y)” = 4y’ ; 
dV 


* — = 47° = 4(2aa — a’); 
ae ity ( )s 





3 
wv ; 
* V=4(a0’-=| = $0, if a= a. 


Again, °.* generating surface = perimeter of square = 8y ; 
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aay aaa ow, A a ta 


dx Vat = a 


-. § = 8aa = 8a’. 





And similarly may the volume and surface be found, 
whatever be the curve APD. Also, if the base be any other 
figure, of which the area is a function of y, as a circle, a 

_ parabola, a triangle, &c, and APB be a curve of which the 
equation is y = f(), the surface and volume may be found. 


Ex. 37. Find the solid generated by a c 
_ parabolic area round its ordinate. ry N 


AM = x, BN = am, AB =a, | 
MP=sxz, NP=¥y,, BC=b; | 








dV y = A WM B 
Coty = 2 (a- ayia n(a- 2) 
ia Sie 7a 2 4 2\2 
-7( 4m a Canyes yy, 
aV ravi T 
ee Shh ty? 4 gt 5 
a da, dy (amy? ya 
vie jn 2b°y° 4 
(4m)? 3 ia by 
ab’ ab? 8 : 
oa oe L = i — ee “bh 
volume = (amt 241} (amas 57a 


Ex. 38. Find the volume and 
surface of the solid generated by w 
the circle BQP round an axis ms 
AN «x, in its own plane. 

Let AO=5), OB =a, 

MQ = Ys OM = @. 

Then surface generated by QP 
| = (NP? - NQ) =7{(b+y) -(b- 9)" =47by; 


a a easy 
b at ‘ag Anby; -. V=4rb fy = ft Qa ab, 
dx 24 





ds ds . 
= eno . = “ba. 
S=2n.f(NP+NQ).—=40b. f 4b. nra=4n ba 
| 24 Bs 
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Ex. 39. The surface of a sphere. 











phen ay en dy a-2@ 
y=\/ 208 — x, and = = 
2 we _ 2 
dy’ i (a — x)? a? a” 
dx? Q2axn—-a2° 2ax— x? g 


; dy’ 
SMA Nails Coens j Fem as 1s ee 


dx 
S=0, ifvw=0; ..C=0; .. surface of a segment = 27aa : 
+, surface of sphere = 27a .2a =47a’. 


Ex. 40. Convex surface of a paraboloid. 








d 2m 

A Nell ining spall 

dv y 
5‘ 4m? m “2+m 
Adah ee sey oi Bie 








_S= fares Aor \/m . Lain, ae 


AY a PUR Lh un GARY ba, es 
ANG wil ees Ook Oran C=-SaV/m.m; 


: in 
*. surface = one -{(@ +m)? — mit. 





Ex. 41. Surface generated by a semi-cycloid round its 
base. 
d 2ay — Ai dae 2a 
piers ae MAA Shes aay agin Se 
da da y 
dS dS dz 


ear Bay 
dy dx dy mV 2ay / 2a 2 


= 2r\/2a{— 2yr/2a —y- = (2a - 98s 


e e s a 32 
‘. surface by semi-cycloid = 27. s (2a)? = — ra’. 
a 3 
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Ex. 42. Find the same when round the axis. 


d pie 
The vertex the origin, — = / de me 


& @ 








d d 
Surface = on fy — = er us fool: = 21/208 


= 2m {29/200 - 2\/2af,\/a Naat 
a an UEETE reo 








= Saal ye _ }(2a — «) 8}, 


from 7 =0 to #= 2a, or y=0 to y=7a, 
— — Z 3 
S = 4a \/2a$rar/2a - rele 


4, 4 
=87ra}qa ae 87a’. fe -<\ 


Ex. 43. To find the surface of the prolate spheroid. 





b ee dy @—eé a? 
2 « pa), Ee Rae 
a vC 


























Let e=0, or spheroid become a sphere; .°. = 1, 


and surface = Qmra7}1 + 1} = 47a’. 
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Ex. 44. To find the surface of an oblate spheroid. 
BMe@ CGN = a, 





B 
MP=y, NP=~y, p EP. 
dS : ds 
dz, ify al da,” 
iSite | 

or — = 272. nee KOC Oe < 
dy dy N 

ds pi ds 7 ie ew 

Fy ES ys = xv a, 
v (Paar: eS a” ~ 
PRON 3 b 

Make Se r=k; and c =-; 
e 


- S=-2reflr/er +2? 
= C-mrefeV/ci+2° + log (2 +2? + c)}. 
From #=0 to xv =a; or from z =a tox =0, 


me nase 


Cc 


’ 


Sane. laVete +e log 


fee 
c 


-; surface = 2S =27re. ave +a’ +c log 

















a+- 
2 2 2 
a a’*(1—€ e 
nie or Like 
é a ) : 
-VY/1-é 
e 
Liewe?) oe 1+e 
= 27a’. jl Tog ( iN 
2e ie) 


which = 47 a*, when e =0, or if the spheroid become a sphere. 





MISCELLANEOUS EXAMPLES. 
(1) How much of the Earth’s surface may be seen by a 


I ; 5 
person elevated the —th part of the Earth’s radius above it. 
n 


Ans. 





th part. 
2n+2 


(2) Find the length of the curve, where v3 + y?= a’. 


s = 6a. 
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(3) If 4 =height of a parabolic frustum, a and b the 
radii of the ends, shew that 


Frustum = = . (a? + B*). 
(4) Find the area of the catenary, 4 -2¢¢ ee : 
Area = a\/ y? — a’. 
(5) The area of (a + y*)? = a?a* — h?y? is 
= ab + (a — 0’) tan™! (2). 
(6) The area of a parabolic segment, cut off by any 


2 
chord = - of circumscribing parallelogram. 


0 | 
(7) If r=asec =f the area included by the curve, the 


~ 


asymptotes and tangent at vertex = 4a’. 
(8) Find the area of x*y* -a*y' = a’. 
Area = =| log ees — tan7! (=)I. 
| 2 vy-a vy 
(9) In a parabola, find the area included between the 
curve, its evolute, and its radius of curvature. 


Area = 4 Vile * ae + sat. 

a 3 5 

(10) If the subtangent of the logarithmic curve = that of the 

spiral, 0 = “: the are included by two radii of the spiral = arc 
r 


included by two respectively equal ordinates of the curve. 
(11) Find the length of the spiral of Archimedes. 


T oa ke r+a/r? + a? 
$=. —\/r +a? + —. log | —————. }. 
2a 2 2a 





(12) The length of the epiycyloid after one revolution 


of the generating circle = 8- (a+ 6), and the area between 
a 


2b 
the epicycloid and the circle = 7b" (s + et : 


a] 
(13) Find the volume generated by the revolution of the 
Witch, round its asymptote. Volume = 47° a’. 
(14) The area of the curve in which 
(a? — 6) sin@cos@ 
ee ee a ae 
/ a? sin?@ + bcos’ @ 2 








CHAPTER VII. 


DIFFERENTIAL EQUATIONS. 





95. Iw the integrations which have been performed in 
the preceding Chapters, the differential coefficient has either 
been a given function of one of the variables, or else has 
been expressed in. such terms of the two, that by a very 
evident process it has been reduced to a function of one only. 
We now proceed to integrate differentials, when the differential 
coefficients and the variables w and y are mingled together. 

96. Differential equations are divided into classes, de- 
pendent upon the order and degree of the differential coef- 
ficient. 


Thus an equation involving 

dy dy dy d"y 

gl a ee 
da’ da?’ da>’ daz”” 
is called a differential equation of the m™ order and of the 
first degree, while one containing 

dy jdy\* dy, dy\" 

rd Naslgte aa ies al 
is said to be of the first order, and of the mn degree: and finally, 
an equation in which are to be found the nh powers of the 
differential coefficients and the m™ differential coefficient, is 
named an equation of the m" order and the n™ degree. 

We shall begin with that class in which the first power of 

the first differential coefficient is alone found. 


Differential Equations of the first Order and the first Degree. 
97. These are included under the formula 


d 
M + Nae 
dx 


where M and N may be any functions of # and y; we shall 
however in the first place treat of homogeneous equations. 


d 
98. Let M+ N ~ = 0, be a homogeneous equation, or 


one in which the sum of the indices of y and w together, is the 
same In every term. 
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y dz 
Mak = 3 op SS Sg —=—— © 
ake y=23 re Zt lor 
Divide by N and the equation becomes, 
LE cams Po ee 0 
jis Pa N ines 
M , : y 
But W is of no dimensions or is a function of ~ or x. 
wv 
M dz 
Let tis ar eS) — Bee ety (B)§ 


eae 1 Me a eS 1 
(ads = x+f(z)? 25 (6) ats ay? 
which may be integrated by the ordinary rules. 


We put w=yx, or y=, as may be most convenient, 
for the solution is more easily effected, when we substitute 
for that differential coefficient which involves the fewest terms. 


d 
Ex.i1. Let vty=(@-y—. 
a 





dy dz 
Here make y=az; «. Pied lakes 
dz \a+y 1+ asi) Treas? 
ON a pl ord ae aes 
da 1-3 1 x 











me A Rages (=) = tan-'s — logi/1+ 3"; 


so tS 2 2 
. log (= Val +#), or ee aE ere 


& 


Ex. 2. Find the curve in which the subtangent is equal 
to the sum of the abscissa and ordinate. 


d 
Here yz, etys and let # = y2; 
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Ex. 3. Find the curve in which the subnormal = y- a. 





d dy wv 
yY¥—= wv; _—-= 1 — 
dx da y 
1 s—1 
Let y=a2; s+ e— = 1 — = 9 
z z 
da -— 8 





(Vy - = 1 2y — 
. bg (ee eal ees) 


—= cot~! 
c J 3 
Ex. 4. Find the curve in which the distance from the 
origin to a point in the curve equals the subtangent. 
Tats a ENE x dav 
Here AP = NT, or Vy +o ay. 
y 
‘ / x? ae g 
Nas ws = /1 “fF Pad e 


Make w@=ys; .. = +y. 





; 

y @ —— 

whence log 4— —_*—______} = — (47 44/9? + 4’). 
sea aaa v) 


= - ~d 
Ex. 5. (Sa - Vy) = Vy. Make @# = yz, 
y 


d ge BE 
Ex. 6. ony =u + y?. Make y = ez, 
a 


Then «? = c* + 2cy. 
dy y 
Bayi ee yey] (2) Lg ites 
Xe 7 Lig A, eG y=ve 
Ex.8 fy=—; 0... (2 — 2y)3 = ca’. 
v 
Ex. 9. NT and NP are the subtangent and ordinate of 


a curve of which the vertex is 4, and tan 7'PA = m tan APN, 
find the equation to the curve. 


(y’ ot a? ye i em av’. 


& . A 
Bix.10.° (oy) SA sot eo a Eh ee eie 
nN 
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Ex. 11. £(vy)=2afy; «. y= ee. 


99. The equation (a+ba+cy)dxr+(a,+b,02+0¢,y)dy=0 
can be rendered homogenous by making 


vza+be+cy, and z=a,+b,a4+ ey; 
-. dvu=bda+cdy, dz =bdx+cdy; 
. edv — cdz = (be, — bc) da, 
bdz — b,dv = (be, — b,c) dy; 
whence by substitution the equation becomes 
v (c,dv — cdz) + z (bdzx — b,dv) = 0, 
or (ve, — bs) dv + (bz — cv) dz =0, 
which is a homogenous equation. 


Cor. This method is inapplicable when bc, = b,c; but 


bic 
since then ¢, = ae the equation becomes 


Ca 
(a+bx+cy)dr+ («, + bx + 0, =) dy = 0, 


b 
le. (@+ 6004+ cy) da + fa, + z (be of cy) dy = 0, 


an equation in which the variables may be separated by 
; dz —cdy 
making be +cy=3; .. dt= aioe? 


dz—cdy f b, 3 
Ai rie d a 0; 
ete ea a se Ghee 3} y 


“. (a+ 2) dz —(ca+ex — a,b —b,2)dy=0; 


_ dy (a + 2) (a +3) 
is Mecoti Ua (cond) stk a Osa 





where a=ca—a,b and 3=c-—56,, the integral of which 


may be readily found. 


100. To integrate the linear equation, (so called since 
the first power of y is alone involved), 


in which P and Q are functions of @. 
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d d 
Since —yelsP = —~ eSeP 4 efeP, Py 
dx d 


It is obvious that if both sides of (1) be multiplied by e/?, 
the left hand will be a complete differential, and the right hand 
a function of # alone; multiply therefore by efaP . 


v 


d d 
* oe es Py} = efP Q; or aa Bato = el? .Q; 


*. integrating ye/7? = C + felP.Q; 
or y= Ces? 4 ele? fofeP | Q. 


d 
Ex. Let ~ y= an”. 
Here P=1, fP=a; «ef oe, Qeaan: 


“ y&=C+a fe’.a = C+ae sa" — 3a° + Gx — 6}; 


te y = Ce" + a $a’ — $a + 6x ~ 6. 





dy dy 
Ex. 2. (1+ a°)—-yer=a; fer 3 oe 
( Lane y aan dav Y ay ae 


7 
Here P= ae f£,P = log 


1 
V1+ a J/1+a*- 
; | 


1 1 
YG ot f 5 x — 
/ 1 + a s4/ te ee ee 


if 1 ax 
=a | ———_, = ————+ ¢; 
2 (1 ae u)3 J) + wy 


. Y=a0 +e\/1+ 2. 


d 
Ex. 3. =a + bx + cy; ape: Ce“=b+c(a+bz + cy). 
dy ny a 
Ex. 4. —=_4+——={—; ., n= ; 
x. Peay yu" = a (a + b) 


d 
101. The equation ye + Py"= Qy" may be reduced 


to the preceding form, in the following manner. 


[ * 
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Divide by y”; 








° m—=—n—1 d P m—n 
oe da ah ie @ 
dy dz 
Let y*™"=(m—n)s3 9 .. y®r2-1 7 . : 
y ( ) ROO ire ene 
ds ( p 
.—+ (mM — = 5 
na n)Ps=Q 
which is of the required form. 
eet EN 
ds Ss s° 
d d 
Let v? = 22; hep a 
ds" Has 
: dz 2hzx m 
Oy Mae bier 
2h 1 1 
Here P= - ag “. f.P = - 2hlog(s) =log—,; «ef? =— ; 
8 s 
ms Pht 
: eRe i 2 —(2h+2) _ ea : 
ss *=—m fs a er 
= Yi ed if 


geet CO ope ae 
2 (2h + 1)s 


1 
Ex. 2. ey apy “ye Fabs Ps 


ex 3.0 oY te _ =U\/y3 aes V/y= CV/1- a -4(1-2°). 
— XL i 


d 
Ex. 4. wy*dy + y%de = 3 


SE SHE lS 
a | Heese eae 
] a e. 


Integration of exact Differentials. The method of finding 
a factor which will render a function integrable. 


102. The equation Mdx« + Ndy =0 is not always the 
result of the differentiation of f(wy) =c; for after the dif- 
ferentiation, its terms may have been divided by a common 
factor, or the equation may arise from the elimination of an 
arbitrary constant between the primitive equation and its 
derivative. 


380 DIFFERENTIAL EQUATIONS. 


But whenever Mda + Ndy = 0 is the complete differential 


2 2 
of a function of two variables, the condition pe ig sek is 
| dxdy dyde« 





du d 
fulfilled, or since M = — and NV = ae 
| dx dy 
WDE Gay Cae aN 
‘dy dady da’ 
Hence, we have a method by which we may find whether 
any equation of the form Mda+ Ndy=0, be a complete 
d d 
differential; and if it be, since then ““ = 7, and “=, 
: dx dy 
we can by integrating these partial differential equations find 
d 
u; for since Uf = - » M is the partial differential coefficient 
- 
of uw, with regard to #, considering wv alone to vary, and its 
integral will give all the terms in which wv is to be found: let 
the integration be performed. Then 


u= {M+ Y. 


Here instead of adding a constant C, we put Y, for as y 
has been supposed not to vary, the constant will include those 
terms of the original equation which are functions of y alone. 
Next to determine Y: differentiate with regard to Y5 


du df,M dV 
sage dy dy” 











d 
But ates (a afte Fs ee 
d dy ' dy 
df,M 
Y= (wv - ~ )+0; 
J dy 
df,M 
u= [M4 [w - | C 
iM + J 7 


103, Since Y ought to be a function of y only, 





df,M ! 
if (wv - U should be independent of w. 
y dy 
_To prove this, let y + dy be put for y in f,M ; 
dM dM 
Ba age oti NL tae OM . 
Fal aah oy + &c.) LM + by foo + &¢ 
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df,.M dM , AM 
MeNCC ef a Ye [wv - aay : 
oe dy dy J i dy ie 
Say Nn dai @Y dN dM 
e dy’ °° dady aii ta ida ea 


hie : 
or since —— differentiated with regard to w vanishes; Y is a 


y 
function of y only: the same result would have been obtained 


du. ; 
by integrating N or - in the first instance 
y 








Here M : N eae 

ere Mf = —- ; = 
J x — ¥? y/@v-y 

gum fy fe (a) - oo 
EOI ETA Cen Ea Cok 


fy. 
o w= f,M+V=2log(a@+Vae’-y)+¥Y, 
Aas — 24 


du — 2y ar ; 
dy (a4 fey) / ey "dy yYV wv —Y¥ 





42 ee 

dy f#-ylr+Va’-y Y 
2 ry tara —y’ ee. 

Be flaca man | 


- VY=C-2logy; 


iti ove 
Pala 2a oe 
y 


. u = log 





ade+yd da—axdy 
Ex. 2. Letdu = a + 3by’dy= 0. 
“a+y 
ax y ay 
Vaotry wry Meee tty 
dM —ay ay dN 
Here — Git a)s (ok aa yon d 
dy (a +y)! (a+ y') © 
Y, 


u=f,M + ee ee ean 
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debi) ayy Kile) Sauna Uae 


= oe eee: Sore > + SO aus 
dy Jfat+y pra dy dy 














x & Ht 
.. log (2y)- 5 +V/a’+y’) + log (y JS a? +y—y)=C. 


104. When the equation Mdw + Ndy = 0 does not fulfil 
h bie : ayy iis a Niwa. 1 
the criterion of integrability, diye rier it is no longer a 
complete differential, some factor having disappeared from it. 
Could however the factor be restored, every equation of this 
class might be integrated by the same process: but there is 
great difficulty in finding this factor; in most cases the dif- 
ferential equation, by which it is to be determined, is more 
complicated than the original one. 

Thus, suppose x to be the factor, then Msda + Nzdy=0 
is a complete differential, and therefore 


d(Mz) d(Nzx) 
dai yas, eed 
dM d d 
dy dy dx dx 


whence x is to be found, a problem seldom practicable. 





105. When, however, any factor of the equation 
Mde + Ndy=0 


is known, an infinite number of factors may be found which 
will render the equation integrable ; for let be a factor, 


~ du=sMd« + Nady; 
“. p(u) du = sp (u) Mdx + Nx (u) dy; 


and since the first member of the equation is an exact dif- 
ferential, the second member is also; .*. 2 multiplied by any 
function of (w), will make the equation integrable. 
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We may sometimes find the factor when the differential 
equation can be divided into two parts, for each of which a 
factor can be found; for let the equation be 

pdx+qdy+pdx+qdy=0 (1), , 
and suppose that = and x, are the factors which will make 
pdx +qdy and p,dx + q,dy integrable, so that 
spdx+sqdy=du; and 2,p,dx + 2,q,dy = du, ; 
. (wu) and x,@(w,) will include all the factors which 
will render the two equations separately integrable ; if there- 


fore we can make z@(u) = %,¢(u,), we shall obtain a factor 
which will render the equation (1) integrable. 











dex bd ca" dar 
ix. 1., Let ai he geet os 
bd 
a0e OEY a log (x'y’); wo 81; uaaty’; 
oe Y 
ra a U b eau") 
isa a is integrable if x, =y's w= : 


m+i1° 
 sp(u) = (ay): mG (m) = yh (o"*). 
Ret ob (a’y’) me aft y® ; (a™**) _ gms). 
a—1 
a kb b pea. s “hh = bes =; k,= ———— 5 
y =Yy: v@ es fal b; k ] 1 os 


-, the factor is wy’, whence integrating 
m+atl 
Sew 





_ Ex. 2. wdy—-2ydx=adx. Here 


1 
Z=—3 w = log (4); B= 135 WMH ary 
“Ly aH 


j bares oh ols 
+, — is the factor; and y+ca*’=-. 
a 2 


Ex. 3. ayda + bady =a"y’ (a,yda + b,ady). 


The factor is De ees Kee eRe 


the integral of this equation might also be found by making 
ay =x; vty =v, from which we shall obtain 
3 ons an — bm 


epee tee ee ee se Where hee 
an—-bhm an—bm ab, — a,b 
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106. The factor may be determined when x contains only 


: dz 
one variable as wv, for then rr 0, and therefore 





sde N\dy dz# 
The right- hand side must be a function of x only, which is 
the case in the linear equation, for N = 1, and Mf contains aye 
the first power of y; therefore integrating, 


dz 1 (— ): 


] septal hey = e 
ate & ce* 


But to find @ priori the multiplier which will make the 
equation dy + (Py — Q)dx=0 an exact differential. 
Let e be the multiplier : multiply by it ; 
*. sdy+2(Py - Q)da = Ndy+Mdz; 
dN dz dM 


dz 
rye =—; — =(Py - Q) —+ Ps; 
dx da’ dy Seana: dy ‘ 


= (Py - Qy = + Ps: 
“dx =(Py-Q)d ds Ped 

——— = ip mee Sav 

ee aa ie 


~ | 
= - dy + Psde; since (Py - Q)da = -—dy; 
y 


dz dz 
.. = dae +—dy=dzx= Psdz; 
dx dy | 
ika 
FA =P; ». g =efeP 
sdx 


which justifies the assumption made, in article (100). 


107. The factor may also be found when the equation is 
homogeneous. 


For let M + ve = 0 be the differential equation, sup- 
x 


posed to be homogenous and of m dimensions, and let x be the 
factor, a homogeneous function of the n™ degree ; 


. sMdx+2Ndy=du......... (1). 
Hence, since w must be of m +” + 1 dimensions, 
8Ma+2xNy = (min + 1)u........- (2), 


Art. (112), Diff. Cale.; therefore dividing (1) by (2), 
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Mdx+ Ndy 1 du 


° 


Mui+Ny m+n+41° u 
and since the right-hand side of the equation is a complete 
1 


differential, the left-hand must be so also; and .-. ite x ees 


is the factor required. 
Ex. Let ydy + (#@ - ny)da=0; 


1 


. the factor = ——______ ; 
“—nyv+y? 


v—ny 


°° Ms= Ng = Y 


a — nye + YP’ i a —nye+y?’ 
ang (Ms) _ ny -20y de) 
dy (@ — nya + xy to idas” 














108. We shall now add a few problems illustrating the 
solution of differential equations, 


Find the curve which cuts any number of curves of a 
given species at a given angle. 


Let y and » be the co-ordinates of the curve of given species, 
y, and #, those of the required curve, 


m = tangent of given angle. 


Then tan7!m = tan7! a, — tan7! ay ; 
dx dx, 
dy dy, 
dz da, 
i dy dy,’ 
dx da, 


and 2 may be found from the given curve, and is a function 
! & 


of # and y, or d@(ay), and since at the point of intersection 
the co-ordinates of both curves are the same, we may for a, 
and y, put # and y; and then the equation to the required 
curve is 


4 ‘ + p(wy) o| = p (wy) - = 


which is of the first order and degree. 
25 Co 
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Cor. If the required curve cut the given curves at right 

angles, 
| 1 dy dy 1 
th =— syne —=0;°..—=-——.; 

aa ae bk Lao dx (ry) 
which is the equation to the Orthogonal Trajectory. 

Ex. 1. Find the curve which will cut all the parabolas 
that have a common vertex and axis at right angles. 


Let y? = 2mea be the equation to one of the parabolas ; 


' da y pet 
the equation to an ellipse of which the centre is the common 
vertex of the parabolas, and the major axis is perpendicular 
to the common axis, the ratio of the axes being /2:13¢ 
being indeterminate shews that any ellipse of which the axes 
are in the given ratio will cut the parabolas at right angles. 


Ex. 2. Find the curve which will cut at right angles all 
the ellipses that have a common centre, coincident major axes, 
and the ratio of their axes constant. 


Let y? = n (a’ — #) be the equation to one of the ellipses 
in which 4/7 = 3 
a 


dy xv dx 
dx y dy 
dy dx y v n 
.nm—=—; «nl “\=] (=) wy =a, 
; ; n og (7) og a peer v 


the equation to a parabola, of which the vertex is in the 
common centre of the ellipses. 
2 
If n =2, y2=—«, the common parabola: this case is 
c 


obviously the converse of the preceding problem. 


Ex. 3. Find the curve which intersects at an angle of 
45°, all the straight lines drawn from the origin to meet it. 


Let y=aa be one of the lines; 
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a homogeneous equation, 


2 2 
whence log (V2 z4 a) = — tan~1(2). 
c # 


Let y=rsin0, v=1cos(r — 9) = —rcos8é; 





— ry 
“ r= /aty’, LVM Gos log (=)= 05 r = ce’, 
x Cc 
the equation to the logarithmic spiral. 


109. To integrate Riccati’s equation, so called from its 
proposer, 


' — + by 


d 
(1). If m=0, then = a — by’, which is easily in- 
a 




















tegrable. 
(2). Ifm be not =0, we must proceed as follows. 
1 z dy Leds os 
Case l.” Let y =) 4-230. — = — 1 SS 
f bar) va dav ba? da 2 x’ 
bs? 22 
by =, ; 
wv au ae 
dy dz 1 bz 
pee a b 2 gosta ne Oe + = aie: 
dx y da x? a* 
7 
dx bs" st aa? 
da a 
which is homogeneous if m +2 = 0, or m = — 2, and the vari- 
ables may be separated if m = — 4; for then 
dz " bas) a dz dx ; 
mf a 0, 
dae art: va? Big gills) a? 
If m have any other value, make 
1 d dx 
eee ST a TO St ay |r, Dae ey Wa atda = oi 
Yi yy" m + 3 
1 bal ia , _m+4 
Also - = vy oatars phe ae — hae thy 
. a m+ 3 
i b _m+4 
whence — —> 5% "day = dx, 
yy (m+ 3)y, 
b a m+ 4 
Let = a, 3 oss b, 3 — — 1 
m+ 3 m+3 m+ 3 
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Then dy, + by/da, = a,0,"da,, 


which is of the same form as the original equation, and may 
be made homogeneous if m,= — 2, and the variables may be 
separated by the preceding process if m, = — 4. 


By continuing the same methods it is evident that we 
shall have a similar equation, dy, + b,y.'da, = a,0"d a2, 


m+ 4 
where m, = — 





; and b,, a, are derived from }, and a, 
m,+ 3 


as these were from b and a; which equation will be in- 
tegrable if m,= — 4. 


And hence if among the series of indices 


























m + 4 m, + 4 Ms + 4: & 
9) ae aX -_ Cc. 
aa Neng MAS. Mm, +3. 
any one = — 4, the equation is integrable. And by succes- 
sively putting these indices = — 4, we find the values of m to 
8 12 16 
be, -—4, — ches Cate &ec., which are included under 
4 ‘ é 
the form — % sont being any integer. 
ie 1 
Case 2. Make in the original equation y = — ; 
1 
di b 
= aol +—de=aa"de; .«.. dy, + ayPa"dax = bda. 
Y1 Yi 
print | es 
Let tna at oe te a av, "dx, 
m+1 
Anni dy eee hd eee oe aE 
vie wv, LAS 
Yi an Y1 aX, BONE 1 
: a b m 
or putting =b,, ——=a,, and —~———=™m,; 
m+1 m+i1 m+1 


dy, + by da, = a,a,"da,, 











; : y / —4n 
which may be integrated by the former method if m,= P 2 
n— 
3 m An as An ° ° 
or if = ———, whence m = - Hence Riccati’s 
m+il1 2n—1 2n+1 


equation is integrable when m is of the form 





The 
n=l 


first case belongs to the upper, the second to the lower sign. 
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ada 


3 





Ex. 1. Integrate dy + y’dz = 


Here 4 is-of the fornt\—--—__+— 
2n+1 


1 4 1 
. let y=—, and let at! =a”-st'= 7 5=2,; 


Yi 
= = 4 = 
Tet eh: = @ ee dx ==> 3X, Pad wis v= Vv) ay 
dy 8 
1 
Fs aor — —«, ‘de, = 8a°dx,, 
Y1 Yi 


dy, ee 8a°y da, =r 3a,~‘da,. 
Let —~ 8a’ = by; -3= a5 sae dy, + by Pda, = a, 0, ' day. 
%1 


1 
Now let y, = — +—. 
bay, 2,7 








dz 1 
] \ bod 
Then da + b 81° 9 bed A, Vy ie or v," = (a, —— b, 2”) 3 
1 


1 
1 da, 1 1 


nae bi gas = an ai 3 
0 ae dz, ay aa 6,3," 3 (a3? rs 1) 


3a af ent) , 1 30° ayY, + B+ 3a 
— =log ee x <= log- iE! SOO RT eS, 





vy a%,—-1 #¢€ 3a uy"y, + @, —- 3a” 
e 1 1 1 
*. since —=a@3 and y, =-;3 
ey Y 


ooo sD pes cased 
ce (3a°a-3 + y(w- 4 — 3a) 

1 (3a?w-3 + y(1 + 3aa)) 

~ @ \8a?xa-3 + y(1 —.3a%%) 








3a 34+ y(1 + La 


 C=C=e™ 
oe + y(1 — 302%) 








F ada 
Ex.2. Let dy+ydzr=—, 
a3 
Seal —4n 
Here — — is of the form : 
3 2n —1 
1 3 8 
Er lets Yio tara and = 1, CA 
ate) Os" \ dz 1 ua 
Ay 4 — = aa"? becomes — + 2°— = a a3. 


da a” dx a 
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j 2 ] 
Let s=—, and’. m4+2=--3 «. m+1=-. 
Yi 3 3 





Let a3=a,; .. w-3da = 3da,; 





—dy, 1 Sda, 
——_— + hy. 


2 2 
4} beh 
which, as has been shewn, is integrable. 


=3a'da,; .. dy,+3ay, da, = 3a,~"da,, 


110. It sometimes happens that equations in which the 
variables are separated admit of algebraical integrals, although 
the integral of each part is transcendental. 


dy dx 
Se eam 1): 
/1-y¥° /1— x () 


*, sin7!a# + sin=1¢4 = C= sin te, 


a/1l—-ytyV/1—-e#=e3 


we may however obtain the same result, thus 


xcydx vydy ee 
Oncaus- |r. sid wage if 
or -y/1 —a«°+ fdy\/1 —w—2/1-y?+ fdar/1—a* —v=-C; 


which since dy V1 —wv’+dea /1 —y’ = 0, reduces itself to 








Thus, since 








y/1-x+a/1—-ye=e, 
the required algebraic relation between y and a. 
dy dx 
Venn VANS Te Ne 


make y and aw functions of another variable ¢, so that 





111. Again, let 


dy ee dea 
PERS Uo b fn or =— aie 
di /at y+cy BE /a+be+ca’; 
let ¢+y =p, then squaring and differentiating, 
d’y dx 
2—=h42cy; 2—s 
7 + 2cy er: b+2car; 
2. pit 2 
2 : aan eae Ny + 2cp 
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Multiply both sides by a and integrate ; 


dp dex 
a: Pa. 2b vee. 
dP +2bp + cp* 


PE Mian nasa. 
(i =e = 7. = C 26 oie 
dt dt e dt Ys Bar eRe 





or \/a+bat+cu’—\/atby+cy’=V/ C+2b(wty)+e(a+y)’. 


dy da 
(She Bons Seam case 
/atby+cy+ey+fy* 











J/arbatcu+ex+fo 





Xv ——— 
Let = Vat bat ca? + ea + fal = V/X; 
dy 


ap TV at by + cy’ + ey + fy’ = VY. 


Make 7+y=p; x%-—y=q;3 whence squaring and dif- 
ferentiating, 


Pa Py ap p(eea 2) 
raed eee No staay 
=b+e(r+y) + Ze(a’ + y) +2f(e +y’) 


=b+ep+ie(p+ 7) +3fp (p+ 3q), 
da* dy? dp.dq 


li 
de dé = a bg tepq+ (Spa +7) +5 aP(P +9); 


d 
*, multiplying both sides by = gmcve 


2 aD 
Fed Cup ae iidéad tapi iy ae 
whence integrating | 


2 dp dp 1 dp’ dq 








dp AL ee Re Ce, 
iia =aV C+ ep + fps 
dp dae dy 
; wk meatiog S Ry B d p= 9 
Timed EL Aeh aes, Wate tinh 
/a+ba+cx +en + fat —/a+ by +cy? + ey + fy’ 
=(w-y)Sete(m+y) + fat yy 
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an algebraic equation, which may be put also under a rational 
form: for writing (# — y) \/ Pinstead of the right-hand side of 
the equation, inverting and multiplying by X¥ - Y; 

xX-Y xX-Y 


ee ee a 


AA SAR PIE SON IE 


oe eu AX-—Y 
<r? at aie b addition, 
or \/ X¥+\/Y (a sine eB y 














sik ah X-— Y (a-y)/P+(X-Y) 
BAY Nie rey ie ee ee Lae 
one @-yVP @-y)VP 
and squaring both sides, the equation becomes rational. 
dd d@ 
Ex. 3... —— + —_____—__——- = 0), 
/1 —e sin’ J 1 — e’ sin’é 
dd — -.00 jas. 
Let en ae —e’sin’ pd; -: Teed — e’? sin’@; 
a wal 26 ; 
7 CE =~ e'sin cos ps Po —e’ sin @.cos6; 
a 2 2 ’ 
., oo oe <- - — (sine + sin 260), 
ip de e 


2 
Sein RE — 5 (sined - sin 20) ; 


-. by making p= +9, q=9-9, 


d’p e “ ; Qos 
ani — 5 - isin (p + 9) +sin(p —q)} = —@ sinp . cos q, 
d’q 


e° 


a (cos 2h — cos 20) = = . ,cos (p +9) - cos (p — q)} 


=—eé sin p sin q; 


— 
— = 


* G2 (aes UE” sinig? “de dz Gt” sin'p 





OS 
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(7) ) 
dt cos q dq t/ -cosp dp 
dp sing dt’? dq sin p dt’ 
dt dt 


d 
aplos (=) = log sing + ¢ = log sing + log a = log (asinq); 








d ' 
ioe t= asing: also =a’ sin p; 
/1 —esin’h —V/1 —e’sin’O = asin (d — 6); 
and J/1 — esin®d +/1 — sin’ = a’. sin (p + 8). 


Cor. 1. The constants a and a’ have a mutual depend- 


ence 5 
dp dq F aes 
for *.. —.—=-—e’sIn p COS P=aa SiNDp.cos p; 
dt’ dt SS aan eS 
eae aa = —e’. 


Cor. 2. The preceding equation may be put under a 
simple form ; 

dp asing 
" dq a'sinp’ 

But a, a, a” are reducible to one constant; for if p be 
the value of @ when 6 = 0, 

—14+4/1 =e sin’p , 1+V1—e'sin*u 
So Qa = SS 
sin pw ‘ sin u 
” , ; 2 COS & 
a’ =acosq—a cos p=(a-—a) cosa = ——, ; 

smn ps 


for '. acosq=a cosp +a’...... (1). 


a= 3 





Substituting in (1) for a, a’, a’, we have 
cos (p — 6) {- 1-1 —e* sin’ ut 
= cos (p + 6) {1+ 4/1 —e°sin?u} — 2 cosp; 
-. cos (p — 6) + cos ( + 4) 
+ §cos (p + 0) — cos (p — A} 1/1 — esin®n = 2 cos m3 


or cos @.cos # — sing. sin 0/1 —esin’p = cos p. 
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dd | 
| Cor. 3. If ee =f (>); 
f dé 
vy) Viale and e? sin’@ =F (8); 
. f(p) +f (0) =a constant = PB. 
But if P=p~, O=0, andf(O)=0; ». B=f(u); 

= £(b) +f (8) =f()- 


Integration of Differential Equations of the first Order 
and of the n Degree. 


d n d n—) d n=2 
119s 01iet (=) HP (=) +Q ) LWT ae 
da dex 


dx 


be the equation; P, Q, &c. and U, being rational functions 
of w and y. 





i d 
Let the equation be solved with regard to =o and let 
da 


d 
X,,-X2, Xz, &c. be the values of ae or p thus found; 


then each of the equations p = 1), p= X,, p = X3, &c. when 
integrated will satisfy the proposed equation, as also will the 
equation formed of the product of all these integrals. 

Since the differential cage arises from eliminating a 
single constant*, raised to the ‘ power, from the primitive 
sqmeniine and since each simple integral introduces a constant, 
the solution will contain m constants, and therefore be more 
general than that from which it is derived. But if we consi- 
der that the constants are arbitrary, we may make each, equal 
to the constant belonging to the primitive equation, and then 
the result will be of the required form. 
dy? _d 


2. wf +puelno : 
dain 6 4s 1d ee 


. y=aut+e, and y= —-are+c’, 


Tks ¢ 








elther of which satisfies the equation. Also their product 


(y-ax-—c)(yt+tar—c)=0 
will satisfy it. 


* For suppose y—cav+c?=0; .. p=c; .. y—px+p*=0, an equation of 
the first order and of the second degree. 
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For differentiating we obtain 


dy , dy 
(5% - a) (y+aun—c)+ (S240) (y - av —c) =0, 


and making successively y= av+c, and y=—axv+c’, we 
dy dy 
et the results —- =a; — = — 4; as we ought. 
g e results 7 =a; g 


! Ae E ; d 
Again from the original equation, since = a; 


y —c = + a@, and squaring both sides, (y — c)? = a’ a’. 

This equation gives two lines, inclined at different di- 
rections to the axis of x, but both cutting the axis of y in 
the same point; and by giving to (c) different values, we 
may have groups of such lines in pairs. And the integral 
(y —axv+c)(y+am—-—c) gives the same result, except that 
each factor represents only lines inclined in the same direction; 
but by giving to c and ¢’ all possible values, and taking care 
to collect together those straight lines in which ec and ec’ are 
equal, we shall find the solutions comprised in the equation 
(y —c)* = a’ a’, which is limited to the single constant c. 





dy’ — 
eo ets =. OF p=+V/aa; 
dx 
d — d 
a Ne AG a and Ed ~/aa; 
dav dv 


2 |-- oe ae. ae f 
y= Vaal +o, and y= —.Vawise, 
‘ - : , 4, 
each of which is comprised in (y — cc)? = ak 


Ex. 3. Find the curve when s = aw + by. 


as dy dy 
Here — = J = b—. 
Sect a BE Pim ea ios 








° 
9 


dy. dy 
And :.- — is obviously constant, let = 1 
da i Pah Cr 
“. y=mae +c, the equation to a straight line; 


ne i and i+ (2E)'aas0(! ‘). 
| v My 


ve 








Ex. 4. py +2p2r=y;3 yo = 2007 4+ a’. 
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113. When the equation only involves # and p, and 
can be solved with regard to #, we proceed thus: 


dy 
l = = P d —=p; 
Since w = f(p) » and aD 


“ y= pue-fe=pP—fP; 


whence y is a function of p, and therefore of x. 
Exvile leet va +ap=br/14+p'; 
“y= ap +bp/1+p — f(-ap+bv/1 +p’) 
= Ea 2 pps Visp) +6 
The elimination of p will give y in terms of «a. 


1 1-2 
Ex.2. Let (1+ p?)v=1; .. 2 =———., and 1/8) 
= (1+ p*)a v ey and p f 





1 


Pere 1—2Zz 
Hh Yao coh Pe RY ne as 
a 


dy NA dy’ 
E e 3. iG t — = 1 aaa 
s Sie iiir ‘eRe 


I ] 
OE Da IE ee Me 








1 2 
So aD tae A AL) ica fee ae Vole ap 


P 


7 ieee 
os y=pe-fae=pa- [V+ 
: Pp 


] Pp 
= prt— a fh 
sisigarin Th cows 
cp 


= » — log (—“P__) _ 2, 
P Foo) inns /1 +p; 


1+ p’ 





l+VY1+p? n+ /a-1 
*. y = log (a) ahs = ). 


Ex.4. y=a\/1 +p; a+c=alog(y + \/y? — a’). 


114. When the differential equation contains y, # and p, 
and is homogeneous with respect to y, the variables can be 
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separated by making y= xa; for then 2 will disappear, and 
we shall have z = f(p). 
d x ldex 1 


But °° y=es3 °. p-S=e2@—3; ».. -—= : 
3 uae iy a + vdez p- 





NC ENS ade) 


“adp p-f@) Pf) 
And x being found a function of p; y= pax —- joe, y may 
be determined in terms of p and therefore in terms of x. 
Ex. Let y—pe=aV/14 p?. 
Make y=ae; «. s-p=\/1+p'; 


“. # —22p =1, Ae pee ool Lea Lv habe 
d x ee yd! Vis) 1 
Nhe BUT. Peau Pee ae 
da 2% 
ye eee 


be ipo Tee 
*. log | —]| = log = ; 
5 \2¢ miv is °8 a 4 YP’ 
. ow +y’— 2cx =0, 

the equation to a circle, the origin being in the circumference. 
This is the solution of the problem ; Find the curve in which 
the perpendicular from the origin upon the tangent is equal 
to the abscissa. 

115. Integration of the equation, called Clairaut’s For- 
mula. 

y=pue+f(p)=pe + P. 
Differentiate, when we have 


d P 
*, since =P, and ne eke we have 


» ap oe 
O= PP NES Ae ss 
(v+P) Bt =0, or 7+ P=0. 
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If we make i a pH=e; -. yscrte. 

dx 
This equation appears to have two arbitrary constants ; but if 
e be put for p in the original equation, and C for P, C being 
what P becomes when ¢ is substituted for p, then y =cx + C;. 
. C=c,, and the equation has but one arbitrary constant. 
This is the general solution. 


Again, from «+ P’=0, a value of p will be obtained 
which is a function of # or y, and does not introduce into 
the original equation the constant by the elimination of which 
the differential equation was formed; such a solution of the 
equation is called a singular or particular solution. 

The particular value may be derived from the general 
solution, by making ¢ to vary; and as y=cx+C is the 
equation to a straight line, the particular solution gives the 
equation to the curve which is the locus of the intersections of 
the straight lines denoted by the general solution. 


Ex. 1. y-pa=av/1 +p’; 


. p=c, andy= ce +a +c’, 
which is the general solution. 

















Blas 7 Oe a 1+p /a-a 1 
ul t= P — = Fas => — 
J/1 +p aX p ; Lv Dp? 
v ue 
A — ap y 
Pa rae V1+p* = @ V/a— x’ 
a a’ a? — a 





sae J we a; Y + 2 = a’, 
which is the solution of the problem: Find the curve in 


which each of the perpendiculars drawn from a given point 
upon the tangent is equal to a given line.” 


a 
Ex. 2. Lety=pea by Cae “ Y =4a(a + 2). 
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seen ees pcre 
Ex. 3. y= perary/1+p; y=out+ar/1 te 


Ex, 4. Let (y— pa)” =a""! (2 = v) : 
Pp 


™ m—1 
lolitas 
m m—1 
this is the curve in which 4D” = a” AT. 


Ex., 5. Find the equation to the curve, when the rectangle 
contained by the perpendiculars on the tangent, one from the 
origin and the other from a point in the axis of a, at a distance 
2c from the origin shall equal a given quantity b*. 


ty miles Ut Gea) 


Lalit nuh tenes lathin 


b 
whence if * + c’ = a’; Vie fa’ —(c— a)*}. 





9 
Here =O 


Pros. Find the equation to the curve PQR which cuts 
any number of ellipses APB, AQB, &c. described upon a 
common major-axis 4B, so that the areas APN, AQM, &c. 
shall be of constant magnitude, PN, QM being ordinates. 

Let AN = 2, NP =y, AB = 2a, m’ the given area, b the 
axis minor of one of the ellipses, but which varies as we pass 
from one ellipse to the other ; 


Ci eee eee. 1 See eee 2 
. y= o/ 2am $s = = feb / 200 — x”, 


Now differentiating with regard both to b and 2, 
1 db 


200-0 poet ao eV 2am — a =0; 


. since [,b \/2az — a” =bf\/2au — «= ma: 


for f, refers only to a particular curve, for which .-. 6 is con- 
stant ; 


2 Vaa0—@ diene iS 

= © x = 

aX Ad FTP Be: 5 
Sth. Wad" db ma 

or V/ 20x — x sa aie : 

Raa Viana "2, 


EY can 
or [r/2a0 — & MO oi Maes GC: 


¥y 
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Now when w= 0, fr/2 aa — x = 0, it being a circular area; 
also since the area APM is of constant magnitude, y must be 
infinitely great when @ is indefinitely small; therefore since 
_ mr/ 2 ax — «a =y x C, C must = 0, and hence the equation 
to the required curve is 


m/ 20H — a 
Aaa fer/2ax — x 


Integration of Differential Equations of the second 
and higher Orders. — 





116. The integration of differential equations of the higher 
orders is effected only in a few instances. We shall begin with 
the most simple. 


d” 
To integrate =, = X, X being a function of «. 


d’y d (dy 
. t—, =X; ..— {—] =4; 
A Deer he seer nea Ga) 














dy | 
a = LX; oe = nA ak 
dx j J Sof 
qd’ 
v4 ib t = X; 
dy dy 
ue ee | Xe ore i eh . = |e Je Jy Xs 
dx’ i dv SANE Y aoe J 
and so on; the constants have been omitted. 
ag, ad 
Next to integrate — = Y. 
dy dy dp dpdy_ dp 
Met a PF da da dyde ? dy’ 
d 2 
hice and 5 C+4Y. 
3 2 
y dy 
Ex. 1. Let —4=2°; make =P, aa = 43 
10 aot dp 
* dex ane pe Beige aS Fi a 
5 x C 2 
“. p=—tent+e'; andy= +—+cr+e" 
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— —____————- * 
——— 
ee 


which may be integrated by making /y + Vb =8. 


d 
117. To integrate equations involving p and q, put ~ 


for g, and the equations will be transformed to those of the 
first order. ? 

Ex. 1. Find the curve in which the radius of curvature 1s 
inversely as the abscissa. 











H = b) 
ere a xi 
aa’ 
dp 
dy d’y dp da Qa 
COTE, PSP Eger bea USS ieee Mac? Grapes SOUR Io peqrmmermemrrece:tnag ini aati: 
@ da’ dx (1 +p’)? a 
p oO ee 
va ee p m a” ge 
iis Arata EO EU SED 
: p a (b” ar 2 (0? A Pi HT 
6? — x” 





2 


gc (ath 
v 


Ex. 2. Find the same when radius of curvature = —. 








a 
dp 
da a 
AQ+tpy. # 
a a+ cw 
ait = - C= 9 
v aR 


26 Dp 
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a? — (a+ cx) 
(a + cw)” 
a+cxr 


d? dy’ eee 
Exes. ee Ngee a =log }c(y—e,) + V (y-6)’—-1}. 


d’y dy’ 
Fe ah ade 





1 
ee Pp 


Ex. 4. Integrate 


dy 2 
Ax 
_ dx 1 ta OY. of Dee 
dp g+mp’ dp g+mp*’ 
which are integrable, and p may be eliminated. 
a dy’ P 
Ex. 5. Integrate is hes ma? or Fa Y +mp’. 
dp _ 4p dp 
B t a eet ° a SS Ve ae 
5 dn we) dy Pa de a 


aA dz 
whence if pp= 223; ——2mz=Y,; 
dy 


a linear equation of the first order and of the first degree. 


This equation is used to find the velocity of a body moving 
along a circular are in a resisting medium. 


118. To integrate the equation 
dy dy 
sr = 0. 
dx* ‘i da + Qy 
Make y=efe"; . SE ia PE 


du 
* ett + Pu+Q+ mf = 0; 


d 
whence w+ Pu+Q+ oper 0, 
x 


an equation of the first degree and order ; but which is seldom 
integrable when P and Q are functions of a. It however is, 


when P and Q are constant ; let P=A; Q=B; 
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du 
~ —+u4+Aur+B8=0; 
dx 
du 
or — + (w—a)(u— bd) =0; 
dx 


which is satisfied by making w =a and w=); 
 y=eln= et" = ce”, 


er b: 
and y= ef: = e+" =¢,€"; 


either of these values substituted for y will satisfy the con- 
ditions of the differential equation ; but the complete solution, 
which must comprise two constants, is y = ce” + ce"; which 
by substitution we find also satisfies it. 


Cor. 1. If the roots of wu? + du + B = 0 be impossible, 
a=a+B/-1, and b=a-BY-13 
~y=e™ See -1 + c,e7 FeV 12 
= e §(c, + ©) cos 3a. + (¢, — ¢)\/—1sin Bat. 
Make ¢, +c. = Asind, (¢, - o)f—1 = Acoso; 
“. y = Ae* $sin d cos Bx + cosdsin Ba} = de* sin (Bx + 0). 
Cor. 2. Let the roots be equal; or a=). | 
Then y =e (c, + ¢,) = c,e” which has but one constant. 
To find the second constant. 
ax ghe 


Suppose b=a+h; .. y=e,e" + oe 
2 9? 

+ &c.? : 
z 


9 





=e" Se, + cet =e" fo, +0, + ha + 


make ¢,+¢,=c¢, ¢,h=c', andh=0; 


~~ y =e" (c'+ c'a). 


iE Yo bY 
119. The equation Ia + orp + Qy = 0, 
is seldom integrable when P and Q are functions of wv; it can 


B 
however be solved when P = ip ba? and Q = Giaia\s 





For make a + ba =e”; 
dz 1 mayandgdz dy ii 





e — 
—_ — — 


"dx a+ba’ ‘dx dzde« dzatba’ 
DdZg 
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Py dydz 1 dy b 
‘da dx dvat ba dz (a + ba)’ 

2 (ee eA tar ile 

ds” dz} (a+ bx)’ 


whence by substitution, and multiplying by (a + be)’, 





d’y dy 
A—b)—+ By =0; 
pet Net ekg ok 


which may be integrated by the preceding methods. 





120. To integrate the general equation 





d” | hee qu? 
A J.B J &e + Ly = 0; 





eet dais ae 
where A, B, C, &c. L, are constant. 


dy d°y 
Let y=e"™:; .«, —-=me™; —,=m'e™, &c. 
y dx dx” ’ 


m" + Am"-' + Bm"~* Sn? A Co ad eU: 


ee 


Let a, b, c, &c. be the roots of this equation ; then 
y =e", y= e”: y =e"; &e. 
will be particular integrals of the general equation, and the 
substitution of each in it will satisfy it. Hence the complete 
integral will be, by the introduction of 2 constants, 
y=Ce + ce" + ce + &e. 
Cor. 1. Should any of the roots be equal, as a=); 
then for ce” +c e”, put e“(c, + C2); 
-y =e (Cc, + @) + ce" + &e. 
And if three roots be equal, and a be the equal root, put 


b, 
e" (ec, + C,@ + c,2°) for ce" + ce" + c,e", 


and so on for any number of equal roots. 
Cor. 2. If pairs of roots be impossible, substitute for the 
impossible exponential functions, the cosines and sines of the 


circular arcs, to which they are equivalent. 


d’u 
Bix Ta aa app Os 


dg’ 


Let we=e"8s «. —=me"; = 
dé d @ 
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me” 4 ne 20; «m+n? =0, and m= +£n/-1; 
iu = CEN V4 oe v= | 
= (c+) cosnO + (ce — c’) /—1sinnd 
= Acos(n@+ B). 
If c+ c= Acos B, and (ce’—6’)\/—1 = — Asin B. 





2 
Ex. 2. oa tru + al <0. 
Make a’ = n°, andu+ B=w; 
d’w . 
Berit Gaal: “. U=—-3+ Acos (nO + B). 
xe: i Man Cs) 
at dt 


Make s=e”"; .«. m?+2km+f=0; 
.ma—-ke/-1/f-kh=-ktaV/-23. 
sae (cletV-) 4 c"e-"V-1) = Ae-*cos (at + B). 


Examples (1) and (2) are useful in Physical Astronomy ; 
Ex. (3) gives the space a function of the time, when a body 
moves through the arc of a cycloid, the resistance varying as 
the velocity. 

EY Ca ey 


Ex, 4. — 6 11 — — 64 = 0. 
lee PDE Sia Med ee 


Let y=e™; .. m>— 6m’ + 11m—6=0; 








. y= ce" + ce" + ce". 


d’y d’y dy 
ex. 5. Let —~—-3—— +3—-y=0. 
Ex. 5 et da’ dx Ve y 


. y =e" (€, + eye + 632°). 





a d ; 

Ex. 6. at st MOE IDE TS g 05G (c, + e.@). 
d? d 

Dea e So Ss pena dat P “. y = Ae’ cos(B-+ 5a). 
dx” dav 





=0. Let r=e'’; 


. y =e" (Cc, + &%) = w (€, + & log #). 
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—2z 


6 y = c,e" + CL€ 


diy - 
Ex. 10. Integrate = — ay =0. 


~ y=ce" + c,e° " + Acos(B + az). 
d} 
Ex. 11. Integrate ra + a'y=0. 


yore SVE Wd oa grit = Innere 
vers. /2 
ahi ax tel axe 
“. y = Aev?2 cos (2+) + A,e V? cos (B +). 
y we 1 I \/2 
d' 1 dy 


y 
Ex. 12. Integrate —~ = 
8 dx! a’ dex 


Here m‘ + a'=0; 





& & 
“ Y¥=ce' +6 47 +6,4+ 2%. 
wu 


Ex. 13. Integrate ~, —y=0. 
Make y=e""; «. m”~1=0, 
let 1, a, do, a3, ay, &C. a,_1, be the roots of this equation ; 
. y=c,e + ce” + ce" + &c. + €,e%-1", 


121. To solve the equation, 


dy dy 
Pas ose Me ee i 
da? + ae +Qy=R (1) 


We shall shew that the solution of this equation may be 
made to depend upon that of the equation, 


dy 
dx’ 








dy 
Y pe ante = eeeeveeneen a): 
iets Ot med (2) 


To effect this, we proceed to apply to this equation, a method 
called by Lagrange, ‘“‘The Variation of the Parameters ;” 
which consists in this, that if y = e’y, + c’y. be the solution of 
the equation (2), we may assume it to be that of equation (1), 
if c and ec” be considered. functions of w. 
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Let ». y=c’y, + ¢ y, be the solution of (1); 
dy ,dy,_ ,,dy, de’ de” 
"de : dw : dx dots dum 
But as we have made but one Prete to determine e and 
ce", we may make another; let therefore 








de’ Wee dy ay, ¥ dy, 
aye b) Sears, Sa 03 .—_—= see Oe Ss 
Yi da +t Ye da Abe c ie + Cc ai 
. d'y ne ie ay, ” d*y, dc’ dy, dc” AY> | 
iio. dv nude hdwdavidalda® 


whence by substitution in the original equation (1), 
«(rth an) (ots) 
de’ dy, de" dy; 
dx dx 4 dx da 
which by means of equation (2) is reduced to 
de dy, | dc’ dy, _ 
dv da” da dx 





de aa (ae Yi os) R: 


da dx y, dx 


dc, . ; 
whence — is found to be a function of zw, and ¢ = X,+ C, 
x 


also similarly ce’ = 4,+ C23 
te Yy = Cy, + CoYo + YX, + Yo Xo. 


A similar proof applies to equations of a higher order. 


2 


d 
<a + a’y = cos Ba. 





Ex. 1. Integrate 


a’ : 
’ +a’y=0 1s 
da 





The solution of the equation 


=c cosar+ec’ sinaav; 
7] 
let this be the solution of the proposed equation ; 
d c de” 
. °F _ _e'asinar+c’acosaxv + —— cosax + — sinaz 
da da du 


° Ad 
=—casina® +¢ acosad. 
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dc’ dc’ 
Since — cosawv + sinaw = 0; 
v v 
Py Fay) hon dees de! 
“ —4--Ca’cosa®x—ca*sinax-—a—sinar+a COS az 
dav da 
de’ de” 
= -a’y —a —sinavx+a— cosa; 
da ax 
dc! de” 
“. —a— sinax + a— cosaa#= cos Ba ......(1). 
da dx 
But dc” cosax dc’ 
UG ee ns 
dx snaw dx 
de’ cos’ ax 
—-a— (sinaw + ———] =cos Ba; 
dx sin a® 
de’ 1 1 
aa ~ cos Sx sin av = — 5, tsin(a+ B)a + sin(a-B) 2x}, 
a 
iP ak 


| 
and Aare cos 3a cosawv = 5 {cos (a + B)x + cos(a — B) a}; 


ee = -" ate) Wh Sk a? “\. 
ae sin(a+ PB) sin(a—B)a)_ 
“ial we * aaere| 


1 (ee Ba cos one) 


. Y= C,cosSax +c,sinaxwv +— 
oe ; 2a ee a- 
cos 3a 
a’ — 3? 
2 


d 
Ex. 2. Integrate yet a’y = X. 


= €,COSav + C,SiINawx + 


Let y=c'cosaa+c’ sinaw, be the solution. Proceed- 
ing as in Example 1, 








dc dc’ BG 
aime sIn aw sae COS actk= a eS 
dav dua Qa 
mille dc’ dc’ cos ae 
n Serge a edna 
da dv sinaw’ 
de’ 1 ; de" 1 
e ee omen) gee A sin av, and 





=—WNXcosav; 
da a deve a : 
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] . j 
. ¢€ = C\ enn = f; X sin av, 
ee 


1 
C, + — f, X cos aa; 
a 








Ca = 
COS aw ) 
.Y=C, cosar +c, siNaw — {, X sin aa 
. a 
sinaw 
f, X cos aw. 
a 


2 


, dy ,4y 
Kx. 3. Integrate Fras A. + By; X= f(x). 


Let a and b be the roots of the equation m*> + 4m+ B 
-. let y = ce” +c"e” be the solution of the equation ; 


d de’ dc’ 
b 
ee 100.6 tse pene ee 


" da dx du 





De , ty 
d Y eae Me aii d de 


; c 
—~ = a’c'e™ + bee” + ae” — + be” —— 
xv dx dav 


, ce“ (a2 + Aa+ B)+c'e” (b+ Ab + B) 
dc’ dc’ 

Qi AN beret As 
TRUE abe Tees 


And a+ 4da+B=0;3 0+ 40+ B=0; 


2 





d , dc” 
% (a - bye" —— = X, and -(a-b)e* = X 


1 iy 1 
[Xean 3 Cc = Co — 
OU 


f 
“A Cc = C; + 
a- 
ax br 


b 
€ exes i € 5 ake”. 


a—b a 





fixers: 








, b 
- Y= ce” +0,6° + 
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dy dy 
d x* dx 





Ex. 4. Integrate 


| 1 5 
site y = ce" + Ce" + oe ( « + 4 e 
6 6 


SIMULTANEOUS DIFFERENTIAL EQUATIONS. 


122. In the applications of the Differential Calculus to 
physical problems, mutually dependent equations are fre- 
quently found in which m + 1 variables are involved, and 2 
equations are given: as most commonly the unknown quan- 
tities are 2, y, and¢; wand y being functions of ¢; we shall 
first solve the system of equations which involve these quan- 
The method of solution is due to D’Alembert. 

d 


v dy 
Let A — B— é NLS 
e a i aime Ae 0 


tities. 


and iGe + B, a +C,e+ Diy =0, 
be the two equations: A, B, Xc. being constant, @ and 0, 
dy 
dt 


functions of ¢. By the successive elimination of py 


these may be reduced to the form, 


dt 


Now multiply (2) by m and add the product to (1); 
6+ mb, 


d d 
J +ar+by=T (1), “7 5 av+by=T; (2) 





d 
i. ry a) Cae) Nie meme i! 


b+mb 
‘=m: and let m,, m, be the two values of m 


Let 





a+-ma, 
resulting from the equation; also let @+mMjQ,=17,3 @+M,Q,="2; 


-. we shall have the two linear equations of the first order, 


d 
Fr gt tT) at (aT ae T+m1\; 


d 
ay 6 + may) +i7'9 (a + mY) le T+ mT 3 


. w+ my =e {fev (T+m,T:) + Ch, 
Ut MY = e7’s yf es (T + Meo Z';) + C,}. 
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daz dy 
Ex. Let —+4y+5v=e!; “+44 2y=e'; 


d 
er qe ht + my) + (4+ 2m)y + (5 +m) w= e+ me™. 


4+ 2m 
Let ——— =m; .«.m=lor —4, 5+m=6orl; 
5 +m 
or w—4y =e7'} fel(e' +e) + Cit = det + Le® + Cer; 
which give wv and y in terms of ¢. 


123. Next to integrate the simultaneous equations, 


d: 
=; + (dv + By + Cx) =T (1), 


d 
- + (4,0 + By + C,z) = T, (2), 


dz 

FF iid (4,2 + By +C,2) = T, (3): 
where 4, B, C, &c. are constant, and 7', 7, 7’, functions of ¢: 
multiply (2) by m and (3) by m’ and add ; 


d | 
Me ae + my+m's)+(A+4,m+ A,m’) §v+ By + C’st =U, 


B+mB,+m'B, , C+mC,+mC, 

Act Avni tem taal Aral im Aes 
C= T+ Tim + Tom ; 

- if Bo=m; C=m; A+A,m+4,.m=M; v7+my+me=0; 

dv : hy: 

iE + Mv = U, a linear equation, 

which integrated will give the relation between v and ¢: also 

since from B’=m, and C’ =m, two cubic equations will 

arise if m,, m., M33 ™,5 m2, mz be their roots, and if U,, 

U,, U; be the values of the right-hand side of the equation 

when integrated ; 

Samer: + Mm,Y + mys > U3 





where B’ = 


we + MoY + Me = Us; 


/ 
C+ My + M33 = U3. 
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124, Tointegrate the simultaneous equation of the second 
order. 
bee 


dt 





e+by+c=0.., (1), 


d? 


multiply (2) a m and add, 





ad? _b+mb, c+me, 
age 0 OY ay) aktrah EG) C+ ia 





a+ma, a+ma, 
b+b,m 
1 € 
Make m = ————-3 u=xv+my+ce; a+a,m=-nN; 
a+ma, 
2 
Ae 2 nt --nt 
; ian ate si. heme Cet +.0je°™ ; 


therefore if m, and m, be the two values of m, 
(a + a,m,) (a + my) +e + m,c, = (a + m4) fc,e" +oe-", 


(a + am) (x + my) +e + mc, = (a+ ma,){eve"™+e/e™}. 


ada d’ 


y 
Ex. a neh rege ATOR 
= ++ 40,6 + 4c,e77 — 3¢e,/eN7 — ceV7, 


es 4 - = = 
Bae c,e + c,e-* — c,'eV7 — c,'e-N7, 


Differential Equations containing more than two Variables. 


125. Equations of this description, of the first order, 
which, we in general shall suppose, involve the three variables 
&, y, %, may be divided into (1) Total Differential Equations, 
(2) Partial Differential Equations. 


Total Differential Equations. 


Let du = Pdw + Qdy + Rdz be the equation, which may 
be supposed to arise from the differentiation of 


du. du du 
= 2); wh P= =—; R=—: 
u= f(xy); whence ee ea, a ie 
and since when this is the case, 
dP dQ dP dk dQ dR 


dy died ghia aiid dean 
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we can always ascertain when an equation is a total diffe- 
rential. 
y wey 
+ 
a-s a a (a — x)° 

dP 1 d dP 
etce ip etd Sy, cA I da Ajai 

dy a-x dx dx (a—3) dx 











Ex. Let du= 











du y 

de a—®% 
du du | 
bp aet* 


x ry d d 
Ee fey tp ed ee dy + — f (yx) dz: 
Ps eae RIa\ GL eae 


d d 
Ae oe d div ets}: 
dy? Y*) Ue se) 7 0; 
flys) =C 
fgg Fy gg 


Pi Cares 


126. Next to integrate the equation Pdx + Qdy + Rdz 





= 0, which may be put under the form dz =—- plea dy 
or which, by making p = 5 q=- Bs 
may be written dz = pda + qdy. 
Now if this equation can be expressed by an equation 
s=f(r,y,¢), or f(#, y, %) =6, 
d(p)  d(q) 


we ought to have 7 eh ss va 
y xv 


dp dp dz _ dq dq dz 
or 4 ee or 9 
dy dz dy dx dz da 
d 
d ean: we have 


OTe’ pee A ee 


d d 
Lg Ppa 0...(0), 


an equation of condition, by which we can ascertain whether 
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the proposed equation admits of the solution f(a, y, x) =e. 
If we restore the values of p and q the equation becomes 


Bee 5) + @-(Fe 7 Aye dQ 


eles) a AM, eal sh er Oper bey 
dx dy dz ds dy 7s) (2) 


when this equation or the preceding one holds, one of the 
variables must be considered as constant, and the remaining 
part of the equation integrated according to the rules given 
for the integration of functions of two variables. 


Ex. 1. (y+2)du+ (w+ y)dz4+(e4+2)dy=0. 


dP dP dQ dQ 
Here P= — =] =— = or stiles vid ois 
ra oo ae dy dz’ mae Pa dx x 
d d 
R=ev+y;3 i =l1= ma .". equation (2) is satisfied ; 
dav dy 


*, making dx =0; 





». log (w +2) + log (y + x) = $(z) = log (Z): 
. (vts).(y+2)=Z; 
“ (y+sx)da+(e+s)dy+(a@+y4+22)dz=dZ; 
adZ 


oY 
a 





=2%; « Z=2?+C; -. wytasr+yz=C. 


Ex. 2. (ay —bz) dw + (cz - ax) dy + (ba — cy) dz =0. 
Make x constant; .°. dz = 0, then : 











sca is ds estas yet. eG ( i 
cxz—aun ay—bz 


) = log 2: 


Cl —Aax 
ady a(ay—bz)dx a(be—-cy) 
" 6S —ax (cz — aa)? (cz — aa)’ 





dz=dZ; 


“. (cx — ax) dy + (ay — bz) da + (ba — cy) dz =0 
= {(cz -ax)}*dZ; 
“ dZ=0; ». Z=C; «. (ay— 62) = C(cz — az). 
127. If the equation Pdx + Qdy + Rdz =0 is not a 
complete differential, but may be rendered so by the means 


of a factor F’, the equation (2) must still be satisfied: for, 
multiplying by F, 
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FPdx+ FQdy+ FRdz is an exact differential ; 
d.FP  d.FQ) d. FR) d. FP d.FQ_d.FR 











dy TER. 5p AG TIE Badan is ES dy ° 
1Q\ dF dF 
F(T) +P. — Q..— = 0, 
dy dw dy dx 
dR dP dF dF 
Fri Saati begs: SME EG 
oe Ge) t Bay Pam 
dQ: ah dF dF . 
FY — - — eee mans! Up as 
re =F ie dz dy 


Multiply the first of these equations by FR, the second by Q, 
and the third by P, and add: we have 


UG ras) 2 Oat hae) 


trae 


Ae ( i) 


the same equation as in the preceding article. 


128. When the differentials dw, dy, dz exceed the first 
degree, it must be solved with respect to dz; and can then 
only be integrated when the factors of the equation so solved 
are of the form dz — pdx — qdy = 0. 


Partial Differential Equations. 


129. It is here required to find x= f(a#y) from one of the 
partial differential coetlicients, or from some relation existing 
between them. 


d 
To integrate = = P; P being a function of wv, y, z: we 
ax 


first integrate it on the supposition that y is constant, and 
instead of adding an arbitrary constant after the integration 


we add (y): similarly we add @(a), if the equation be 
dz 


a= de 
dy 
Ex. = v=art Ply) 
° e —— = a3 ten =A z 
. dx 2 J 
dz az " ‘ 
Ex. 2. —=—; -. logs =loga"p(y); -. =a py): 
da & 
d ase dz dv 
gA Gag sail = J a 3 Es 
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ee v) 
eb eR 


p(y). 


130. To integrate the equation 5h + Qq = R, in which 
P, Q, R, contain at once, a, y, 33 


= tan~' f(y); p(y). 


& oe sal 
de vty a’ 








dz —qdy- 
Aun 
‘. substituting, Pdx — Rdw =q.(Pdy —- Qdzx). 

Here there are two cases: Ist, Pdx — Rdw may contain 
only z and a, Pdy — Qdw only y and «a; 2nd, either or both 
of these factors may contain all the variables. 

Case 1. Let F'be the factor which will make Pdzx — Rda 
a complete differential dM, and F’, the factor which will make 
Pdy —- Qdvw=dN; 


we fae 
7 .aN, which cannot be integrated unless uf 


1 1 
is a function of N, =@(N); whence dM=q(N)dN; 
ve M = p(y). 





°° dz=pdx+qdy; «. p= 


. dM = 





dx - head). 
da 
.. eds —nsda = q(ady — ydz) ; 


Ex.l. pat+qy=nz; also p= 


and to integrate wdsx — ERE: and «dy — yda, we must mul- 


1 
tiply the former by - the latter by =} 


re 
= y y 
=—+%3 N=-; — we — 
M c ; z wo (2) 
E ; z 
X.2. pat+qy=09; PEEP LE 
Ex. 3. qv-—py=0; .. s=G(a' +’). 
1 
Ex.4. ap+bq=c; “ee +— op. (ay — ba). 
a 
x’ 
Ex’ 5. pa “gir; ilies PG cae eb 


CasE 2. Next let the variables x, y, x be found in both of 
the functions Pdy — Qda, and Pdz — Rd«#; we can no longer 
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integrate them separately, since x cannot be considered con- 
stant in the former, nor « in the latter. 

Lagrange observed that if these equations were integrated 
conjointly : and if we call the integral of the former N: and of 
the latter M; so that N=a, and M=6, a and 6 being arbitrary 
constants; then the complete integral will be M@=@(N). But 
that this method may succeed, one of the equations must involve 
two of the variables only; and its integral will enable us to 
eliminate one of the three variables x, y, z, from the remaining 
equation. 

The truth of this proposition may be thus shewn. 

Since the equations N =a, and M = b, are derived from 
Pde« — Qdy = 0, and Pdz — Rdw = 0, the differentials of N=a 
and M=6 will be satisfied by the values of dz, dy, deduced 
from these latter equations: hence differentiating and putting 
coe M,= oe » M,= oie 
dav SEL Y dz 
M,dx+ M,dy+M,dx=0; and N,dx+ N,dy + N,dx = 0. 


Gy a Qeds, oie 


M, = 


But are Bp: aaa P? “, substituting 
Q R Q R 
M,= — My.=— M,.>3 Nas = Ng P pale: 


But from the equation M = @(N); 
. M,dx + M,dy+ M,dz = 9'(N){N,dv+ N,dy + N,dz}; 
hence M,. (Pdy - Qdw) + M,.(Pdz - Rdz) 
= (N) is (Pdy + Qdx) + N,(Pdz - Rdvt; 





N,P'(N) 

2 — Rd: Pd dw)=—w(Pd d 
Pdz—-Rdx= a “a pny‘ y—-Qdx)=—-a(Pdy-Qda); 
*. as Spe ae —w.dy; 

R+wQ : 
whence p = Spry eee which substituted in the 


original equation Pp + Qq=R satisfy it; and therefore the 
assumption that M=q@(N) (which is derived from the ‘in- 
tegration of Pdy— Qdw#=0; and Pdz —- Rdx=0) is the 
solution of the problem, is completely justified. 
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Ex.1. pa’ —qey+y’ =0; 
“ &@ds+yda=q (ady + yardza); 
*. ady + yada =0(1); and a*dz + ydax = 0 (2): 


a 
from (1), wdy+yda=0; ..ey=a=N; .-. bie 
a’ a 

from (2), wdzs+— dw=0; ».s -—,=b=M, 
i Sa@ 
y y” 
fe N); .. = : 
or aoe p (N) x sp Pe 


Ex. 2, petrqy=nV/a+ry’; 
eh sre nv/ x +y°dv=q.(ady —ydza): 


2 padi: ro yi OWN 


& 


from wdy —-ydx=0; 
. wde —nV/ereeda=0; - e-ner/1+e=eb=M; 
gon /e+y = (N); send/aryr o(). 


2 


Ex.3. pa’+qy-y=0; s= + o(- + log y). 


Ex.4. qvut+py=nz; s=(@+y).o(y’ - 2’). 
This equation as well as the more general one Pp + Qq 
= Rx, is best solved by making x = e’. 











Ex.5. pa’? +qy =nay; 2= cha log (") +o (- —} ; 
v= vy 
Ex. 6 Y ym" al ah Pa 
.6. f= ag": : 
; Ey ae ane m+1 = 9(2) 


Ex. 7. paw+qs+y=0; wesnm?- mia = o(y’ +2"). 


Bx.8 (-2)=(0-2)p+6-9qs bag (2%), 








Cc z—C 
av 
Ex. 9. pe eqy=—: voy +f (%). 
& v 


0" (9 by + mz) = c™p (2). 
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Ex. 11. (y-—bs)p — (a —az)q =be - ay; - 
o. (y — bz) dy + (# - az) dw =0...(1), 
(y — bz) dz — (ba -— ay) dw =0...(2), 
(v7 —az)dz + (bw — ay)dy = 0...(3); 
*, (2) x a —(3)x b and = by ba -ay; 
-. d&+adae+bdy =0. 
(2)xv-—3xy and + by ba—- ay; 
*. vde+ydy+2dz=0; 
. a +y +e = p(s + av + by), 
this is the general equation to surfaces of revolution. 


131. The same method applies to partial differential 
equations containing a greater number of variables. 


Ex. 1. Let nu +pa+ qy =a, 
F 
where n = —— and x =f(vyu): 
du 


dz—qdy — 
--ds=pda+qdy+ndu; .«. p= ze — Lae 
v 





- n(uda — adu) + q(yda — dy) + «dz — wzdxr=0; 


. udx —~xdu=0; 


i 
= 


0; 


1 
S 


ydx — xdy 


vds—asdx#=0; 


I 
2 


See SSeS. Secs 


. since y = @ (af); snot. (7). 


dx — pdx —qd 
Ex. 2. ap+bq+en=0; put n= : a 
u 





. = fev — au), (cy — bu)}. 
132. When the partial differential coefficients p and q 
exceed the first degree, g must be considered as a function 


dg d | 
of p, #, y, %, and the values of ely “4d substituted in the 
dw dz 


EE2 
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dp d dq ee : 
> alt RIO A —_ —~ »—=0, which is derived f 
equation ‘Bp dhe a pe p cps whic erlved from 


spe pdx + qdy, considered to be a complete differential. 
This substitution will give an equation which integrated will 
give a value of p, and .. of qg, in terms of w, y, x, and a 
constant a: substitute for p and q in dz = pda + qdy, and 
integrate, whence f(a, y, %, a) = B= p (a); and to eliminate 
(a) differentiate b = f(a) with regard to (a). 


z 
Let —-.—=1 Le 
Ex. 1 dandy >» OF py 
1 dq 1 dp dq 1 dp 
pp’ dsp dx’ da p” da 
ee a ede Meted men a mee 
be ree i ee, 
substituting in hr hers ae 
ap Med pea p 
dy pdx p dz 
: ep, ih & op ae, 
t ‘Tare 5 — ee ese 9 
Orn eter? Se 
1 


whence, treating it as an equation of three variables and a 
function of (pxy2), 


1 
OD 05) ire = eed =e 
a 


d , 
rn de = Wael oe Oo Mis = aa tee 
a a 


whence, by differentiation, nd —wv=¢ (a). 
a 


ds’ dx 
Ver 4 Det a 16 Yor pit gi: 
x-av-yV/1-a@= (a), 





Partial Differential Equations of the second Order. 


a? da? ke 
133. Here make a =73 Sais te re 
d x” dudy dy” 





=, 
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d” x 
= M, M being a function of w and y: 


To integrate: — = 
dx 


“i _ az dp ad’ zs 
sce ip "da dx 
= Jr. f,M + vp (y) + f(y). 





=M; ..p=[,,M+o\y); 














-x=ffy M+ p(e)+fy). 
ds xy” ; 
i =#y3 «. p= — ve 
Ext. Let os ays P= 9): 
ad’s b 
Exe oS nansbys 2 ed 4 oa) sf), 
a? d 
134. Let me =P, _ P being a function of # and y; 


dp 
=Pp; .. lgp=,,P+o(y); 


 paelePtOO, + ga felePtOO) 4 Fy). 


d’ x dz . 
Ex. ai iis nz = 2 p(y) + nf (y). 


d d 
135. To integrate eae. yaaa dp 
dudy dx dy 

ot fel? 140) + £(y), 


d’ d 
136. To integrate — pe Q, P and Q being 
© 


functions of w and y. 


d d 
If chic n: 6’: - — Pp =Q, a linear equation ; 


whence p=e"}f,e"Q+(y)} where u =f, P; 
w= fe" she "Q+ pyt + f(y). 


f d’ z dz 
tux. Let ay San: (9 Ly Ye as 
div” dx 
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“ pA iL ACA aE pea + f(y): 


n.(n—1) (n yy 
; a’ sz dz ; 
Bx. 2. i a be a : 
‘ ws dudy dx gk 
ay log « 





po +O (@) + FY). 


137. To integrate Rr+ Ss + Tt=V, where R, S, 7 
and V are functions of v, y, z, p and q: 


dz d’s a’ sz 
8 = ——;5 ree d = rie pa Wey | = d + d 5 
PAS al Pda ”* dyde dal te 
dz d’z d’s 
dge-—;  »nldg =a d ——dxz=id dx; 
and q ne q Apes Biase Y + SAX 
ax dq — sda 
aah) (ee a ae ale .. substituting 


dx dy 
Rdpdy + Tdqdzx — Vdady=s(Rdy’ — Sdvdy + Tdz2’); 


it is unnecessary to integrate the two members of this equation 
separately ; for if we can integrate one of them so as to have 
the integral N = a, and by combining this with the other arrive 
at the integral M =b, M and N being functions of a, y, x, p 
and q, we may prove, as in a preceding article, that M= p(N): 
and this result will give an equation with which we must 
proceed, as with an equation of partial differences of the first 
order. 

d’z d’ x 

FP Gi dy? 
since dp=rdx+sdy; dq=tdy+sda; 

-. dpdy —cdqda = s(dy* - ede’); 


Ex. 1. To integrate 





vious at cates ig) one Gun ie are 
NERC i eae ener eah =a: Y =)! 
dy. | Boe? 
and dp ee ON -. cdp —cdq=0; 
. p-cq=b= d(a)=oly - cz). 
dz —qd 
But p= wesc EM te ds— gp (y—-ca) dx=q(dy+eda); 


“ dy+edv@=0; ». y+cw=a, Y=a-Cx; 
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“ds -— p(y -—cx)dw=dz—- p(a-2cu)dx=0; 
_ #— $(a—20n) = B= fla =fy +2); 
“ S=ply —cx) + fly + cz). 
This is the equation of vibrating chords, 
Ex. 2. Integrate a’r + y’t + 2ays = 0; 
a dpdy+ydqde =s.(a'dy’ + y'da’ — 2eydady); — 


d 
. (edy—yda)’=0; .. edy-—yde=0; Pega a 
x xv 
; 
é d 
and dp. 7 dq = 03 dp+adq=0; 


y ON Wee 
- prag=b=$(a)=$(2); and °. Distr tes 


“is - dag(®) dur iada\in te 
. dxs-—dag(a)=0; «. s-ag(a)=f(a); 


sean -7() 


Ex. 3. Let ¢ript—-2pqs=0; y= (sz) - #f(z). 
Ex. 4 Let r+ As+Bi+ C=0; 


<4 y — ma) + f(y — m2). 





s=- 


Bx. 5. r-@i=x2y; 


1 


w= pay t+ fy + aa) + py — a2). 


Ex. 6. 2r—-yt=0; 


va Vay-p (2) + hay 





CHAPTER VIII. 


THE CALCULUS OF VARIATIONS. 


1. In the problems of Maxima and Minima hitherto 
solved, the form of the function which possessed the required _ 
property has always been given. But there is a class of 
problems, in which it is not only required to find when there 
is a Maximum or minimum, but also the nature of the function 
which possesses the property. 

Thus if the shortest distance between two given points be 
required, we must, in order to find the minimum distance, 
ascertain the nature of the curve that possesses the property ; 
and thus, to continue the illustra- QQ! 

eer 


tion, if C and D be the two y 





points, we must select from the 
curves CPD, CQD, that which 
is the shortest: in our reasoning 
we must therefore pass from oneA 
curve to another curve, from a point P in one curve to a 
point Q in another curve: the change from P to Q is called 
a variation of the ordinate PN: the symbol of variation 
being 0. 

Thus if NP=y, and if PQ be indefinitely small, the 
symbols 6 of variation, and d of differentiation, differ in this 
respect ; by means of dy we pass from a point P to another P, 
indefinitely near to it, but in the same curve: by Oy we trans- 
fer P to a point Q in another curve. We have here sup- 
posed the variation to be confined to the ordinate y: but 
« = AN may also vary at the same time that y does. 


2. Since VP=y; .. N,P,=y 4 dy: also NQ=y + oy; 
“ NiQ, = NQ+ d(NQ) =y + Syt+d(y + dy), 
and N,Q, = NP, + 0(N,P,) =y + dy +o0(y +dy); 
“. Oy +d(y + oy) =dy+d(y+dy); «. doy = ddy; 
or the symbols of variation and differentiation are interchanged. 
Cor. Hence also if dy be put for y, 
“, dddy = ody; or + dédy = ddoy = doy; 
Poy = dd’y, and thus d"dy = éd’y. 
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If the differential of y be taken = y, — y, and the variation 


of y be also supposed to be very small, the theorem will admit 
of the following proof : 


ody = d(y; — y) = oy — Oy = doy. 
3. There isa similar theorem with regard to integration : 
For let fu=um; «. w=dm; .«. du=dou; 
w. fou = fSdu, = fddu, = du, = 6 fu. 
Also f?duw = fo fu = 6 ffu = df?u, 
and thus f"Ow = d/"w. 


4. From the preceding we may perceive, that variation 
is only differentiation under a new symbol; and that to find 
the variation of a function of y, we must put y + dy for y, and 
that term of the expanded function which involves dy will be 
the variation of the function required: or, what amounts to 
the same thing, the variation is the differential coefficient of 


u =f (y) multiplied by dy; thus if 
w=y", u=ny"— doy; and if 
dy d’y 


uw=f (a, y, p, 7, &¢-) p,q, &e. being Fe rer) &c., and 
du du du du 
ae d = — d: —d —d el e 
ier ros Gilt 9 ain Ge re q+ &c 
= Mdx+Ndy+Pdp + Qdq + &c. 
du du du 
b ting M=a—, N= —, P=—., &e.: 
y putting re do fi c 


-. 6& = Mdx + Noy + Pop + Qoq + &e. 


5. To find 6 fu, or fdw; w being a function of y and « 
and their differentials; and y and # being dependent upon 
some other variable as s or ¢. 


s du= Mdx+ Na+ Pde + Qd'e + &e. 
+mdy+ndy+ p@yt+qdy+kc.; 
therefore °. @av=dda, da =dd'a; 

~. u= Mda+ Noda + PS@a + QSBax + &e. 
+moy + nody + pod’y + qod’y + &e. 
“. fou={(Moue+ Nodv+ Pdd’ax + Qodw + &e.) 
+f(moy + nody + pdd’y + qod*’y + &e.); 


426 


CALCULUS OF VARIATIONS. 


‘. integrating by parts, and placing 6 after d, 


[Noédw = [Ndda = Nba - fdNoa, 
[Po@a = [P@da = Pdbx - fdPdda, 
= Pddw —dPdx + fd Pode, 
[QSP ux = [QPSu = QESx — fAQSax 
= Qd@dou —dQdoa + {@PQdd« 
= QdSu — dQddw + EQSa — fb Qda. 
&c. &e. &c. 


Similarly /néddy =ndy — fdnoy, 


[pid@y = pddy—dpoa + [#pda, 
[qo@y = qdoy - dqdoy +d°qoy — fa'qdy, 


and substituting these values in fw, we have 


fou =(N-dP+@Q- &c.) da +(n—- dp + d’q — &c.) dy 


6. 


+ (P—dQ + &c.) dda + (p — dq + &e.) ddy 
+(Q-dR+ &c.) Poa + (q- drt &c.) Boy + &e. 
+ fM-dN+@P-2Q+ &e.) da 

+ [(m-—dn+d°*p —d’r + &c.) dy. 


The result just obtained is composed of two similar 


parts, one due to the variation of d#, the other due to that 
of dy; and we thus see that had there been a third variable x, 
there must be added to the preceding expression, a series of 
terms similar to that which involves dz. 


[Va &. 


When zw is of the form Vda, to find the variation of 


Let dV= Mda + Ndy+Pdp + Qdq+ Rdr + &e. 


dy dy d’y 
where p = pps Pepe ey Sag grace &e 
dV dV dV 
and M = ; N=—; P= A aed e 
d dy dp 


“ OV=Msa+ NOy+ Pdp + Qoq + &e. 


Now 6fVda = [0.Vda = {(Vida +dax.d8V) 


= [(Vddw +dxdV) = [Vddw + fdadV 
= Voa+ [(dadV — dadV). 
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But [(dadV - dadV) = fda (Mba + Noy + Pop + &e.) 
— [ov (Mda + Ndy + Pdp + &c.) 
= [,N(oy — poa) + LP (dp — qéa) + LQ (dq - rda) + &e. 











But ey. gq= Ties r= dq. 
da da’ dx’ 
a a duddy —dyddx  ddy — pow 
baa da® ie ae 
ddy—pdowx—dpdx« d 
nF SRE NE eg ae IRL MPEP E Sc ga 
Le Oe = da Te (oy - pox), 
5 dxddp—dpddxe ddp—qdd« 
a ae eT a ti pan A 
dx” du 
dd dow —dqo 
si adap ese alta ta < eal = = (p- qo). 
Gi 
dw 
Now let dby—-pdv=w; .. dp—qea=—_, 
da 
d? aw 
ég-rdxr= da®? or — sda = qa 


2 

Ww 
rh = t | IN v LP a ee ON) rere ere a. 
Sf,V= Vout f.Nw + f.P Tp tee ron ot 


dw Med 
But f.P = Pw- f 7; 
dw dw 7 dQ dw 
er he nn Ee 
“ted dQ m dQ 
= ly KW So ce 
dw dw dR dw aR 
‘kh. k—— ae : 
and fr dx’ da da dx Tes da’ 


( ao ae aS 








LN dw 
i (a - pe 5 - &e.] dev 
as d’w 
we a 
da bi d x* eG, 








ie. Qa. ie 
tf (Na Fe Sia ae = Tart ke.) 
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8. ‘Thus the variation of {,V consists of two distinct 
parts, one of which is under the sign of integration, and the 
other is not ; the latter is affected only by the variations of the 
extreme values of y and a, the former is dependent upon all the 
values between those extreme ones. Let 2, y,, a, Y2 be the 
values of # and y at these limits, then the total variation of [,V 











dQ, @R, 
= Vida. a Vi 0a, + (P, - day + d ae? — &.) we 
dQ, @&R, 
(pees Ss 
( 1 a da? &c.) w, + &e. 
dQ 
+ f,(N - hes .)w. 


The part under the sign of integration must be taken 
between the same limits. 


9. If w= f(eyz) and ~@ still be the independent variable, 

then, since the differential of V, may be put 
dV =Mdx+ Ndy+ Pdp+ Qdq + &e. 
+ Ndz+ Pdp' + Qdq + &e.; 
OV = Mba + Ndy + Pdp + Qoq + &e. 
+ N’dx+P dp’ + Q'oq + &c. 

We shall have for the new variable z, a series of terms, 

involving N’, P’, Q’, &e. similar to that in which N, P, Q, &c. 


are introduced; .°. if dz — p ow = w’, the total variation will 
be expressed by 














OLV = V30+(P- oS 4 aie &c.) w 
+ (P - i + THE — &e)w" 
+ &c..,.) a 
+ Goes yas &c. 
+ f.(N - ai aoe &e.) w 
+ f(N,- ae + a — &c.) w). 
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Maxima and Minima of Integral Formule. 


10. We proceed to apply the results of the preceding 
article to the solution of some geometrical problems, involving 
the lengths and areas of curves, the surfaces and volumes of 
solids; when these quantities are, within certain limits of the 
variables, the greatest or least possible. 


Now we know that if w, any function of w and y, be a 
maximum. or minimum, dw=0; and by the same kind of 
reasoning which has been used to establish this proposition, 
it may be shewn that under the same circumstances the vari- 
ation of w also vanishes; but if «= Vda, we have seen 
that between the limits of a, Yj, %: Yo, 


dQ, 








“ee V= Vi0a, Pr Vi0a, v2 (Gee a’ A + &c.) Ws 
Xs 
d 
—-(P,- a + &c.) w, + &e. 
de, 
dP PQ: &R 





Jo = ee + &e.) w. 


dx da? dx 
And since when /,V is a maximum or minimum, df,V = 0; 
therefore the two parts of which the variation of [,V is com- 
posed must separately be put =0; one part will determine 
the relations between the co-ordinates of the extreme values of 
the required function, the other the function which possesses 
the required maximum or minimum property. 


Liles Aa f I ee oe 
us from ae as 


equation dV = Mdx# + Ndy + Pdp + &c. may be found the 
curve or function, which is the object of our enquiry, and 
from Vda — V,oa, + P,w, — P,w,&c. = 0, the position of its 
extreme points may be determined; if however the extreme 
points be fixed, d%,=0, and d#, = 0, and the latter equation 
disappears. 





— &c. = 0, and the 


12. Thus, if the shortest distance between two given 
points be required, the former equation will be quite sufficient 
for the problem; the constants of the integral being deter- 
mined by the co-ordinates of the given points; but if we wish 
to find the shortest distance between two given curves the 
latter equation is also necessary, since it determines the points 
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in the two curves to which the shortest distance is to be 
drawn. 

Its use may be thus illustrated; let PP,, QQ, be the 
given curves, and PQ, P,Q, two 
curves drawn between them, and 
let P,Q, be derived from PQ by 
writing w+oa, y+ oy for # and y: 





PP 


dy dy 
] epee * Pa ae b 
also let pies m; and he nm be 


the equations to PP,, and QQ,; - 
then if 7,y,, %2Y2 be the co-ordinates “an mI As 
of P and Q; «. ie m; and i n; (since the point P 
x, dX» 
is always in PP, and Qin QQ,;) and between these equations 
and that of the limits, Vi02, — V,ou, + &c. = 0; two of the 
quantities, as dy, and dy, may be eliminated, and the two 
_ independent variations, da, and d, will be left, the coefficients 
of which, being separately put =0, will give equations, by 
which and from the given equations to the curves, the points 


P and Q, may be determined. 


We have here tacitly assumed that ddy, = 0 and dda, =0: 
if this be not the case, some new conditions must be fulfilled 
by the limits, which will enable us to introduce the higher 
differentials of the equations of the given curves: by means 
of which some of the variations dda, ody, &e. may be elimi- 
nated, and the coefficient of the remaining variations separately 
put =0, and the co-ordinates of the extreme points and the 
given conditions fulfilled. 


13. We shall now deduce from the equation 


dP dQ 
N - — &e. = 
da a dit ua ali 
some formule of great use in the solution of Problems of 


maxima and minima. 
Let dV= Mdv+ Ndy + Pdp + Qdq+Rdr + &e., 
Pal Ova R 
nd ave Be ae 
i Dattivdi? aienne el 
(1) Let all but NM and P=0; 


dV Pdp dp dP 
ae p+ ig gan Niortai main tit pr 








&e. = 0. 








il 
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dV aP dp 
= Ee ae Vile pO : 
‘dx FRE Ly faa Be 


(2) Let all but 7, N, and P be =0; 


dV 
= M4 (Pp+0); . V=f,M+Ppte; 








dx 
(3) Let M=0, N=0; and all the terms after Q = 0; 
dV dp dq dP @&Q dQ 
os 3 tes a =0; . P=— : 
dx dx ‘da’ due da Laiuaas 
dV d d d: 
2 eee she ~V=Qqtepte,. 








aa ty ei dav dx 
Cor. If M does not=0; V=Qq+cpte,+ fp M. 
Pros. 1. Find the shortest distance between two given 


points in the same plane. 


Here [,V = frhictt L143 
P 
~=4/1 +093) 2) ol = — d 
i 1+ p? 





EEO WENT OE ot O21 
V1 + p” 
dP d 
But N —-—+&c=0; Att; SE Nase re P=c = -———; 
dx dx 1+ p° 
pee} b 
on = sit Esa) ae 3 = Ae + 
2 vile ‘ 


the equation to a straight line; the constants a, b may be 
determined by the co-ordinates of the given points. 


Pros. 2. Required the curve of quickest descent between 


two given points. 
Let y be vertical and be measured downwards. 


ds 
. wes 
Then time = - ee a 
Ta rer VY Vou 











/1+p V1+p p 
SEE Ee Ra yee eh Ny 
vy aff Jy Via pt 
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5 — = Q=.0;5 
2yi VyV1 4p 
V/1l+p p* 
V=Pp+e; == — — + C3 
Vy Vy/1 + p 














20a — : 
~p=h/ sr equation to the cycloid. 
y 


Pros. 3. To find the shortest distance between two given 
curves, 


From Prob. (1) Va\/14 p’; p=c; y=ax+b the 


equation to the line which is the least distance required. 


d 
Let =m, pn nm, be the equations to the two 
x x 


curves, and ¥, %, Y2 # the co-ordinates of the points in which 
the shortest line intersects them; then since dy,, dv, are the 
variations of y, and wv, as we pass from one point to another 


dy 
adjacent one in the curve =m; 
ey 





OY, ay, OY: dy» 
SS es and = = i. 
Ot, da, &. add, 


But V.da, — V,d#, + P,w, — P,w, = 0, 


whence since the variations of the extreme points = 0, 








V 0a, + Piw, =0; Vi0% + Prw, = 0; 
o. Vida, + P,(dy,—- p,d2,)=0 (1); V0. + P.(dy,— p.dx.) =0 (2); 


V 1 1 
from (1) V+ Pim — Pyp, =0; Uns), —. Sees 
eNmaue ot 
V, 1 1 
from (2) V.+ P.n — P.p, = 0; “2 = pP,- —~— = -— = - -3 
Vee Po c 


*. l+em=0;3 and 1+cen=0; 


which shew that the line must cut both curves at right angles. 








Also the equation to the line being y - y, = sNT leh (w — a); 
Vs ane? av, 
y Y2 1 : ° : 
C= ; whence substituting for c, in 1 + cm = 0; 
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and 1+cecn=0; we shall have with the equations to the 
given curves four equations to determine the four quantities, 
Y\> Vy Ye» ®, and thus the line is completely determined. 


Pros. 4. Find the curve, which within its own are, its 
evolute and radius of curvature, contains the least area. 


dA Rd 1 Oat Da eter wane 1 2\2 
en es eel CR a) 4 Pine ese 
1 2\2 ; 
V = GEE Pas whence the curve is the cycloid. 


q 


y e e e 
~, 1S a minimum. 


He 





3 
Pros. 5. Find the curve when f= 


This is the solid of least resistance, 


3  1+p 
; waoto( 4 i + log p). 





Pros. 6. Find the curve of quickest descent from one 
curve to another curve, the velocity being that from a hori- 
zontal line. 





Aes Sameer 8 
Vin Fas 


cycloid ; the equations of the limits give 


V~, ba, + Poy, — Pip, sa, =0 3 V0.2, + PSY - P,p.d2, = 0, 


Here V = V2a-y the equation to the 














é OYe 
from which since <= m, and 2m nm, we have 
V,— Pip, + Pym=0; and V,— Pop, + Pon = 0. 
1 P Pp 
But V. — P =F "5 P= — — - = = ; 
' Ee 2a VS y/1 +p 2a 

1 oN 

Af a TOE and = Ee == (5 











1 
= pa 1 Pa 
/ 2a / 2a 
.. 1+p,m=0; and 1+ p.m =0, 


which equations shew that the cycloid cuts both the curves 





at right angles, and from p = \/ 24-9, we see that the 
. ¥ 

base of the cycloid coincides with the horizontal line from 
which we have supposed the body to have commenced its 
motion. 


28 Fr 
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Pros. 7. To find the curve of ‘quickest descent from 
one given curve to another given curve, the motion com- 
mencing from the upper curve. 

Let y, be the value of the ordinate at the point at which 
the motion commences, y the value at the end of time ¢. 


1 ral 
Then ime a 7 (AR aan ieee tee V1i+tP RASA! 
M28 /4/y— yy) VY - 4; 


In this problem the function V involves y, one of the vari- 
able co-ordinates of the limits; in such a case we must add 








dV 
the term dy, A a to the equation of the limits, and then 


the whole variation of the J,V_ will become 


dV 
Of,V = Vida, aw V, 02, he OY; pee Piw, - P,w,+ &e. 
x 1 


dP) 1d.Q 
N- —+—; - &.}w. 
+f es Mie ke.) w 


Now referring to the problem, 
Vit p pap aur 1+ p° d 
2y-y)  Jy-ynVitp 2y-y 
DE VALS DUE if DLO aon 
2Qy- my 14ep? dy 2(y-y)P? 
whence from the formula V = Pp +c, 


Vit p p 
———— YY, y,/ 1+ p t= aa V/2a, 
ee odie 


the equation to a cycloid, the cusp being at the point from 
which the motion commences. 


dV=- 





dV dV dP dP 
Next, to find : Sat tN Pec sia VRC ok eee 
eee dy, d x du ; 
dV v2 dV 
Guat chs cae ae 


“. Vpba— Vida, + Pw, — Piw, + (P, - P.) dy, = 0, 
or (Vv, ad Pp.) Oa» nee (V; G P,wW,) OX + P.dy. a P.oy, = UE 


1 
ae (Sa, — d@,) + p.dy, — pody, = 0. 
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d 
But if; =m, and re n, be the equations to the given 
we ¢ 
curves nd Oye n substitutin 
a = =n; Avg teh u 
3 PY 1 Ok, = 8 


(1 + pon) da, — (1 + pom) da, = 0, 
whence -.: da, and da, are independent variables, 
l+pon=0; [+pm=0;3  .. m= Nn, 
or the tangents at the points where the cycloid cuts the 


: ee Ure 
two curves are parallel; also since p,»=——, it cuts the 
n 


second curve at right angles. 

14. We shall now consider problems in which z is also 
a function of w, and shall make use of the general method 
investigated in Art. 5. 

Proz. 1. Required the shortest distance between two 
points in space. 

Let s be the distance; «. fds = [\/da? + dy’ + dz*; 


eR et ant laa 





dx dy dx 
= ha 4 Y dy 4 Abe - fd. Soar aS fis 
qe” tare od ee x— [Sd ae 2 dyd.5 ~ dx}, 
whence M=0, m=0, M=0; 
dx dy dz 
= 5 he Ni= dN=0= =S ie 
ds x ds ds Fa 
dx dy dz 
meme tas? te ee OSs. y) afer 
ds ds d 


Also 











iS aT REDE ie 
Se rds: ie 8: 


dw Nai dys b a i 4 
also °° — =-—; —-=-3; “.@=-8+C¢C; y=-#4+¢, 
CS. (Cie Se c c 

the equations to the projections of a straight line. 
Pros. 2. Find the equation to the shortest line that can 


be drawn upon a given curve surface. 
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Let dz =pdw + qdy be the equation of the surface; then 
the variations of the co-ordinates xv, y, x which are under the 
sign / must satisfy the differential equation; .. dzs=pda+qoy; 


33 dfas= (+p 52) de + (4 a.) ay 


ds ds ds 
da dz dy dz 
~ d.— .d.— d.— d=) 4 
KK Ap es 7) 82+ ( FR ds ay| 
whence we have from the part under the sign of integration, 
da dz dy dz 
d.— .d.—=0; and d.—+q.d.— =0; 
Leys wend rT deine ds 


whence, having found p and q from the equation to the given 
surface, the equations to the curve may be found. 


Ex. 1. Let the surface be a surface of revolution ; 
- s=O(ae+y’); 
“ p=20p . (@+y); q=2y.9 (# +"); 
and considering s to be the independent variable, 


dx Us 0 @ a? +) d’s 0, (1) 
be —=— v. p(x *)___ = 0, 
ds” ve ds? ds p v d s® 


dy ds dy ; d’s 
and age td ge gaa Td PA rea 0 (2) 





d* ae d’y 


()xy—-—(2)xw; .. Ya igs 


= 0. 


But if a + y? = 7", and @= cos"! =; 
y@u«—ady=d.(r'd0); 


d 
*. Interrating, 7° — =o) 2°) ——— 
8 8? ds s 


d 
But tes is the sine of the angle at which the shortest line 
Ss 


cuts the generating curve or meridian, hence if @ be this angle, 


sin @ = 


Cc 


/ x iil y : 


216 


d 
Cor. Since 7” ue =C; 
ds 
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2 


dO 1+ TN TGY 


(dr or r—¢ 
the equation to the projection on the plane of wy. 


Ex. 2. Let the surface be a sphere. 


Then if aw be the distance of the point of intersection of 
the shortest line with the meridian, from the point where the 
axis of x meets the sphere, r = asin W; 


% sin = ay sing .sinyy = - 


or is constant, which is a property of an arc of a great circle. 
Hence the shortest line is the arc of a great circle. 


Ex. 3. If the surface be a cone, 


s=e\/u'+y=er; —=e; 








C 
Lr 
GG, 
O04 e,= 7/14 esec~ (2) vr aesee (T=), 
C 


the equation to the elliptic spiral. 
15. Resuming the equations, Art. 14, Prob. 2, since 


dx d’s 
pe ce 
d’y d’z 
ai ete: hd 


d? 2 
square, add, and add (5) : 


Gave) fey? fas ee 
(ee) * Gaal abgee) +2 (Ga) 


or if R be the radius of absolute curvature, and yy the angle 
which the normal to the curve makes with the axis of x, 


2 2 
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1 1 al d?s COs ty 
ah @icos? pds 4 iY abris 
s dz e . s t es 
But if — be the direction cosine of the angle which the 
Ss 
tangent makes with 2, 


dz ; d’®z dry COs ty 
oo = 5 ——_- = 7 ._—_—_ = +—__“* ; 
Ss Rae ge ds’ aeartd ds R 
hes a 
R ds 


Now we know, if @ be the angle which the tangent to a 


: : 1 
plane curve makes with the axis of w, that + epalaupt or that 
s 


the rate at which the inclination of the tangent increases or 
decreases, varies as the curvature, hence the preceding result 
shews that this is also true for the curve of double curvature 
under consideration, possessing the property of being the mini- 
mum distance between any two points on a surface. 


Isoperimetrical Problems. 


16. The preceding problems have been those of absolute 
maxima and minima; we now treat of questions of relative 
maxima and minima. Of this kind is the problem, ‘ Given 
the length of a curve, find its equation, when the area included 
by it is a maximum.’ This Problem was first proposed and 
solved by James Bernoulli, and from its nature was called 
Isoperimetrical, a name which was extended to all problems 
of this kind. 

The problem of relative maxima and minima may be 
defined to be this. ‘Find y= f(a); so that fiw may be 
a maximum while f,«, =.’ To solve this problem, we mul- 
tiply f.%, by a constant a, and add the product to fw, and 
make d.{f+a fw} =0; or df,(u+auw,) =0; for since 
jeu is a maximum and f,2, = ¢, their separate variations will 
= 0; and as the former is limited by the values of the vari- 
ables in the latter, all the conditions of the problem will be 
fulfilled and included in the variation of («+ aw); so also 
if there be another equation of condition f,w, = ¢,, we must 
add bf,w, to the former integrals, and take the variation of 
f(t + au, + bu). 
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Hence instead of V, we must write V+ au, or V+ au,+ bu, 
in 0 f,V, and then proceed as in absolute maxima and minima: 
in these examples the total variation will be expressed by 
CHALE 

Pros. 1. Of all curves of equal perimeters, find that 
which has the greatest area. 


Here f= f/1+p =e; [Va fy; 
~fVi=fLyrta/itp); « Vi=ayta/14 p; 
ap 

eee OS Uy 
J/1l+p . 


2 





yd Veter do) 1 eee ee Ne ig De 


/1 +p 














Te a 
o 3 Vi=Pp+C; -ytaVit pas +c; 
L+p° 
ya Z /a —(y —c) 
Us CAS 
V/1+ p y-e 
dx y-—c 





Sa ee A Oa) 


. (w-¢)? + (y—c)?=a@. The equation to the circle. 
Pros. 2. Find the curve in which a chain of given 
length 7 may hang, that its centre of gravity may be the 
lowest possible. 


X = depth of centre of gravity = 


ar/l +p? 


fol ane 
l 3 

















ap ites carrer RYO RTT 
J 14+ p wp ap 
av,=Y =F dos ( uo ; 
; Y LJ 1 + p ee 
Tepe 
Py eles Ee an ad 
l In/1 +p 
IN eee: phe oapiy. » P=ce= POR) 
du dx eee 
AE ne ee te 














on at VCAEE 
*. 7 = log. pesevesiras sie 


\, the catenary. 
ay 
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Pros. 3. Find the curve, which of all those that have 
the same length and include.the same area, shall by rotation 
round the axis of # generate the greatest solid. 


Here [Vi = [.(7y? +a1/1 4+ p’ + by). 


Pros. 4. Find the Brachystochrone when the length of 
the curve is given ; 


J 1 +p? 

Lz eae anf i +P). 
J Vy 

Pros. 5. Of all curves which include a given area, the 
circle has the least perimeter. 


Pros. 6. The curve which by revolution round its axis 
generates the greatest solid under a given surface, is the circle. 


Pros. 7. The length of curve being given, shew that it 
will generate the least surface, when it is the catenary. 


Pros. 8. If from a point two straight lines be drawn, 
and their extremities be joined by a curve, so that the area 
included is constant, the curve will be a circular arc, when 
its length is a minimum. 


THE END. 
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